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(1) Motivation
Event-by-event fluctuations of con-
served charges are the generic ob-
servables that could help to re-
veal a possible QCD critical point
(Stephanov et al.,1999).
In its vicinity, critical phenom-
ena predict divergent correlation
lengths and susceptibilities. The
strength of the divergence in-
creases rapidly with the order of the
cumulant.
The STAR Collaboration has mea-
sured cumulant ratios of net proton-
number fluctuations during the
Beam Energy Scan (BES) program
and found an intriguing increase in
fluctuations below beam energies
of
√
sNN . 19.6 GeV.
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Motivation
• Understand and calculate QCD equilibrium thermodynamic quantities at nonzero 

temperature and baryon number densities from first principles

�! can we understand 
the BES results of 
conserved charge 
fluctuations?

�! is there evidence for 
a QCD critical point?

�! what is the validity 
range of the HRG 
model?
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Figure 1: Preliminary STAR data
for the net proton-number kurtosis,
as function of the collision energy√
sNN (Luo [STAR], 2014).

The question we ask here: Can this data be understood by means
of equilibrium thermodynamics of QCD?

(2) Methodology
We perform lattice QCD calculations with (2+1)-flavor of highly im-
proved staggered quarks (HISQ). The notorious sign problem is cir-
cumvented by performing a Taylor expansion of the pressure
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in terms of the baryon (µB) electric charge (µQ) and strangeness (µS)
chemical potentials, with µ̂X = µX/T . Derivatives are taken at µB =
µQ = µS = 0. The Taylor coefficients have been measured up to the
6th-order. We demonstrated control over the resulting equation of state
for µB ≤ 2T , which corresponds to

√
sNN ≥ 12 GeV (Bazavov et al.,

2017). Results are in good agreement with (Günther et al., 2017).
Further details of the calculation:
• We either set µQ = µS = 0, or fix them such <nQ>/<nB>= 0.4

and <nS>= 0 (constrained case).
• We have high statistics in the range 135 MeV . T . 170 MeV.
• Quark masses are physical, i.e. with a ratio of 1/27 (light / strange).
• Lattice sizes are N3

σ ×Nτ , with Nσ = 4Nτ and Nτ = 6, 8, 12, 16.

(3) Baryon number fluctuations
Definition of cumulant ratios: The coefficients in Eq. (1) (χBQSikj ) are
the cumulants of the conserved charges (B, Q, S), calculated at µ̂X =
0. Taking appropriate derivatives of Eq. (1) with respect to µ̂X , we
obtain Taylor expansions for the cumulants. We consider the ratios:

• RB12 ≡ χB1 /χB2 =MB/σ
2
B = rB,112 (µB/T ) + rB,312 (µB/T )

3 + · · ·
• RB31 ≡ χB3 /χB2 = SBσ

3
B/MB = rB,031 + rB,231 (µB/T )

2 + · · ·
• RB42 ≡ χB4 /χB2 = κBσ

2
B = rB,042 + rB,242 (µB/T )

2 + · · ·
where MB , σ2

B , SB and κB denote the mean, variance, skewness and
kurtosis of the net baryon number fluctuations. After the last equality,
we have indicated the leading and next-to-leading µB-behavior.
Results: In the case µQ = µS = 0 we find strict relations between RB31
and RB42, namely rB,031 = rB,042 and 3rB,231 = rB,232 , they are only slightly
relaxed in the constrained case (see Fig. 2) (Bazaov [HotQCD] 2017).
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calculations of the Taylor expansion coefficients of the
equation of state. The results have been extrapolated to
the continuum limit using spline interpolations as described
in Ref. [39]. Obviously rB;112 approaches the HRG value
from below at all values of the temperature. As has
been observed previously in calculations of cumulants that
are sensitive to the strange baryon sector of hadron
resonance gas models [40], we find that a HRG model,
which includes additional strange baryons (QM-HRG)
provides a better description of the Taylor expansion
coefficients than a HRG model based only on experimen-
tally well established resonances listed in the Particle Data
Tables (PDG-HRG) [41].
Similarly, the LO expansion coefficients of the ratios

RB
31 ≡ SBσ3B=MB ¼ rB;031 þOðμ2BÞ and RB

42≡ κBσ2B ¼ rB;042 þ
Oðμ2BÞ, shown in Fig. 1 (right), seem to approach the HRG
model value from below. At least for T > 150 MeV these
ratios are smaller than unity. As a consequence we find to
LO in μB, or equivalently to LO in RB

12, that

RB
32 ≡ RB

31R
B
12 < RB

12 þOððRB
12Þ3Þ: ð24Þ

At least for T > 150 MeV ratios of cumulants thus
obey the inequality MB=σ2B > SBσB, or equivalently RB

31≡
SBσ3B=MB < 1. This clearly is different from HRG model
calculations with pointlike noninteracting hadrons, where
the exact relations, MB=σ2B ¼ SBσB and SBσ3B=MB ¼ 1,
hold at any order in μB, irrespective of the details of the
hadron spectrum used in that calculation.
From the LO expressions given in Eq. (22) and

Eq. (23), it is obvious that to leading order the ratios
RB
31 and RB

42 will also be identical in the case of vanishing
strangeness and electric charge chemical potentials,

although their values need not be unity. Fig. 1 (right)
shows that the LO coefficient rB;042 starts to deviate from
unity significantly for T > 150 MeV. Nonetheless, as can
be seen from the inset in Fig. 1 (right), the difference of
the LO expansion coefficients, rB;042 − rB;031 , stays small
also in the strangeness neutral case with nQ=nB ¼ 0.4.
The maximal difference is reached at T ≃ 200 MeV
where it amounts to about 12% of rB;031 . However, in
the crossover region, 145 MeV < T < 165 MeV, which
also is the temperature range of interest for comparison
with experimental data, this difference never exceeds
more than 4% of rB;031 . The experimental observation
that SPσ3P=MP and κPσ2P tend to agree at large

ffiffiffiffiffiffiffiffi
sNN

p
,

although they differ from unity, thus is in accordance
with the QCD result,

SBσ3B=MB ≃ κBσ2B for RB
12 → 0: ð25Þ

V. NEXT-TO-LEADING ORDER EXPANSIONS
OF CUMULANT RATIOS

The NLO corrections in the series expansion of ratios
RB
nm at fixed temperature as well as on lines in the T-μB

plane have been introduced in Eqs. (9)–(11) and in
Eqs. (14)–(16), respectively. We will derive the NLO
expansion coefficients in the following and show results
for strangeness neutral systems with an electric charge to
baryon-number ratio nQ=nB ¼ 0.4. However, for the dis-
cussion presented in this section we will also use the
simpler expressions obtained for the case of vanishing
strangeness and electric charge chemical potentials. In this
case the information contained in the NLO expansion
coefficients is much more transparent, and, as we will
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FIG. 1. The leading order expansion coefficients of the cumulant ratios RB
12 (left) and RB

42 (right) versus temperature calculated on
lattices with temporal extent Nτ, and spatial sizes Nσ ¼ 4Nτ. The inset in the right-hand figure shows the difference between the leading
order results for the kurtosis ratio RB

42 and the skewness ratio R
B
31 normalized to the latter. All expansion coefficients have been calculated

for strangeness neutral systems, Eq. (7), with an electric charge to baryon-number ratio r ¼ 0.4 (Eq. (8). The gray bands give the
continuum extrapolated result for rB;112 and, in the case of rB;042 , an estimate for the continuum result. In the right-hand figure we also show
results from a fit to the preliminary STAR data for the corresponding net proton-number fluctuations discussed in Sec. VI. See text for a
discussion of the two HRG curves shown in the left-hand figure.
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the ratio rB;242 =r
B;2
31 reliably. This is shown in the inset of

Fig. 4 (left). As expected, we find that also in the
strangeness neutral case the ratio of expansion coefficients
is close to three. This also is the case for μQ ¼ μS ¼ 0 (see
Eq. (28). The ratio has the tendency to drop with increasing
temperature, suggesting that it will approach the ideal gas
value at high temperature3

Using the temperature dependent curvature coefficients
κf2 we can determine the correction to NLO expansion
coefficients of the skewness (RB

31) and kurtosis (R
B
42) ratios,

which arises from a μB-dependent freeze-out temperature.
For κf2 ¼ 0, the ratio, rB;242 =r

B;2
31 , is shown as an inset in

Fig. 4 (left) together with a quadratic fit. This ratio drops
from 3.03(4) at T ¼ 145 MeV to 2.83(4) at T ¼ 165 MeV.
For κf2 > 0, the ratio, rB;242;f=r

B;2
31;f, will be larger than these

values. This can be seen from the fact that for κf2 > 0, the
NLO coefficients rB;242 and rB;231 are shifted by almost the
same positive constant (the temperature derivatives of rB;042

and rB;031 are negative and very similar in magnitude), and in
the temperature range of interest both rB;242 and rB;231 are
negative with rB;242 ∼ 3rB;231 . As these derivatives are small for
T ≲ 145 MeV, and are largest for T ≃ 165 MeV we thus
expect the difference between the ratios rB;242;f=r

B;2
31;f evalu-

ated for κf2 ¼ 0 and κf2 > 0 to rise when increasing the
temperature towards the upper end of the crossover
region. This is apparent from the results shown in
Fig. 4 (right). Taking into account current uncertainties

on the coefficients κf2 , we find in the temperature range
145 MeV ≤ T ≤ 165 MeV,

rB;242;f

rB;231;f

¼ 3.1–4.1: ð31Þ

VI. COMPARING NLO LATTICE QCD
CALCULATIONS WITH EXPERIMENTAL DATA

Qualitative features of the NLO expansions for ratios
of cumulants of net baryon-number fluctuations, derived
in the previous sections, may be confronted with exper-
imental results on cumulant ratios of net proton-number
fluctuations. Of course, as pointed out in the introduction,
one cannot directly compare the experimental data on
net proton-number fluctuations with those for net
baryon-number fluctuations. In particular, the systematic
differences between the two sets of data [10–12] taken in
different transverse momentum intervals, as well as the
known sensitivity of the data on acceptance cuts, indicate
that these systematic effects need to be taken care of, e.g.
by implementing them in realistic hydrodynamic and
transport calculations, before a quantitative comparison
becomes possible. A recent study, for instance, suggests
that effects of volume fluctuations are small and also effects
arising from hadronic scattering and resonance decays
have little influence on the ratios of net proton-number
cumulants [43].
Since experimentally measured cumulants of net proton-

number fluctuations can be different from the cumulants of
net baryon-number fluctuations [13], a direct comparison
between the two is subject to systematic errors. However, as
we will see, qualitative trends, visible in the experimental
data at beam energies
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p ≥ 19.6 GeV, agree well with
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FIG. 4. Left: The NLO expansion coefficient for the kurtosis ratio, rB;242 , and three times the NLO expansion coefficient for the
skewness ratio, rB;231 . The inset shows the ratio of the NLO expansion coefficients, rB;242 =r

B;2
31 , in temperature range where jackknife

estimators for this ratio are stable. Right: Ratio of NLO expansion coefficients of the skewness and kurtosis ratios on lines of constant
physics defined by pressure, energy density, and entropy density, respectively. Also shown is the result for vanishing curvature
coefficient (κf2 ¼ 0). Both figures show results for a strangeness neutral system, nS ¼ 0, with electric charge to baryon-number ratio
nQ=nB ¼ 0.4.

3In the infinite temperature limit cumulants approach the ideal
gas limit. For the ratio of NLO expansion coefficients one finds in
this limit, rB;242 =r

B;2
31 ¼ 1.98 for the strangeness neutral case,

nS ¼ 0, with nQ=nB ¼ 0.4.
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Figure 2: Leading (left) and next-to-leading (right) order of the cumulant ratios
RB

31 and RB
42 as a function of the temperature.

Comparison with STAR: Although many effects influence the experi-
mental data, which need better understanding (non-equilibrium, proton
vs. baryon number, acceptance and
pt cuts, rapidity dependence), it is
tempting to compare with measured
proton number fluctuations. To do
so, we express all ratios in term of
RB12, i.e. the net baryon density. We
find (see Fig. 3) that
• the STAR data respects the rela-

tions between RB31 and RB42 well.
• the freeze-out temperature Tf

obtained from the preliminary
STAR data (0.4 GeV<pt<2 GeV)
is consistent with the chiral
crossover temperature.

�B
6 /�B

4

temperature intervals defined previously. These bands
are simply obtained from those shown in Fig. 5 (left) by
dividing with RB

12.
The additional fits for the kurtosis ratio RP

42 shown in
Fig. 6 have been obtained by using the quadratic fit ansatz,
RP
42 ¼ K0 þ K2ðRP

12Þ2, with K0 ≡ S0. I.e., we demand that
the skewness and kurtosis ratios have identical intercepts at
RP
12 ¼ 0. These constrained fits provide a good description

of the data with K2 ¼ ð4% 2ÞS2. Both fits, shown as blue
and red dashed lines in Fig. 6, are also shown in Fig. 7. The
ratio K2=S2 should be compared to the ratio of slope
parameters, rB;242;f=r

B;2
31;f, for the corresponding kurtosis and

skewness ratios of net baryon-number fluctuations, which
is given in Eq. (31). The trend and even the magnitude of
this ratio agrees well with the experimental data. The
stronger bending of the kurtosis ratio relative to the
skewness ratio of net proton-number fluctuations observed
experimentally thus finds a natural explanation in the NLO
lattice QCD calculation.
The general pattern seen in the STAR data for SPσ3P=MP

and κPσ2P for the two different pt-intervals is consistent
with what we have discussed for SPσP in connection with

Fig. 5. The data obtained in the large pt-interval are
consistent with a freeze-out temperature close to the
QCD transition temperature, while the data obtained in
the smaller pt-interval are thermodynamically consistent
only with a small freeze-out temperature, Tf < 150 MeV.
A large freeze-out temperature of about 165 MeV, on the
other hand, would require that the skewness and kurtosis
ratios become substantially smaller, even at large beam
energies once all potential systematic corrections have been
taken into account.
The fit to the data for RP

31 obtained in the large
pt-interval, which is shown in Fig. 6, gives the value
RP
31 ¼ RP

42 ¼ 0.80ð4Þ for the intercept at RP
12 ¼ 0. This

also is shown as a gray box in Fig. 1 (right) and constrains
the range of freeze-out temperatures quite well. We con-
clude that all current data on cumulant ratios, measured
by STAR in the different transverse momentum intervals,
0.4 GeV < pt < pcut

t , are consistent with freeze-out
temperatures,

T0 ≤ 149 MeV for pcut
t ¼ 0.8 GeV;

T0 ¼ ð153% 5Þ MeV for pcut
t ¼ 2.0 GeV: ð32Þ

The latter is in excellent agreement with the freeze-out
temperature determined by the ALICE Collaboration from
particle yields at the LHC [44] but differs significantly from
the freeze-out parameters at large beam energies presented
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FIG. 6. Skewness and kurtosis ratios for net proton-number
distributions defined in Eq. (1) versus mean net proton-number
divided by variance. Data points are for different values of the
beam energies as specified in Fig. 5. In the bottom figure a data
point for κPσ2P at the lowest beam energy

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV is not
shown. See text for a discussion of the fits.

FIG. 7. NLO expansion of the skewness (left) and kurtosis
(right) ratios SBσ3B=MB and κBσ2B, respectively. Shown are results
in three temperature ranges covering the crossover region of the
QCD transition at vanishing baryon chemical potential. Dashed
lines show the fits to experimental results for the corresponding
skewness and kurtosis ratios of net proton-number fluctuations.
These fits are also shown in Fig. 6.
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Figure 3: The ratios RB
31 and RB

42

as functions of RB
12.

(4) Strangeness fluctuations
Cumulant ratios and the Hadron Resonance Gas (HRG): Since all
baryons carry baryon number B = ±1. The HRG model yields con-
stant ratios RBnm = 1, with (n−m) even (see Fig. 2 (left)). This will not
be the case for the kurtosis ratio of net strangeness:

• RS42 ≡ χS4 /χS2 = κSσ
2
S = rS,042 + rS,242 (µB/T )

2 + · · ·
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Figure 4: Leading (left) and next-to-leading order (right) of the strangeness
ratio RS

42 as function of temperature.

• The leading order receives large contributions from |S| = 2, 3
baryons. At Tc fluctuations are enhanced by a factor of ∼ 1.5.
• The approach to the HRG may support additional, experimentally

not yet observed, strange hadrons (Bazavov, 2014; Alba 2017),
predicted in Quark Model calculations (QM-HRG) and from lattice
QCD (Edwards, 2013).
• The next-to-leading order corrections in µB remain small.

Kaon fluctuations: The experimentally measured cumulant ratios of
kaon fluctuations (Adamczyk [STAR], 2017) give kurtosis ratios that are
consistent with 1, due to the fact that kaons carry strangeness |S| = 1.
Feeddown from |S| > 1 baryons seems to be small.
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