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Motivation Classification Renormalization Two-particle DAs and EOM Summary

Exclusive B—Decays

e Heavy quark expansion methods (m; > Aqcp)
e Soft-collinear factorization (final state particle energies > Aqcp)

BBNS approach:

(M1 M:|Oi| B) = FP~ 1 (0) /ldu T (u)®ar, (u)

oo 1
+/ dw/ du dv T® (w, u, V)4 ()P s, (u) P, (V)
0 0

u, v — momentum fractions
w — light quark energy
in B-meson
® 1, — distribution amplitudes
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? power-suppressed contributions

[ee]

— A multifaceted problem

@ QCD factorization, soft contributions,. . .

@ Nonperturbative input: Multiparton (higher-twist) Distribution Amplitudes

V. M. Braun (Regensburg) i twist B-meson



Motivation a io Renormalization Two-particle DAs and EOM

Leading-twist B—Meson Distribution Amplitude

Definition
(01[a(zn) ilzn, 015 ho(0)] L1B(v)) = if™ () D+ (2, 1)

vy, is the heavy quark velocity
e 7y is the light-like vector, n? =0, such that n-v =1

e ®(z—i0,u) is analytic function of z in the lower half-plane

In momentum space
1 oo
Dy (w,p) = P / dz e“7d | (2 — 40, )
™
— 00

e w > 0is the (2x) light quark energy in the b—quark rest frame
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Motivation Classification Renormalization Two-particle DAs and EOM Summary

Three-particle distribution amplitudes

e Eight independent Lorentz structures [Geyer:2005fb]

(0@(n21)9Gpuw (n22)Tho (0)| B(v)) =
= %FB(M) Tr{'y5FP+ {(vu’yy — UyYp) [‘IJA — ‘Ilv} — oYy — (npvy — nuop) X4

B

+ (nM’YV - nV’YI—L) [W + YA} - ieuuaﬁnavﬁ’YSXA + iﬁuuaﬁna'y Y5 YA

— (e — T W (R — )b z} }<21,22;u>

blue: [Kawamura:2001jm]
red: this work

(e o) oo
\I/A(Zl,ZQ) :/ dwl/ dwo 67iw1217iw2z2 ’l/}A(wl,WQ), etc.

0 0
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Collinear twist decomposition (1)

o Twist-three

2F (1) ®s (21, 225 1) = (0[(21) 9Gruv (22) 0" iyt 51 (0)| B(v))

3=V, —Vy,

e Twist-four

2Fp(p)®a (21, 225 1) = (0]@(21) g Gruw (22)n” iy 51 (0)| B(v))
2F (1) Wa (21, 23 1) = (0[7(21) 9Gun (22) ¥ n” g5 hu (0)| B(v))

2Fp (1) Wa(21, 225 1) = (04(21) 39 Gpuw (22) W0 11, (0) | B(v))

Sy =Uy+ Yy,
Wy =Vy+ Xy,

Uy =Ty — X4
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Collinear twist decomposition (2)

e Twist-five

2Fp(1)®5 (21, 225 1) = (018(21) g Gluw (22) B ' 151 (0) | B(0))
2F (1) s (21, 23 1) = (0[7(21) 9Guw (22) ¥ frys hu (0)| B(v))

2Fp (1) s (21, 223 1) = (018(21)ig G (22) 1 0 hu (0)| B(v))

$5:\I/A+\va+2YA—2?A+2W,
Us=—Uy+ X4 —2Y,,

Us =Wy — X4 +2Ya,

o Twist-six

2Fp(1)®s(21, 225 1) = (01@(n21) 9 Gy (m22) B ' y5hu(0) | B(0))

Bg=U,— Uy +2Y4 +2W +2Y4 — 42
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Motivation Classification

Two-particle DAs and EOM Summary

Conformal spin and helicity assignment

D3 Dy Wy Wy | Wy — Uy ®5 Vs + U5 | U5 — Vs bg

twist 3 4 4 4 5 5 5 6
Ja 1 1/2 1 1 1 1/2 1/2 1/2

Ja 3/2 | 3/2 1 1 1/2 1 1 1/2
chirality | (1) | 110 T A T T A A

Table: The twist, conformal spins j,, j, of the constituent fields and chirality [same or opposite] of the
three-particle B-meson DAs.

e Asymptotic behavior at small momenta [Braun:1989iv]

Flwn,ws) ~wi " rwy?

f € {¢37¢47¢4,TZ’4 }

$3(w1,wa) ~ wiws, pa(w1,w2) ~ w3, Pa(wi,w2) ~ Pa(wi,w2) ~ wiws

— agrees with [Khodjamirian:2006st]

V. M. Braun (Regensburg)
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useful relations for twist-four. ..

e Neglecting four-particle contributions ¢GGh,, qqqh,

20121P4(z) = (2287,2 + 2) [\I’4(§) + \114(5)]

21(012(21) Dax 9G*F(z2 )y ho(0)| B(v)) = Fi {2“181“282} Vy(2) - Fr [4>3+¢>4} (2)

21(012(21) Da i9G(22)n3 o (0) | B(v)) = Fp [z+21al+2282} Ta(2)+Fp [%—qm} B
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Lange-Neubert evolution equation

light quark with attached cusped Wilson line Lange, Neubert ‘03

asCr

16) 0
(u@ I B(Q)a—g 4 HLN) Q4 (w,u)=0

[ w 0(w' —w) n 0w — W)

lw W —w w—w!

Hinflw) = - /O % |+t -2]re

e Explicit solution found only recently G. Bell et. al.
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Collinear conformal transformations

® one-loop evolution equations for light quarks (and gluons) are SL(2) invariant

Sy = 220, + 2jz So = z20,+j S = —0, j =1 for quarks

—> evolution kernels can be written in terms of the two-particle quadratic Casimir operator

2

~ ~ 3 o~
Hoq = 1[1[)(]—‘,—1)4—1[)(]—1)—27]3—5}7 Stp=J(J - 1)

e for heavy quark, rescale the coordinates

T D B

e for heavy-light operators

) _ g 4 y=1gH) , g ) _ g0 | zg® y gO
S+ _S+ + A S+ »—>S+ STV =804+ A8T = S =
52 = sgt | gl (gl _ 3y 1y 5{06™) 1y g

e —> Lange-Neubert kernel

Hip = Hiy = ln(z’uS_(‘_l)) + const
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Conformal symmetry of the LN equation

Hin =In(ip ST) — (1) — [Braun:2014owal]

| ot

Hrn and Sy share the same eigenfunctions

1S+ Qs(z) = 5 Qs(2)

in position space

1 s
Sy = 229, +22 — Qs(z) = —— exp{—}
z z
in momentum space

St = i[wdZ + 20, ] — Qs(w) = Vs Ji (2v/ws)

b4 (w0, 1) = / ds Qu(w) R(s; 1y o)1+ (5, 0)
0

m
R(s; i, o) = L3CF/(280) exp | — / a7 Teusp(as(7)) In(7s/s0) | L= os(k)
) T as(po)

—in agreement with [Bell:2013tfa]
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Complete integrability

e One light degree of freedom:

(1 + B2 + 1) der) =0 H=h©), H Q=0 O
w g

e Two light degrees of freedom, gGb or ggb:
7 H=mQ,Q), [H Qi) =[H Q]=1[Qi,Q]=0 ©O

?? Extra conserved charge ~+ Hidden symmetry
?? How to construct explicit expressions for Q1, Q27
?? How to construct complete system of eigenfunctions for Q1, Q2?

e Quantum Inverse Scattering Method

VB, Derkachov, Manashov, PLB 738(2014)334
VB, Manashov, Offen, PRD92 (2015) 074044
VB, Yao Ji, Manashov, JHEP1705(2017)022
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Twist-three

[Braun:2015phal

—(w,u)=/ w—“j¢+(w/,u)+/ ds Jo(2v/ws) 0 (s, 1)
w 0

oo 1 oo
93(w. ) = / 5[ (5.0 Y40 (s1) + 5 / da s (s, . 1) Ya(s,2|w)]
0 —

oo

where up to 1/N? corrections

n3(s, , ) = L7380 R(s; 1, po) ms (s, , po)
s (s, 1) = LNe/B0 R(s; 1, pio)n” (s, o)

1

1 e 1.y
Y3(S,m|£):—/duw/uswl J1(2/uswy) wa J2(2\/17,sw2)2F1( e 2+w{—g>

2 u
0
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Twist-four

[Braun:2017liq]

1 o0 oo
Pa(w) = - / ds / den{t (s, 2, 1) Y (s, 2 |w)
0 —

(Psg+ Vy)(w) = —/ ds/ d:cn(ﬂ(s T, ) Y4( 2)(s,x\w)
0 —o0
~  ds 16) 1 T
(W = F)(w) =2 /0 2 (w52 {6 Y6l + 3 / s s, 5,0) Ya(s, o) |

—/ ds/ dz;{éﬂ(s, :1:,/1)w£1;)(s,z|g),
0 —o00

where up to 1/N? corrections

it (5,2, 1) = L7450 R(s; p, o) S (s, @, o)

)Q(l_) (57 Z, N) = L","4(f77)/ﬁ0 R(57 H, H’O) KA(L_) (57 T, /J'O)
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Motivation Classification

Anomalous dimensions

Renormalization Two-particle DAs and EOM

sl 1

Gk v3(x) =

al 1
Ya(z)

ol 1

ols . . .

-2 -1 0 1 2

Summary

[Braun:2017liq]

v3(z) = Ne[$(3/2 + iz) +(3/2 — iz) + 27x]
1 = y3(z = i/2) = Ne .
v4(z) = Ne [w(zx) + 1/1( — zx) + 2’yE}

V. M. Braun (Regensburg)
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e Hierarchy of contributions with rising anomalous dimensions breaks down at w > p

oo o0
~ 1 ~
Barn) = [ ds[molon) T rwn) +5 [ donfss ) Faslor,wn)]
0 —oo

One finds Y§(])(W1,WQ) ~ const, Y (wi,w2) ~ w;/Qiiz for wy — oo, but ...

rlco
e

... P3(w1,w2, ) ~ 1/ws in the sum (integral) over all terms, unless the initial condition at
= po is more singilar

V. M. Braun (Regensburg) i twist B-meson
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Off-light-cone contributions

Renormalization Two-particle DAs and EOM Summary

contribution of the second diagram encoded in

(013(2)T'[z, 0]~y (0)| B(v))

= —2FaTr [5srP: ] / o e { gy @) + 201 () |

0

+$FaTx 2ol Pyg| / Y e {9y — 6](w) +a%lor - 9-1() |

0

V. M. Braun (Regensburg)

-
Gi(z,u):/ dwe “Zgi(w, p)
0
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Two-particle DAs and EOM Summary

Equations of motion (EOM)

[Kawamura:2001jm]

1
Oz q(z)7"T'[z, 0]hu(0) = _7:/ udu §(@) [z, uz]z’ g Gy (uz)[uz, 0]y Thy (0)
- 0

1
2]
U“w?}(l‘)r‘[l‘70]hv(0) = z/ udu q(z)[z, uz]z” G, (uz) [uz, 0]v* T hy, (0)
0
+ (v )a(@)T[z, 0]hy(0)
leading to

1
(1) [Zdiz + 1] d_(z) = Dy (2) +22° /0 udu P3(z, uz)
(2) 22°Gi(z) = — [zi

1 - 1
% 3 + izA] D, (2) — §<I>_(z) -2

d _
(3) 22°G_(2) = — [ZE - % + izA] d_(z) — %<I>+(z) -2

V. M. Braun (Regensburg)
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Equations of motion (EOM) —continued

— a relation between twist-three DAs, well known
— expression for G in terms of WW and twist-for DAs
— expression for G_ in terms of WW and twist-five DAs

— a relation between different DAs, nontrivial
[Braun:2017liq]

[1 = (855)2 — 25A] 4 (5, ) = w/552§ ) (5,0, 1) — w/5m) (5,0, 1)

— a nonlocal generalization of the Grozin-Neubert identities
= 4 - - 2 A2 2 2 1 2
dww¢+(w):§A, dw w’ P4 (w) = 2A +§)‘E+§)‘H
0 0

— has to be amended beyond tree level

V. M. Braun (Regensburg) ~twist B-meson Distribution Amplitudes LmC,Siegen, 19.09.2017 20 /25
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Models

require

— correct low-momentum behavior
— satisfy EOM (at tree level)
— A from inclusive decays (?), ratio A% /A% from QCD sum rules

possible general ansatz

= ( )
( —)\%)wlwg Ows flw1 + w2)

O+ (w

@3 (w1, w2

%)\E wiws f(wi + w2)

A wiws fwr + w2)

wz [a(w1,ws) + Ya(wr,ws)]

P4 (w1, w2

)
)
Y4 (w1, w2)
)
) =

2w1 pa (w1, w2

where 3 = const fixed by (EOM) Grozin-Neubert relations
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two-particle twist-four DA

0.25

0.20

0.15

0.10

0.05

0.00
5

e at small momenta
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Summary

@ Complete classification of three-particle DAs

one twist-three DA, two independent twist-4 DAs

@ Scale dependence to O(1/N2)

Complete integrability; anomalous dimensions form a continuum spectrum; ¢_ (w)
decouples from quark-gluon operators; hierarchy of terms with rising anomalous dimensions
breaks down for large energies

@ Two-particle higher-twist DAs and EOM at tree level

further work needed, depends on the factorization scheme

@ Models consistent with EOM

9+ (w)

@ Applications

work in progress
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