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1 Introduction
We formulate a general theory of thermal fluctuations within causal second-
order viscous hydrodynamic evolution of matter formed in relativistic heavy-
ion collisions. The fluctuation is treated perturbatively on top of a boost-
invariant longitudinal expansion. Phenomenological effects of thermal fluc-
tuations on the two-particle rapidity correlations are studied numerically for a
lattice QCD equation of state and for various second-order dissipative evolu-
tion equations.

2 Thermal fluctuations in boost-invariant hydro
Treating hydrodynamic fluctuation perturbatively [1, 2], so that in the lin-
earized limit of energy density, flow velocity, and shear pressure tensor, the
total energy-momentum tensor in the presence of thermal noise tensor Ξµν be-
comes Tµν = εuµuν − p∆µν + πµν + Ξµν,

= T
µν
0 + δT

µν
id + δπµν + Ξµν ≡ T

µν
0 + δTµν. (1)

The conservation equations for the total energy-momentum tensor, ∂µTµν = 0,
along with the average part, ∂µT

µν
0 = 0, lead to ∂µ(δT

µν
id + δπµν + Ξµν) ≡

∂µ(δTµν) = 0. The conservation equation for the average part, ∂µT
µν
0 id =

−∂µπµν0 , gives the evolution equation of noiseless ε0 which in boost-invariant:
dε0
dτ

= −1

τ
(ε0 + p0 − π0) , (2)

where τ2π
ηη
0 ≡ −π0 is taken as the independent component of the shear pres-

sure tensor. We have used the two commonly used second-order (dissipative)
evolution equation for π0 that are based on Müller-Israel-Stewart (MIS) for-
malism [3, 4, 5] and the Chapman-Enskog-like (CE) gradient expansion [6, 7]:

dπ0

dτ
+
π0

τπ
=

4ηv
3τπ

θ0 − λπθ0π0. (3)

where λπ = 4/3 in MIS and 38/21 in CE approach; the relaxation time is set at
τπ = 2ηvβ2 = 5ηv/(sT0).

To obtain the evolution equations for fluctuations we note that the three in-
dependent variables are δε(τ, η), δuη(τ, η), δπηη(τ, η) = −(δπxx+ δπyy)/τ2.
The fluctuating part of the energy-momentum conservation equation [8]:

∂

∂τ
(τδε) +

∂

∂η
(τU0δu

η) = −δV , (4)

∂

∂τ
(τU0δu

η) +
∂

∂η

(
δV
τ

)
= −2U0δu

η. (5)

Here U0(τ ) ≡ ε0 + p0 − π0 depends on the background variables, and
δV(η, τ ) ≡ δp + τ2δπ′ηη consists of the fluctuating variables.
The stochastic part of the dissipative equation for the independent component,
δπ′ηη = δπηη + Ξηη ≡ −δπ′/τ2, reads [8]
∂δπ′

∂τ
+
δπ′

τπ
=

1

τπ

[
τ2ξηη +

4ηv
3s

(s0δθ + δsθ0)

]
− λπ

(
θ0δπ

′ + δθπ0
)
. (6)

The new noise term ξηη defines the equation of motion of Ξηη, which for the
MIS equation is

Ξ̇〈ηη〉 = − 1

τπ
(Ξηη − ξηη)− λπΞηηθ. (7)

The autocorrelation for ξηη in the second-order dissipative hydro equation:

〈ξηη(η, τ )ξηη(η′, τ ′)〉 =
8ηv(τ )T0(τ )

3A⊥τ5
[1−Aβ2π0] δ(τ − τ ′)δ(η − η′). (8)

The coefficient A = 0 in the MIS and 5/7 in CE theories, and A⊥ =
∫
dx⊥ is

the usual transverse area.

3 Two-particle rapidity correlations at freezeout
We treat isothermal freeze-out at a constant background temperature Tf in the
Cooper-Frye prescription. The rapidity distribution of the particle is given by

dN

dy
=
gτfA⊥
(2π)3

∫
dη cosh(y − η)

∫
dpx dpy mT [f0(x, p) + δf (x, p)]

≡(dN/dy)0 + δ(dN/dy). (9)

The two-particle rapidity correlator due to fluctuations be written as〈
δ
dN

dy1
δ
dN

dy2

〉
=

[
gτfT

3
0A⊥

(2π)2

]2∫
dη1

∫
dη2

×
∑
X,Y

FX(y1 − η1)FY (y2 − η2)〈X(η1)Y (η2)〉. (10)

Here (X, Y ) ≡ (δT, δuη, δπ′) and 〈X(η1)Y (η2)〉 are the two-point correlators
between the fluctuating variables calculated at the freeze-out hypersurface.

4 Results and discussions

Regular and singular parts of equal time correlators computed as a function
of ∆η at various times in the Navier-Stokes (NS) theory. The results are for
p = ε/3 EOS with initial T0 = 550 MeV and τ0 = 0.2 fm/c. The shear viscosity
to entropy density ratio of ηv/s = 1/4π is accounted only in the noise correla-
tor. With increasing time, the peaks for the regular part of the correlators first
increase and then decrease and spread farther in rapidity due to expansion of
the fluid.

Two-particle rapidity correlations from various fluctuations for charged pions
in the MIS theory computed at the freeze-out temperature Tf = 150 MeV.
Temperature-temperature correlators dominate and correlators involving shear
pressure tensor are small.

Two-particle rapidity correlation for charged pions in the NS, MIS, and CE
formalisms due to thermal noise evolution with and without the inclusion of
ηv/s in the background (noiseless) hydrodynamic evolution. The results are
for p = ε/3 EOS (left panel) and lattice QCD EOS (right panel).
Faster build-up of noise correlators in NS theory give largest peak at small
rapidity separations. Viscosity damps the correlation peak especially in NS
theory. The magnitude of the correlations are larger in lattice QCD EOS due
to smaller sound velocity near Tc that slows noise propagation.
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