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Where	does	Lattice	meet	Continuum?	

•  Determination	of	|Vcb|,	|Vub|	
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exclusive	
(lattice	inputs)	

inclusive	
(pQCD	+	HQE)	

Theoretical	uncertainty:	
•  perturbative	expansion?		
•  heavy	quark	expansion?	
•  duality?	
à  tested	by	analyzing	

various	moments	
à  further	test	with	lattice	

inputs?	
Theoretical	uncertainty:	
•  lattice	(covered	by	…)	

inclusive	+	lattice	à	Vxb	??	



Where	does	Lattice	meet	Continuum?	

– BàD*	form	factor	at	zero	
recoil	

•  F(1)	=	0.906(13):	lattice,	
FNAL/MILC	(2014)	

•  F(1)	=	0.86(1)(2):	sum	rule,	
Gambino,	Mannel,	Uraltsev	
(2012)	

– Any	clue	to	understand	
this?	
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•  Persistent tension…, purely theoretical	



Best-known	“inclusive”	quantity	

The	R-ratio	
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Analytic continuation: 
relates to VPF away 
from the physical 
region 

⇧(q2) =
1

⇡

Z 1

s0

ds
Im⇧(s)

(s� q2)

s	

cut	

Euclidean	ß	Minkowski	
•  Basis	of	the	SVZ	sum	rule.	
•  Lattice	calculation	is	possible.	 cross	check?	



Cross	check:	not	easy	but	possible	

ex)	light-hadron	VPF	(in	the	coordinate	space)	
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ΠV+A(x)/ΠV+A
tree(x)	

Tomii, arXiv:1703.06249	

continuum limit	

perturbation theory 
(4-loop)	

gray band: 
“exp data”	

lattice artifact at 
short distances	
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“exp	data”	obtained	from	

•  “Fourier	trans”	from	the	ALEPH	data	for	τ	decay	
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Π(x)/Πtree(x)	

Schaefer, Shuryak (2001)	

ALEPH τ decay	

supplemented by pert 
at high q2	

perturbative	

Tomii, arXiv:1703.06249	



Another	example:	inclusive	|Vus|	
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(generalized dispersion relation )

If we have a reliable estimate for Π(s) in Euclidean (space-like) points, 

we could extend the FESR with weight function w(s) to have N poles there,

Our strategy

Lattice determination of |Vus| with inclusive hadronic τ decay experiment†

T. Izubuchi,∗1 ∗2 H. Ohki,∗2

The Kobayashi-Maskawa matrix element |Vus| is an
important parameter for flavor physics, which is rele-
vant to the search for new physics beyond the standard
model in particle physics. So far |Vus| has been most
precisely determined by kaon decay experiments. As
an alternative way, from the τ decay, one can also de-
termine |Vus| independently. A conventional method
is to use the so-called finite energy sum rule with poly-
nomial weight function ω(s) and the spectral function

ρ(J)V/A with the spin J = 0, 1 as

∫ s0

0
ω(s)ρ(s)ds = − 1

2πi

∮

|s|=s0

ω(s)Π(s)ds, (1)

where Π(s) is a hadronic vacuum polarization(HVP)
function. Here, ρ(s) on the left hand side is related
to the differential decay of the τ decay by hadronic V
and A currents with u, s flavors as

dRus;V/A

ds
=

12π2|Vus|2SEW

m2
τ

(1− yτ )
2 (2)

×
[
(1 + 2yτρ

(0+1)
us;V/A − 2yτρ

0
us;V/A)

]
,

where yτ = s/m2
τ , SEW is a known short-distance elec-

troweak correction. The HVP function Π(s) on the
right hand side in Eq.(1) is analytically calculated by
using OPE based on perturbative QCD (pQCD). Thus,
the momentum s0 should be taken large enough to use
a perturbative OPE result. By combining both the
inclusive τ decay experiments and pQCD, one can ob-
tain |Vus|. Recent analyses suggest that there is 3 σ
discrepancy between two results from the method that
uses the inclusive τ decay and the CKM unitarity con-
straint. While there might be a possibility that such a
discrepancy could be explained by new physics effect,
we should note that the OPE yields a potential prob-
lematic uncertainty in the |Vus| determination from the
inclusive hadronic τ decay using the finite energy sum
rule a). Thus it is important to reduce the uncertainty
of the QCD part, so that we aim to resolve the so-called
|Vus| puzzule.
In this report, in order for that purpose, we would

like to propose an alternative method to determine
|Vus|, in which we use non-perturbative lattice QCD
results for Π(s) in addition to pQCD. Combing two in-
puts, we would expect that more reliable result could
be obtained. In order to use lattice QCD inputs, we

† All the results shown here are preliminary.
∗1 Physics Department, Brookhaven National Laboratory, Up-

ton, NY 11973, USA
∗2 RIKEN Nishina Center
a) For a recent study of the inclusive τ decay using the finite

energy sum rule, see1).
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Fig. 1. Q2
1 dependence of the ratio of the pQCD to the kaon

pole contribution. For pQCD result, the D = 0 OPE

(Nf = 3) and a conventional value of |Vus| are used.

adopt a different weight function ω(s) which has poles
in the Euclidean momentum region. As an illustra-
tive example, we take a following weight function as
ω(s) = 1

(s+Q2
1)(s+Q2

2)···(s+Q2
N )

, where −Q2
k < 0 (for

k = 1, ..., N), and N ≥ 3. Taking s0 → ∞ in Eq.(1),
we obtain

∫ ∞

0
ρ(s)ω(s)ds =

N∑

k

Res
(
Π(−Q2

k)ω(−Q2
k)
)
. (3)

The lattice result is used for residues on the right hand
side. The left hand side can be evaluated up to s = m2

τ

from the experimental data, and we use a pQCD re-
sult for s > m2

τ . There is an advantage in this method.
Since above weight function ω(s) is highly suppressed
in high momentum region, so the uncertainty coming
from pQCD can be reduced. In fact, Fig. 1 shows the
weight function dependence of the ratio of the OPE
contribution of the spectrum integral in Eq.(3) to the
one from the dominant kaon pole contribution. As
shown in Fig. 1, the OPE contribution can be sup-
pressed by adding poles in the weight function.

As a preliminary study, we calculate |Vus| deter-

mined from ρ(0)A . As for the lattice calculation of ρ(0)A ,
we use L = 48 lattice result near the physical quark
massb). Using a weight function with three poles of
(Q2

1, Q
2
2, Q

2
3) = (0.1, 0.2, 0.3), we obtain 0.3% statisti-

cal relative error, which is competitive with previous
results. As a future work, we need to estimate sys-
tematic uncertainties such as lattice discretization, un-
physical mass, and contributions from other channels,
in particular pQCD effects.

References
1) P. A. Boyle et al. Int. J. Mod. Phys. Conf. Ser.

35, 1460441 (2014) doi:10.1142/S2010194514604414
[arXiv:1312.1716 [hep-ph]].

b) We thank RBC-UKQCD collaboration and Kim Maltman
for providing lattice HVP and experimental data.
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6

Ohki et al. [RBC/UKQCD] @ Lattice 2017 
•  Use the lattice calculation in place of pQCD+OPE	
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|Vus|

Kl3, PDG 2016 

Γ[K
µ2]

3-family unitarity, HT14 |Vud|

τ FB FESR, HFAG17

τ FB FESR, HLMZ17

τ, lattice [N=3, C=0.3 GeV2]

τ, lattice [N=4, C=0.7 GeV2]

τ, lattice [N=5, C=0.9 GeV2]

(conventional implementation)

(new implementation, lower : HFAG16 input)

this work
(preliminary)

Comparison to        from others

All our results (C<1, N=3, 4, 5) are consistent with each other within 1 σ error,  

as well as to CKM unitarity.

�K [⌧ ! K⌫⌧ ] : (filled square)

�K [Kµ2] : (empty square)

|Vus|

21

One	may	bypass	the	discussion	
of	convergence	of		
•  pQCD	
•  OPE	

In	other	words,	lattice	may	
provide	alternative	inputs.	



Good	to	have	all	

– Each	has	its	own	limitations:	
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Lattice	

Experiment	

Perturbation	
+	OPE	

•  fully non-perturbative 
•  only in the Euclidean region 

(or below cuts) 
•  bad for high moms 

•  analytical! 
•  convergence? 
•  duality?	

•  real physics! 
•  not always measurable	

Physical	quantity,	
for	which	all	of	
them	available?	
à	inclusive	



Inclusive,	on	the	lattice?	
•  What	can	we	extract	from	Euclidean	lattice?	

	
“Fourier	transform”	to	reach	
–  space-like:	q2	(=	−Q2)	=	−q0

2−q2	

–  time-like:	q2	=	ω2−q2	

				with	an	arbitrary	(real)	ω	
	
–  Justified,	until	one	hits	any	singularity,	i.e.	the	threshold	to	

produce	real	particles,	i.e.	ω2	<	mV
2+pX

2.	
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⇧(q2) =

Z
dt e�!t

Z
d3x eiq·xhJE(x, t)JE(0, 0)i

⇧(q2) =

Z
dt eiq0t

Z
d3x eiq·xhJE(x, t)JE(0, 0)i

See, e.g.,  Feng et al. (2013)	

(coordinate space)	
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Feng et al, PRD88, 034505 (2013)	

space-like	

time-like	

Vacuum polarization function	



Semi-leptonic	B	decays	
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pB
μ=MB vμ	

pX
μ
	

qμ	

Inclusive decays:  
•  pX

2 = mX
2 arbitrary	

One may specify the four-momentum: 
pX
μ = (ω, pX). 

Analytic continuation is possible as far 
as ω2 < mD

2+pX
2	

Kinematical variables: 
•  q2 : lepton pair inv mass 

•  v.q : energy taken by leptons	
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Decay rate: 
 
Structure function:	

Matrix element:	

calculable on the lattice 
in the unphysical kinematical region	

(function of v・q and q2)	

(unphysical cut)	

v・q	



Strategy	

•  Matrix	element:	

–  Lattice:	
•  Calculate	at	unphysical	kinematics.	

–  pQCD	+	HQE:	
•  Perturbation	theory	should	work	away	from	the	cut	à	
Direct	comparison	is	possible	

–  Experiment:	
•  Need	the	differential	decay	rate	in	the	plane	of	(q2,	v.q).	
Then,	perform	the	Cauchy	integral.	
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Lattice	calculation:	recipe	
1.  Four-point	function:	
	
	
2.  after	taking	appropriate	ratios	to	cancel	the	

external	B	meson	source,	we	construct	

3.  do	the	“Fourier	transform”	in	the	time	direction	

–  Corresponds	to	Tµν(v・q,q2)	at	pX=(ω,−q),	q=(mB−ω,q)	
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Ensembles	from	JLQCD	

•  With	Mobius	domain-wall	fermion	(2012~)	
–  2+1	flavor	(uds)	
–  Mobius	domain-wall	fermion	[with	stout	link]		

•  residual	mass		<	O(1	MeV)	
–  lattice	spacing	:	1/a	=	2.4,	3.6,	4.5	GeV	
–  volume	:	L	=	2.7	fm	（323,	483,	643	lattices）	
–  light	quark	mass	:	mπ	=	230,	300,	400,	500	MeV	
–  statistics	:	50-200	measurements	

•  Valence	sector	
–  heavy	(MDW)	+	strange	(MDW)	
–  tuned	charm	+	(unphysical)	bottom	mb	=	(1.25)2	mc,	(1.25)4	mc	

–  on	Oakforest-PACS	with		
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(up to 3.4 GeV Bs meson) 
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mud	 mπ	
[MeV]	

MD	time	

ms = 0.030	

0.007	 310	 10,000	

0.012	 410	 10,000	

0.019	 510	 10,000	

ms = 0.040	

0.0035 230	 10,000	

0.0035 
(483x96) 

230	 10,000	

0.007	 320	 10,000	

0.012	 410	 10,000	

0.019	 510	 10,000	

β = 4.17, 1/a ~ 2.4 GeV, 323x64 (x12)	

mud	 mπ	
[MeV]	

MD	time	

ms = 0.018	

0.0042	 300	 10,000	

0.0080	 410	 10,000	

0.0120	 500	 10,000	

ms = 0.025	

0.0042	 300	 10,000	

0.080	 410	 10,000	

0.0120	 510	 10,000	

β = 4.35, 1/a ~ 3.6 GeV, 483x96 (x8)	

0.0030	 ~ 300	 10,000	

β = 4.47, 1/a ~ 4.6 GeV, 643x128 (x8)	
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t2	

saturated by D	

by D*	

mb=1.254mc , zero recoil (q=0)    1/a = 3.6 GeV	
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(lattice unit)	

mD*	

mD	

mb=1.254mc , zero recoil (q=0)    1/a = 3.6 GeV	

⇠ 1

mD � !

⇠ 1

mD⇤ � !



Saturation	by	D(*)	?	
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Four-point function: 
 
 
 
 
Ground-state contribution:	

zero-recoil form factors h(1) 
~ Isgur-Wise function ξ(1)=1	
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⇠ |h(1)|2

|hA1(1)|2

|h+(1)|2

reproduce the exclusive 
modes in the limit	

perturbative regime	

mb=1.254mc , zero recoil (q=0);   1/a = 3.6, 4.6 GeV	



Lattice	Meets	Continuum	
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Heavy Quark Expansion (tree-level formulae): 
  Blok, Koyrakh, Shifman, Vainshtein, PRD49, 3356 (1994). 
  Manohar, Wise, PRD49, 1310 (1993). 
  Falk, Ligeti, Neubert, Nir, PLB326, 145 (1994) 
  Balk, Korner, Pirjol, Schilcher, ZP C64, 37 (1994).	

1

mb 6v�6q+ 6k �mc
Expand                                       in small k. 
 
 
Involves matrix elements:	

µ2
⇡ =

1

2MB

D
B
���b̄(i ~D)2b

���B
E

⇠ 0.5 GeV2,

µ2
G =

1

2MB

⌧
B

����b̄
i

2
�µ⌫G

µ⌫b

����B
�

= 0.37 GeV2



Lattice	Meets	Continuum	
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One-loop corrections: 
  Trott, PRD70, 073003 (2004). 
  Aquila, Gambino, Ridolfi, Uraltsev, NPB719, 77 (2005). 
 

•  Available only for the Imaginary part (cut); Needed to perform the 
Cauchy integral.	

v・q	

(Consider its first derivative to 
avoid divergence.)	
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µ=ν=k	

HQE	

Lattice	

Lattice	

HQE	

µ=ν=0	

µ2
⇡ =

1

2MB

D
B
���b̄(i ~D)2b

���B
E

⇠ 0.5 GeV2,

µ2
G =

1

2MB

⌧
B

����b̄
i

2
�µ⌫G

µ⌫b

����B
�

= 0.37 GeV2

pert 
(available for VV+AA)	

zero recoil 
(q=0)	

Agreement	only	
around	ω=0.	



Summary	and	Outlook	(1)	
•  Inclusive	structure	functions	calculable	on	the	lattice,	but	

at	unphysical	kinematics;	Use	Cauchy	integral	to	match	
Exp	

•  Numerical	test	of	the	bàc	transition	on	2+1	flavor	configs	
with	DW	heavy.	The	b	quark	mass	is	lighter	than	physical:	
mb~2.5	mc.	Physical	other	than	that.	

•  The	region	of	ground	state	saturation	(D	or	D*)	is	
consistent	with	expectation	(from	form	factors).	

•  The	inclusive	region	compared	to	HQE.	Agree	near	ω~0,	
but	not	for	the	slope.	
–  Two-loop	calculation	available	in	the	form	that	we	can	use?	
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Summary	and	Outlook	(2)	

•  Range	of	applications:	
– B	physics	

•  bàc	semileptonic	and	|Vcb|	
•  bàc	zero-recoil	sum-rule	
•  bàu	semileptonic	and	|Vub|	

– Nucleon	structure	
•  Direct	calculation	of	structure	functions,	but	at	unphysical	
kinematics:	x>1	

•  Not-so-deep	inelastic	scattering	
–  Crucial	to	analyse	experimental	data	accordingly!	
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see also, QCDSF, arXiv:1703.01153	



Zero-recoil	sum	rule?	
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Figure 1: The analytic structure of T zr(") and the integration contour yielding the sum
rule. Distant cuts are shown along with the physical cut. The radius of the circle is "

M

.

The Appendices contain several of the details omitted from the main text. They mostly
concern the perturbative calculations; there we discuss some of the conceptual aspects and
also give the concrete expressions required in the analysis of F(1).

2 The framework

We consider the zero-recoil (~q=0) forward scattering amplitude T zr(") of the flavor-changing
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The Appendices contain several of the details omitted from the main text. They mostly
concern the perturbative calculations; there we discuss some of the conceptual aspects and
also give the concrete expressions required in the analysis of F(1).
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Bigi, Shifman, Uraltsev, Vainshtein (1995); ... 
Gambino, Mannel, Uraltsev (2010). 
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•  Design the weight such that LHS is 
evaluated on the real axis? 

•  Then, compare to lattice.	


