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Introduction and motivation

The purpose of our work is to define the ideal hydrody-
namic limit if the fluid has polarization. This is neces-
sary because
• obviously the experimental observation of Λ
reaction plane polarization, and the reasonable
expectation some polarization is present
throghout the fluids evolution, before freezeout.
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• Connection to anomalous transport, CME,CVE ,
magneto-hydrodynamics
• Classical fields coupled to the fluid vs part of the fluid.

(Bµ vs ωµν )
• Anomalous vs symmetry respecting (Jµ = ...+ω vs
Tµν + uαS

αµν )

Very different physics but experimentally
entangled . Eg, polarizability variation with baryo
and isospin chemical potential can mimic the
CME! all observables so far CP-respecting
• What is the role of Gauge symmetry? In a QGP
most particles with spin are gluons, but ”gluon
polarization” and ”angular momentum” dont
separate (gauge changes go between one and
another).

But this presents a conceptual difficulty! What is ideal
hydro? Local isotropy, circulation conservation obvi-
ously broken. Continuum limit dubious ( Is a “small vor-
tex” indistinguisheable from a polarization spin state?)
Only “instant thermalization” could work .

Development

This forces us to use lagrangian methods [1]
A definition of B, uµ in terms of fields φI,

lagrangian coordinates. L = L(B) respects symmetries
of fluid where

B = detBIJ , BIJ = ∂µφ
J
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A definition of local polarization y from chemical shift
symmetry [2]

Ψµν|comoving = −Ψνµ|comoving = exp

−
∑
i=1,2,3

αi(φI)T̂i
µν



αi→ αi + ∆αi (φI)⇒ L(b, yαβ = uµ∂
µΨαβ)

Ensures that polarization current (one index of the 3-
tensor) always proportional to uµ
We are now ready to combine polarization with the
ideal hydrodynamic limit, defined as
(i) The dynamics within each cell is faster than

macroscopic dynamics, and it is expressible only
in term of local variables and with no explicit
reference to four-velocity uµ (gradients of flow
are however permissible, in fact required to
describe local vorticity).

(ii) Dynamics is dictated by local entropy
maximization, within each cell, subject to
constraints of that cell alone. Macroscopic
quantities are assumed to be in local equilibrium
inside each macroscopic cell

(iii) Only excitations around a hydrostatic medium
are sound waves,vortices

Part (iii) forces polarization and vorticity to always be
parallel to avoid a Goldstone mode.
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Equation of state is related to the Lagrangian in a way
analogous to [3]. L = F where F is a free energy so

dF =
∂F
∂V
dV +

∂F
∂e
de+

∂F
∂ [ωµν]

d [ωµν] = 0

This gives us a candidate for the Langrangian. The
linear version wrt hydrostatics ,φI = XI + πL + πT ,
assuming F(b, y) = F

b(1− y2)
 , is [4]:

L = (−F ′(1))

{
1

2
(π̇)2 − c2s[∂π]

2

}
+

+fζ

{
π̈i∂iπ̇j + π̈iπ̈j + ∂jπ̇

i∂iπ̇j + ∂jπ̇iπ̈j+

+(2π̈i∂jπ̇i− 2π̈j∂
iπ̇j) + (π̈2i − π̈

2
j ) + (∂jπ̇

2
i − ∂iπ̇

2
j )

}
Note that sound-waves and vortices mix! Physically,
the sound-wave compression changes the vortical sus-
ceptibility, which absorbs or emits angular momentum,
i.e. vorticity. But this makes dispersion relation quartic

Causality and implications
the Free energy F , and hence the local dynamics, is
sensitive to an accelleration. As is well-known (Ostro-
gradski’s theorem, Dirac runaway solutions) such La-
grangians are unstable and lead to causality violation.
Note that one needs Lagrangians to see this! Indeed,
looking at the phase and group velocity one will find
superluminal propagation of sound-waves and vortices
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To fix this issue, one would need to update the propor-
tionality of y on ω to an Israel-Stewart type equation.

τΩuα∂
αΩµν +Ωµν = χ(b,ω

2)ωµν = yµν

But this means dissipative relaxation-type dynamics is
present already at ideal fluid level A new lower limit for
dissipation?
In conclusion, Lagrangian methods overcome the am-
biguities of defining ideal hydrodynamics with polariza-
tion, but suggest a breakdown in causality already in
the ideal limit, due to the ”instant” alignement of po-
larization and vorticity. Fixing this issue might give rise
to a new lower limit on dissipation.
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