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Previously…



The effective kinetic theory

• A direct evaluation of the Kubo formulae is usually not the simplest path to a 
perturbative determination of transport coefficients

• A determination from kinetic theory is in general simpler and equivalent  
Jeon, Aarts Martinez-Resco, Gagnon Jeon, Czajka Jeon

• Effective Kinetic Theory (EKT) for the phase space density of quarks and 
gluons 
s
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Transport coefficients from the EKT
• To obtain the transport coefficients linearize the theory  

• Source term equates linearized collision operator  
 
 
 

• Since                  ,                              (light flavor diffusion) η requires ℓ=2, Dq ℓ=1

• Transport coefficients obtained by the kinetic theory definitions of T, J once 
δfℓ has been obtained
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The effective kinetic theory of QCD
• At leading order: elastic, number-preserving 2↔2 processes and collinear, 

number-changing 1↔2 processes (LPM, HTL, all that) AMY (2003)  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Fig. 1. Hard 2 $ 2 collision contributing the collision rate C2$2[µ]. Only hard lines which
enter or exit the boxed region are included in an e↵ective Boltzmann description.

hard2to2

ways this divergence can be regulated. At leading and next-to-leading we find
it convenient16 to simply cuto↵ the transverse momentum exchange at small q?,
q? > µ. It is not di�cult to extract the logarithmic dependence on µ for µ ⌧

T . Indeed, let us consider for illustration a leading-log approximation to C2$2[µ]:
we expand the distribution function and matrix elements to second order in the
exchange momentum Q and arrive at a Fokker-Planck equation21–23 for fp

C2$2[µ] = êUV (µ) v
i
@fp

@pi
+

1

2
q̂
ij

UV (µ)
@
2
fp

@pi@pj
+O

✓
T

p

◆
+ µ-independent , (12){eq:twotwoexpand}

In writing this equation we have dropped terms suppressed by T/p. Here v̂ is a unit
vector in the direction of p, and the di↵usion tensor qijUV (µ) controls the longitudinal
and transverse momentum di↵usion,

q̂
ij

UV (µ) ⌘ q̂L,UV (µ)v̂
i
v̂
j +

1

2
q̂UV (µ)(�

ij
� v̂

i
v̂
j) . (13)

The values of these coe�cients are found from the expansion of Eq. (10), and for
pure gauge are at leading log

q̂UV (µ) =g
2
CAT

m
2

D

2⇡
log

✓
T

µ

◆
, (14){uvqhat}

q̂L,UV (µ) =g
2
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m
2
1
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✓
T
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◆
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Here the Debye mass is given by the integral over distribution functions

m
2

D
= 2g2CA

Z
d
3
p

(2⇡)3
np(1 + np)

T
=

1

3
g
2
CAT

2
, (16){eq:md}

and the asymptotic mass is given by a similar integral in Eq. (8). At this point
the interpretation of these thermodynamic integrals as the Debye and asymptotic
masses is premature. This interpretation will be clear from Sec. 3, which explains
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(p, 0)

(p� !,�q?)

(!, q?)

Fig. 2. Schematic Feynman diagram contributing to the leading order collinear bremsstrahlung
rate. Hard gluon lines are labeled by their three momentum (pz ,p?). The interactions with the
random classical background bath are illustrated by the gluon lines with crosses. Only hard lines
which enter or exit the boxed region are included in an e↵ective Boltzmann description.

locoll

equation as a local rate, it must be understood that the emission process can only
be localized to within a time scale set by the formation time of the radiation. The
inverse formation time will be defined as the energy di↵erence between the initial
and final states

(⌧form)
�1

⌘ �E(h, p,!) = (E! + Ep�!)� Ep . (32)

Using the dispersion relation for the hard particles this reads

�E(h, p,!) '
h
2

2p!(p� !)
+

m
2
1!

2!
+

m
2
1 p�!

2(p� !)
�

m
2
1 p

2p
, (33){defdeltaE}

wherem2
1,p

is the asymptotic mass of the particle with momentum p, as summarized
in Eq. (8). We have further defined

h ⌘ pq? . (34)

As seen from the figure and described below, h/p is a transverse momentum vector
which is conjugate to the (transverse) coordinate separation x? between the initial
and final states.

The bremsstrahlung rate Ccoll is determined by the rate of transverse momen-
tum kicks (of magnitude q?) which a hard particle experiences traversing the soft
classical fields:

CR(q?) ⌘ lim
p!1

(2⇡)2
d�R(p,p+ q?)

d2q?
. (35){defcq}

Here p is the momentum of the hard particle, which is large (p ! 1) relative to
the the typical momentum, ⇠ gT , of the background fields. The collision kernel
CR can be expressed as a Wilson loop in the (x+

, x?) plane evaluated in the clas-
sical background,12,32,33 as sketched in Fig. 3. To motivate the appropriate Wilson
loop we note that the average squared momentum transfer per unit time (i.e. q̂) is



The effective kinetic theory of QCD
• At (almost) NLO:  (almost) all O(g) corrections from intermediate or external 

soft gluons. JG Moore Teaney (2015-18) 

• Soft-gluon exchange: Fokker-Planck equation with longitudinal and 
transverse momentum broadening (known at NLO through light-cone 
techniques), complemented by gain terms for energy-momentum 
conservation

• NLO qhat (Caron-Huot 2008) numerically largest contribution  
 
 
 

Q Q
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3.3. Longitudinal di↵usion and non-Euclidean operators
{sub_sumrule}

As we mentioned at the beginning of Sec. 3, not all lightcone or light-front supported
operators admit a three-dimensional, Euclidean description for the soft modes. A
prime example is the longitudinal momentum di↵usion coe�cent q̂L, as given by
Eq. (27). At leading order it is given by the diagram shown in Fig. 5. In any

Fig. 5. The leading-order soft contribution to q̂L. The two dots are the two field strengths and
the double line is the adjoint Wilson line connecting them. The curly line is a soft HTL gluon. {fig_lo_soft}

non-singular gauge it reads

q̂L = g
2
CA

Z
+1

�1
dx

+

Z
d
4
Q

(2⇡)4
e
�iq

�
x
+

(q+)2G��
rr

(Q), (67){lo}

where again G
��
rr

(Q) is given by Eq. (58). The x
+ integration sets q

� to zero.
We clearly see that, although originating from a lightcone operator, q+ cannot be
evaluated in EQCD: indeed, the zero-mode contribution exactly vanishes when the
previous techniques are applied.

We can however evaluate Eq. (67) by employing sum rules that are rooted in the
same analyticity properties that were used in the derivation of Eq. (64). In detail,
we plug the result of Eq. (58) in Eq. (67). Up to O(g2) correctionsm we then have

q̂L = g
2
CA

Z
dq

+
d
2
q?

(2⇡)3
Tq

+(G��
R

(q+, q?)�G
��
A

(q+, q?)). (68){lo2}

This too would be a simple enough numerical integral49 over the HTL spectral
function in the Landau cut, of di�cult extension to higher orders. However, as
we have previously remarked, retarded (advanced) two-point functions are analytic
in the upper (lower) half-plane in any timelike or light-like variable. We can thus
deform the integration contours16 away from the real axis onto CR (|q+| = µ

+
� gT ,

Im q
+
> 0) and CA (|q+| = µ

+
� gT , Im q

+
< 0), as depicted in Fig. 6.n µ

+ is a

mWhen expanding the statistical factor in the soft region in Eq. (58), one has nB(!) + 1/2 =
T/!(1 +O(g2)).
nThe longitudinal and transverse contributions to G

��
R (Q) contain poles at q

+ = q
�
/2 ± iq?

(q2 = 0), which, being on both sides of the complex plane, appear to violate analyticity. However
their residue cancels in the sum of longitudinal and transverse components. As observed in12 ,
they are artifacts of the decomposition into Lorentz-variant longitudinal and transverse modes and
their contribution has to vanish in all gauge-invariant quantities.
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so that Eq. (64) turns into
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For µNLO
? ! 0 Eq. (65) is recovered.

A Longitudinal momentum di↵usion at NLO

{app_nlo}
Some comments: I have not analyzed HTL vertices (the photon lesson should do) and I have not
explicitly checked the cancellation of the “Coulomb gauge poles” at p+ = p�/2± ip? (p2 = 0).

A.1 The rainbow diagram

P

Q

Figure 3: The rainbow diagram {fig_rainbow}
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where we have used the symmetries of the integrand to express the leading-order term as a �
function of q�.

We now inspect the second term, labeled s

q̂L
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When deforming on CR and CA we have
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The p� integration can be performed as before, yielding
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which goes like 1/(p+)2 and hence is irrelevant. This can be easily understood by noting that
the pinched poles in p� force p� ⇠ 1/p+, so that the factor of p�/p+ of this term with respect
to Eq. (77) behaves like 1/(p+)2.

Finally, we look at the Euclidean term, labeled e
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We need not go any further with its evaluation, at least for now.

A.2 The crossed self-energy

P

Q

Figure 4: The crossed rainbow diagram {fig_cross}

21

P

Q

P +Q

Figure 5: The cat-eye diagram {fig_cateye}

A.3 The cat eye

The amplitude reads, with label c

q̂L
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where I have defined the three-gluon vertex as

gfabc�µ⌫⇢(P,Q,K) ⌘ �gfabc [gµ⌫(P �Q)⇢ + g⌫⇢(Q�K)µ + g⇢µ(K � P )⌫ ] , (90) {threegluon}

where P,Q,K are all inflowing in the vertex, P is associated with a and µ and similarly for the
others. Taking the coordinate integration gives

q̂L

����
c

= g4CRCA

Z
d4P

(2⇡)4

Z
d4Q

(2⇡)4

✓
1

(p� + i✏)(p� + q� + i✏)
� adv

◆
�µ⌫⇢(�P,�Q,P +Q)

⇥p+(p+ + q+)


G�⇢

A (P +Q)G�⌫
rr (Q)G�µ

rr (P ) +G�⇢
rr (P +Q)G�⌫

R (Q)G�µ
rr (P )

+G�⇢
rr (P +Q)G�⌫

rr (Q)G�µ
R (P )

�
. (91)

Let us look at the r/a structure of the propagators. Neglecting Lorentz indices the terms in
square brackets can be rewritten as
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which yields
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The second term on the bottom line vanishes under the p+ integration, as it is odd. Similarly,
the first term yields
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which vanishes, as the p+ integration can only pick up the residue of the Coulomb gauge poles,
which is O(�Ep) and thus makes the q+ integration vanish.

Finally, terms with p� or p� + q� at the numerator in Eq. (92) vanish again for the loss of
p+ at the numerator and of a pinched pole at the denominator. The last term trivially vanishes.
The entire result is hence given by Eq. (97).

A.4 Self-energy diagrams

We analyze separately the two diagrams show in Fig. 6, the loop diagram on the left and the
tadpole diagram on the right.

P

Q

P +Q P

Q

Figure 6: The loop diagram on the left and the tadpole diagram on the right. {fig_loop}

A.4.1 The loop diagram

The amplitude is labeled by s and reads
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The effective kinetic theory of QCD
• At (almost) NLO:  (almost) all O(g) corrections from intermediate or external 

soft gluons. JG Moore Teaney (2015-18) 

• Soft-loop corrections to collinear processes  

• Not-so-collinear processes: semi-collinear processes  
 
 
 

• All dealt with using light-cone techniques

3. Corrections to Bremm:

(a) Small angle bremm. Corrections to AMY coll. kernel. (Caron-Huot)

✓ ⇠ mD/E

Q = (q+, q�, q?) = (gT, g2T , gT )

ĈLO[q?] =
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2
m

2
D

q2
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? + m2
D

)
! A complicated but analytic formula

(b) Large angle brem and collisions with plasmons.

• Include collisions with energy exchange, q� ⇠ gT .

✓ ⇠
p

mD/E

Q = (q+, q�, q?) = (gT, gT , gT )

The large-angle (semi-collinear radiation) interpolates collisional and rad. loss
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Hence we obtain
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where we have introduced a regulator µ
NLO. As we will show, the semi-collinear

region will remove the dependence on it, so that it should be taken to obey gT ⌧

µ
NLO

⌧
p
gT .

5.3. The semi-collinear region
{sec_semi}

As we anticipated before, semi-collinear processes can be seen as 1 $ 2 splitting
processes where the opening angle (and hence the virtuality) are larger. Two exam-
ples are drawn in Fig. 11. The scalings of this region are as follows: K ⇠ gT is soft,

p
g

p
g

K
KP �Q

Q+K

P �Q

Q+K

Fig. 11. Diagrams for two typical semi-collinear processes. In the first case the soft gluon is in
the spacelike Landau cut, whereas in the second case it is on its timelike plasmon pole, represented
by the black blob. {fig_semicoll}

whereas the two final-state particles are collinear, albeit with an increased virtuality
and opening angle with respect to the collinear sector. The leading contribution
then comes from q

+
⇠ T, q

�
⇠ gT, q

2

? ⇠ gT
2, Q2

⇠ gT
2.

Naive power-counting arguments would suggest that the semi-collinear region
should contribute to leading order, as it is the largest slice of phase space where a soft
gluon can attach to a 1 $ 2 process. However, once all diagrams are summed and
squared, a cancellation, first noticed in the context of photon radiation,30 introduces
an extra O(g) suppression. Furthermore, since K ⇠ gT in all components, the
contribution from timelike soft gluons, e.g. plasmons, is now allowed. This is
contrasted by the collinear region, where kinematics enforce k

�
⇠ �E ⇠ g

2
T ⌧

k
+
, k?, thus restricting soft gluons to the space-like domain only.
The contribution �Csemi�coll to the collision operator can be written in the same

way as the collinear one, as given by Eq. (42), with the replacement of the collinear
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Figure 1. (a) The shear viscosity to entropy density ratio and (b) baryon number di↵usion co-
e�cient as a function of temperature, at leading-order (LO) and at next-to-leading order (NLO)
for di↵erent choices of the running coupling. The solid band fixes the coupling using the two-loop
EQCD value with µEQCD = (2.7 $ 4⇡)T , while the shaded band uses the standard MS two-loop
coupling with µMS = (⇡ $ 4⇡)T ; the corresponding values of ↵s(T ) are presented in Fig. 8. The
dominant NLO correction arises from NLO modifications of q̂ as is illustrated Fig. 6. The uncer-
tainty arising from gain terms which are only estimated (and not computed) is shown in Fig. 9.

right away in Figure 1. The figure shows the ratio of the shear viscosity to the entropy

density, computed at LO and NLO. The temperature enters in the choice of renormalized

coupling and the number of quark species (there are slight discontinuities where we cross

quark-number “thresholds”). The solid thinner band represents our “best estimate” based

on 2-loop renormalization group flow from the Z-pole and the coupling fixed via the EQCD

choice of Laine and Schröder [39]. The renormalization uncertainty is estimated by varying

the scale µEQCD over the range µEQCD = (2.7 $ 4⇡)T . The wider bands represent fixing

g2 from the scale ⇡T to 4⇡T with the standard MS approach, to indicate the importance

of the renormalization uncertainty. The plot shows that next-to-leading order corrections

lower the shear viscosity by a factor of two at high temperatures T ⇠ 1000GeV, and by

a factor of four for physically relevant temperatures, T ⇠ 250MeV. This large change

is suggestive that the true value of ⌘/s is smaller than the leading-order perturbative

estimate, but it also signals severe convergence problems in the perturbative expansion,

even for surprisingly large temperatures or, equivalently, small values of g. The figure also

shows the analogous result for the (light) quark di↵usion coe�cient, which displays very

similar coupling dependence. We present more results and discussion in later sections, but

we point out now that the largest NLO correction arises from NLO modifications of q̂ –

see Fig. 6. Accurate fits of or NLO results for ⌘/s as a function of coupling are provided

in an appendix.

Having finished a quick summary of the problem, our approach, and our main con-
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η/s convergence

• Convergence realized at mD~0.5T. NLO qhat dominates corrections
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Figure 6. (a) The shear viscosity to entropy ratio ⌘/s, and (b) the baryon number di↵usion
coe�cient Dq (times temperature) normalized by the leading 1/g4 as a function of mD/T for QCD
with Nf = 3 light flavors. (The corresponding value of ↵s is shown on the upper horizontal axis.)
The LO result is from [13]. The uncertainty from the unknown gain terms is shown by the bands;
it is estimated from the leading-order gain terms (which have the same structure as their NLO
counterparts) by changing an unknown coe�cient C` through the range [�2, 2] as specified by
Eq. (4.16) and Eq. (4.17). The dashed lines represent an estimate in which we include only the
NLO q̂ to the LO collision operator – see Eq. (5.2) and surrounding text.

In both cases the main di↵erence between LO and NLO results arises from �q̂. This

is reinforced by the dashed lines in Fig. 6, which shows results obtained from a collision

operator containing, beyond leading order, only the NLO corrections to q̂:
⇣
f1, C

�q̂
only f1

⌘
⌘

⇣
f1, CLO f1

⌘
+
⇣
f1, C

�q̂ f1
⌘
�

⇣
f1, C

2$2
O(g) finite q̂ f1

⌘
, (5.2)

with the pertinent “counterterm” (f1, C2$2
O(g) finite q̂ f1) given by Eq. (B.18). We see that this

curve lies quite close to the (C` = 0) full NLO result, indicating that other corrections

are small or largely cancel each other. But the �q̂ contribution is so large that it starts

to overtake the leading-order collision operator before mD = 1T and represents a factor-5

modification for ↵s = 0.3. We present an accurate fit for the NLO curves (at C` = 0) in

App. D, namely in Eqs. (D.5) and (D.6) for ⌘/s and in Eqs. (D.8) and (D.9) for Dq.

In order to study more quantitatively the observed similar trend between the NLO ⌘

and Dq, compared to their respective leading orders, we plot the NLO/LO ratios in Fig. 7,

complete with gain uncertainty bands, as a function of mD/T for QCD with Nf = 3. As

the plot shows, the two central values fall within the uncertainty bands. Each transport

coe�cient is dominated by elastic scattering and in each case the ratio of �q̂ to the leading-

order elastic e↵ect is about the same; therefore the trend with coupling is very similar.

True vacuum renormalization e↵ects will first arrive at NNLO (at O(g2)), so we do

not yet see e↵ects of coupling renormalization. This makes it di�cult to use any internal
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Back to the present



Second-order relaxation
• To be causal and stable, second order in the gradients is required

• At second order in the gradients, lot of work on writing down (and computing with 
different methods) all the new transport coefficients that pop up  
Baier et al. JHEP0804 (2007), Denicol et al. PRD85 (2012), Battacharyya et al. JHEP0802 (2007)

• We look at the second-order relaxation τ" of the shear stress tensor to its Navier-Stokes 
form 

• Similarly for a flavor current  
recalling that

• Hydro practitioners usually fix second-order transport coefficients by fixing their ratio 
to the first-order ones. What can we say about that?                                   
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Second-order relaxation
• Recall that we had                            at first order

• In the kinetic theory, second-order coefficients require second-order expansion of f. τ" 
obtained from first-order δf acting as source term

• Rewrite first-order δf  as 
and introduce an inner product  
Then Moore York PRD79 (2009)  

• Two consequences

• Can obtain (a)NLO results from the same setup (that gave us χ at (a)NLO)

• Can think a second more about this inner product

⌘⌧⇡ =
1

15T
(�,�)
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Second-order relaxation: bounds
• The shear viscosity and enthalpy density can be written as  
 

• The linearized collision operator is symmetric with respect to the inner product and is 
positive-definite (in the ℓ=1,2 channels), as dictated by stability

• We have all the spectral ingredients for a triangular inequality  
 

• Generic bounds in any kinetic theory, as long as enthalpy/charge susceptibility 
determined consistently within it

⌘⌧⇡ =
1

15T
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Second-order relaxation: bounds
• We have all the spectral ingredients for a triangular inequality  
 

• Generic bounds in any kinetic theory, as long as enthalpy/charge susceptibility 
determined consistently within it

• At infinite coupling in                   (finite coupling correction also known for τ")  
 
 
 
Baier et al JHEP0804 (2007), Bu Lublinsky Sharon JHEP1604 (2016)

• Strongly-coupled holographic theories are very far from having a kinetic quasiparticle 
description
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Second-order relaxation: (a)NLO results

• ~40% increase from LO and robustness of these second/first-order coeffs. ratios
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FIG. 2. The second- to first-order ratio of the relaxation coe�cients for (a) shear stress, ⌧⇡/(⌘/(✏ + P)), and (b) for quark
number di↵usion, ⌧j/Dq, as a function of mD/T for QCD with 3 light flavors. (The corresponding value of ↵s is shown on the
upper horizontal axis.) The LO result for ⌧⇡ is from [11], that for ⌧j is also new. The uncertainty from the unknown gain terms
is shown by the bands; it is estimated as specified in [14] by the LO value for the gain terms, times mD/T , times a constant in
the interval [�2, 2]. The dashed lines represent an estimate in which we include only the NLO q̂ to the LO collision operator.

These results apply to any kinetic theory description
of these transport coe�cients, as long as the enthalpy
density or the charge susceptibility are also consistently
computed within the kinetic theory. We remark that
the ` = 1, 2 departures from equilibrium contributing to
these transport coe�cients do not by construction con-
tribute to the (` = 0) thermodynamical functions ✏ + P

or �↵.
In contrast, strong-coupling results from the AdS/CFT

correspondence in N=4 SYM theory give for ⌧⇡ [12] and
for the relaxation of a U(1) current in SYM [24]

⌧⇡
⌘/(✏+ P)

����
AdS

= 4�2 ln(2) ,
⌧j

DU(1)

����
AdS

=
⇡

2
. (17)

In both cases, these strong-coupling results are approxi-
mately half the minimum value attainable in kinetic the-
ory. Finite-coupling corrections [25–29] to the first ratio
show a modest increase. We also note that the bounds in
Eq. (16) can be shown to become, in d spatial dimensions,
d+2 and d respectively. It would be interesting to derive
larger-dimension holographic results in comparison.

Second-order relaxation at (almost) NLO: We
now provide results for the second-order relaxation of
the shear stress tensor and of the light quark current
jq in QCD. In [14] we have introduced in great detail a
linearized collision operator to “(almost) NLO”. (Correc-
tions which lie beyond the kinetic-theory picture arise at
still higher order.) 2 $ 2 elastic scatterings and e↵ective

1 $ 2 inelastic scatterings contribute to the LO collision
operator, the former taking the lion’s share. At NLO we
found all new scattering processes, and corrections to the
LO processes, which are suppressed by a single power of
the QCD coupling g. As we showed in detail, there are
only a few such O(g) subleading e↵ects. First, the rate
of soft 2 $ 2 scattering is modified; this can be described
as an additional momentum-di↵usion coe�cient �q̂. This
modification, and an O(g) correction to the in-medium
dispersion, also provide an O(g) shift in the 1 $ 2 rate.
Next, this 1 $ 2 splitting rate must be corrected wher-
ever one participant becomes “soft” (p ⇠ gT ) or when the
opening angle becomes less collinear. And finally, sub-
tractions are needed because of the way the numerical
implementation of the LO scattering kernel [13] already
resums a small amount of the NLO e↵ects. We were
able to give a relatively simple determination of these ef-
fects by the use of light-cone techniques fostered by [30].
Unfortunately, these methods typically keep track of the
incoming and outgoing momentum of a particle, but lose
track of the momentum which it transfers to the other
participants. This momentum transfer also a↵ects the
departure from equilibrium of the other particle or parti-
cles which receive the momentum, generating, in the ef-
fective Fokker-Planck approach applicable for these soft
scatterings, a gain term. This is an e↵ect which we failed
to account for at NLO, hence the “almost” NLO. How-
ever we estimated that this missing part is most likely
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FIG. 3. The second- to first-order ratio of the relaxation coe�cients for shear stress, ⌧⇡/(⌘/(✏ + P)) (values above 5), and
for quark number di↵usion, ⌧j/Dq (values below 5), as a function of T . On the left, we plot di↵erent choices of the running
coupling: the solid bands fix the coupling using the two-loop EQCD value with µEQCD = (2.7 $ 4⇡)T , while the shaded bands
use the standard MS two-loop coupling with µMS = (⇡ $ 4⇡)T . On the right we plot instead in the shaded red bands the
uncertainty due to the gain terms, which are estimated (and not computed). All curves in this plot are obtained using the
e↵ective EQCD coupling with µEQCD = 2.7T .

small. Finally, we found out that ⌘/s and Dq at NLO
become smaller than their LO counterparts by a factor
of 4 at the couplings of relevance for heavy ion collisions,
see Fig. 1. The large �q̂ contribution is by far the main
contribution responsible for this behavior.

We now use this (almost) NLO collision operator to
determine ⌧⇡ and ⌧j using Eqs. (8) and (15). We solve
Eq. (8) with the same variational method as in [14],
which also details the NLO operator �C. In Fig. 2 we
plot our results for the second-order coe�cients ⌧⇡ and
⌧j , normalized as in Eq. (15), as functions of the De-
bye mass mD ⇠ gT over the temperature. The LO re-
sults for ⌧⇡ were originally obtained in [11]. Those for
⌧j are new and consistent with the leading-log estimate
in [17]. The plot shows that both LO results in solid
blue decrease with increasing coupling, approaching the
minimum values (Eq. (16)), while the NLO results in
solid green and red respectively start to di↵er signifi-
cantly from the LO atmD

>
⇠

0.5T , where they start grow-

ing, getting in the ballpark of 3/2 of the minima when
↵s ⇠ 0.3. The dashed green/red curves are the results
obtained by adding only �q̂ to the LO collision operator,
showing that also in this case it dominates NLO correc-
tions. The bands are obtained by varying the estimate
for the unknown gain terms within a range reasonably en-
compassing their probable size (and sign), as described
in [14]. Intuitively, the LO results approach the bound

at increasing coupling because the log-enhanced 2 $ 2
processes, which force �(p) / p, become less e↵ective at
larger couplings, while the other processes drive �(p) to
a constant, saturating Eq. (15). At NLO the large �q̂
drives �(p) towards p2, which is further from the bound.
Fig. 3 presents the more phenomenologically relevant

dependence of these second-order coe�cients on the tem-
perature. Since only an NNLO treatment would directly
include running-coupling e↵ects, this requires that we
pick a prescription for relating the running coupling to
the temperature. We do so by either using the MS cou-
pling in the range ⇡T < µMS < 4⇡T (leading to the
larger, light-shaded bands in the left plot) or via the ef-
fective EQCD coupling with 2.7T < µEQCD < 4⇡T as
in Ref. [31] (narrow, dark-shaded bands in the left plot).
The discontinuities in the plot occur where we change
prescriptions for the number of light fermion species. The
right plot in the figure indicates the errors due to the un-
certainties from our ignorance of the gain terms which
we discussed above.
Conclusions: Viscous hydrodynamical studies of

heavy ion collisions require second-order hydrodynamical
coe�cients ⌧⇡, ⌧j which can be understood as relaxation
times towards the first-order behavior. While the hydro-
dynamic coe�cients such as ⌘/s and ⌧⇡T vary by orders
of magnitude as a function of temperature and di↵er sub-
stantially between LO and NLO calculations (see Fig. 1),
we have shown that simple dimensionless ratios, Eq. (15),

• Temperature dependence much milder than for the first- or second-order coeffs alone



Conclusions

• We have studied the second-order relaxation coefficients τ% and τj. They are important 
to make relativistic hydrodynamics causal

• The ratio of these coefficients to their respective first-order relaxation coefficients η/
(e+p) and Dq is an important input for hydrodynamic simulations

• We have shown that within kinetic theory this ratio is bounded from below

• Strongly coupled theories with gravity duals violate these bounds: they are thus very 
far from having a kinetic, quasiparticle-based description

• (almost) NLO results for these ratios show a modest increase 
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• Consider the more general case  

• Change variables to  

• Retarded functions are analytical in the upper plane in any 
timelike or lightlike variable => GR analytical in p0  

• Soft physics dominated by n=0 (and t-independent) =>EQCD!
Caron-Huot PRD79 (2009)

Grr(t = 0,x) =
PZ

p

GE(!n, p)e
ip·x

|t/xz| < 1

Grr(t,x) =

Z
dp0dpzd2p?e

i(pzxz+p?·x?�p0x0)

✓
1

2
+ nB(p

0)

◆
(GR(P )�GA(P ))

p̃z = pz � p0(t/xz)

Grr(t,x) =

Z
dp0dp̃zd2p?e

i(p̃zxz+p?·x?)

✓
1

2
+ nB(p

0)

◆
(GR(p

0,p?, p̃
z + (t/xz)p0)�GA)

Grr(t,x)soft = T

Z
d3p eip·x GE(!n = 0,p)



LPM resummation

• All points at spacelike or lightlike separation, only preexisting 
correlations

• Soft contribution becomes Euclidean! Caron-Huot PRD79 
(2008)

• Can be “easily” computed in perturbation theory 

• Possible lattice measurements Laine EPJC72 (2012) Laine Rothkopf 
JHEP1307 (2013) Panero Rummukainen Schäfer 1307.5850

y2 x2

x1y1

Figure 2.1: Static Wilson loop with edges y1 = (�TW /2, r/2), x1 = (TW /2, r/2), y2 =
(�TW /2,�r/2) and x2 = (TW /2,�r/2). Time direction is from left to right, thus the
quark trajectories are horizontal and the equal-time endpoint Wilson lines are vertical.

where P is the path-ordering operator and the integration contour ⇤ is represented in
Fig. 2.1. The Wilson loop vacuum amplitude can also be expressed as a path integral

hW⇤i =
Z
DADqDqe�iS(0)

TrP exp
⇢
�ig

I

⇤
dxµAa

µ(x)T a

�
(2.8)

where q and q are the light quark fields and S(0) is the Yang-Mills plus light-quark action
of QCD.
At zeroth order in the multipole expansion (2.3) and in the static limit the corresponding
pNRQCD Green function can be derived from the Lagrangian (1.37)

GpNRQCD = Z(0)

s (r)�3(x1 � y1)�3(x2 � y2)e�iTW V
(0)
s (r). (2.9)

We now need to single out the soft scale: exploiting the fact that this scale is much
greater than the ultrasoft scale E we can consider the large TW limit of the Wilson loop,
equivalent to the �E ! 0 limit. We thus have

i

TW
loghW⇤i = u0(r) + i

u1(r)
TW

+O
✓

1
T 2

W

◆
, (2.10)

and in the infinite-time limit the higher-order terms in the 1/TW expansion are sup-
pressed. We have also dropped terms that do not depend on r, such as self energies.
These terms can arise both in the perturbative and non-perturbative regions, but are
not relevant for the potential. The matching condition GNRQCD = GpNRQCD at the
matching scale µ (the two theories and their Green functions are of course in general
not equal; they are so only in the region where pNRQCD exists) then implies

(
V (0)

s (r) = u0(r)
log Z(0)

s (r) = u1(r)
(2.11)

So we see that the potential at this order of the multipole expansion is simply linked to
the vacuum expectation value of the Wilson loop by the relation

V (0)

s (r) = u0(r) = � lim
TW!1

1
iTW

loghW⇤i. (2.12)
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Collinear case

Collinear ⇒ almost on-shell ⇒ large x separation

x− ≪ x⊥ ≪ x+
(1/T ≪ 1/gT ≪ 1/g2T )

Consider spacetime trajectory of q, q̄:

Jµ Jµ

x

x

Trajectory in

Trajectory in

M

M

Wilson Loop Controls
Gauge Interactions

Need x⊥-separated Wilson loop.

Spacetime picture pioneered by B. Zakharov, hep-ph/9607440,9807540

XQCD, Bern, 4 Aug. 2013: Seite 14 von 25

L
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BDMPS-Z, Wiedemann, Casalderrey-Solana Salgado, D’Eramo Liu 
Rajagopal, Benzke Brambilla Escobedo Vairo



Longitudinal momentum diffusion
• Field-theoretical lightcone definition (justifiable with SCET)  
 
 
F+-=Ez, longitudinal Lorentz force correlator

• At leading order  
 
 
 
 

q̂L ⌘ g2

dR

Z +1

�1
dx+Tr

⌦
U(�1, x+)F+�(x+)U(x+, 0)F+�(0)U(0,�1)

↵

q̂L /
Z

dq+d2q?
(2⇡)3

(q+)2G>
++(q

+, q?, 0)

=

Z
dq+d2q?
(2⇡)3

Tq+(GR
++(q

+, q?, 0)�GA)

Wilson lines in the x
� lightcone directions at x

+ = �1, irrelevant in non-singular

gauges, are discussed in App. B.

We now evaluate Eq. (3.16) at LO: we simply contract the two F fields, obtaining

a forward Wightman correlator, i.e. the diagram shown in Fig. 6, which reads

Figure 6. The leading-order soft contribution to q̂L. The Wilson lines before and after the two
black dots, which represent the F

+� vertices, cancel at leading order, whereas the one between
the two dots always turns into an adjoint line, which we have represented as a double line. The
curly line is a soft HTL gluon. {fig_lo_soft}

q̂L

����
LO soft

= g
2
CR

Z
+1

�1
dx

+

Z
d
4
Q

(2⇡)4
e
�iq�x+

(q+)2G��>(Q), (3.18) {lo}

where G(Q) is the HTL-resummed propagator and the integral is understood to run over

soft momenta only. The x+ integration sets q� to zero and, as we show in App. C, bring

this expression in agreement with the one obtained from the rate-based definition in

Eq. (3.11). Furthermore, only the even-in-q+ part of G>(q+, q� = 0, q?) can contribute,

which is the same for G
> and G

< and is given by Grr. It is furthermore dominated

by the T/q
0 = T/q

+ leading infrared piece of the Bose–Einstein distribution. Upon

expanding it we have, up to O(g2) correction,

q̂L

����
LO soft

= g
2
CR

Z
dq

+
d
2
q?

(2⇡)3
Tq

+(G��
R (q+, q?)�G

��
A (q+, q?)). (3.19) {lo2}

We can perform the q
+ integration by resorting to the analyticity sum rule techniques

developed in [2, 12]. Since retarded (advanced) two-point functions are analytic in

the upper (lower) half-plane in any timelike or light-like variable, we can deform the

integration contours away from the real axis onto CR (|q+| = µ! � gT , Im q
+
> 0) and

CA (|q+| = µ! � gT , Im q
+
< 0), as depicted in Fig. 7. Along the arcs the longitudinal

and transverse propagators simplify greatly, i.e.

G
��
R (P ) !

i

(q+)2

✓
1 +

q
�

q+

◆
2q+q� �M

2
1

2q+q� � q2? �M2
1

����
R

, (3.20) {arcexpand}

where M
2
1 = m

2
D/2 is the gluon asymptotic thermal mass. The end result is then

q̂L

����
LO soft

= g
2
CRT

Z
d
2
q?

(2⇡)2
M

2
1

q2? +M2
1

=
g
2
CRT

2⇡
M

2

1 ln
µq̃?

M1
, (3.21) {lofinal}
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Longitudinal momentum diffusion

?

?
�µ+ µ+

q+

q̂L

����
LO

= g2CR

Z
dq+d2q?
(2⇡)3

Tq+(G��
R (q+, q?)�G��

A (q+, q?))



Longitudinal momentum diffusion

�µ+ µ+

q+

q̂L

����
LO

= g2CR

Z
dq+d2q?
(2⇡)3

Tq+(G��
R (q+, q?)�G��

A (q+, q?))



Longitudinal momentum diffusion

�µ+ µ+

q+

q̂L

����
LO

= g2CR

Z
dq+d2q?
(2⇡)3

Tq+(G��
R (q+, q?)�G��

A (q+, q?))



Longitudinal momentum diffusion

• Use analyticity to deform the contour away from the real 
axis and keep 1/q+ behaviour

�µ+ µ+

q+

q̂L

����
LO

= g2CR

Z
dq+d2q?
(2⇡)3

Tq+(G��
R (q+, q?)�G��

A (q+, q?))

q̂L

����
LO

= g2CRT

Z
d2q?
(2⇡)2

M2
1

q2? +M2
1


