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A charming and beautiful renaissance
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Puzzles and challenges galore!
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A recipe for lattice (meson) spectroscopy

Construct a basis of local and non-local operators O o.t.f. Ψ̄(x)ΓDiDj . . .Ψ(x) that
overlap onto the state of interest.
Build a correlation matrix of two-point functions

Cij = 〈0|OiO†j |0〉 =
∑

n

Zn
i Zn†

j

2En
e−Ent .

Ground state mass from fits to e−Ent

Beyond ground state: Solve generalised eigenvalue problem

Cij(t)v
(n)
j = λ(n)(t)Cij(t0)v

(n)
j .

Eigenvalues: λ(n)(t) ∼ e−Ent
�

1 + O(e−∆Et )
�

- principal correlator.

Eigenvectors: related to overlaps Z
(n)
i =

p
2EneEnt0/2v

(n)†
j Cji(t0).
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What makes a good operator?
la�ice

−−−−−−→
O(3) Oh

1 An operator of definite momentum that transforms under a la�ice irrep.
2 An operator that has strong overlap with the (continuum) state you are interested in.
3 An operator is not noisy ie that produces an acceptable correlator.

HadSpec Recipe

Start from continuum operators of definite JP , built from
n (= 3) derivatives: ϕ = ψ̄Γ(Di1Di2Di3 . . .Din)ψ

Construct irreps of SO(3), then subduce these
representations to Oh.

A subduced irrep carries a “memory” of continuum spin J
from which it was subduced - it overlaps predominantly
with states of this J. [PRD86 (2012) 054505].

Distillation has proved an e�icient method to calculate
large operator bases (including disconnected) precisely.
[PRD80 (2009) 054506].

A tale of two symmetries

J 0 1 2 3 4
A1 X 0 0 0 X
A2 0 0 0 X 0
E 0 0 X 0 X
T1 0 X 0 X X
T2 0 0 X X X



Introduction Spectroscopy Scattering Summary

Spin identification

Using Z = 〈0|Φ|k〉, helps to identify continuum spins

For high spins, can look for agreement between irreps

Data below for T−−1 irrep, colour-coding is Spin 1, Spin 3 and Spin 4.
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. . . the rest of the spin-4 state

All polarisations of the spin-4 state are seen

Spin labelling: Spin 2, Spin 3 and Spin 4.
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Identifying spin - operator overlaps

Example — 3−− continuum

Look for remnant of continuum
symmetry:

〈0|Φ[J=3]

A−−
2
|k〉=〈0|Φ[J=3]

T−−
1
|k〉=〈0|Φ[J=3]

T−−
2
|k〉

Can identify two spin-3 states.
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Hadron Spectrum lattice details

Nf = 2 + 1 simulations on an anisotropic la�ice.

as ∼ 0.12fm, ξ = as/at ∼ 3.5

mπ = 391, 230MeV
Thresholds move and open as pion mass decreased - complicating analysis.
Heavy pions suppress some of the di�icult many-hadron channels.
Charm quarks relativistically (anisotropic la�ices useful)

Correlators and propagators:
Traditional point-to-all algorithms for quark propagation don’t allow for all Wick
contractions.
Disconnected diagrams require all-to-all techniques - o�en noisy and expensive.

Distillation - e�icient precise evaluation of disconnected diagrams. Enabled
progress in precision spectroscopy and sca�ering. [PRD80 (2009) 054506].
Working in Euclidean time.

Gives access to energies via C(t) ∼ e−Ent

Sca�ering matrix elements not directly accessible from Euclidean QFT [Maiani-Testa
theorem].

Lüscher formalism and generalisations allow indirect access.
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Single hadron states: charmonium
Hadron Spectrum Collaboration, JHEP1207 (2012) 126
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Green boxes - la�ice calculations; Vertical height - statistical uncertainty.
Lowest two-particle thresholds shown.
Mηc subtracted to reduce uncertainty from mc . tuning



Introduction Spectroscopy Scattering Summary

A closer look..
Precision calculation of high spin (J ≥ 2) and exotic states.

Caveat Emptor

mπ = 391MeV

Only single-hadron operators.

Physics of multi-hadron states
appears to need relevant
operators.

No continuum extrapolation.

No disconnected contributions
to ηc .

Hadron Spectrum Collaboration, JHEP1207 (2012) 126

Repeated with mπ = 230 MeV: no change to pa�ern of states. JHEP 1612 (2016) 089.
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Charmonium with (nearer) physical pions

Low-lying states are consistent.

Higher states notably hybrids increase at
mπ = 240 MeV - mild increase in spli�ing with
conventional states.

Statistical errors larger at
high-energies.

Neglecting unstable nature.

Pa�ern of states is unchanged.



Hybrids
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Hybrids
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States identified by large overlap with operators O ∼ Fμν .

Lightest hybrid supermultiplet and excited hybrid supermultiplet. Includes exotic
JPC = 1−+, 0+− , 2+− .

Same pa�ern and energy scale for hybrids in light, heavy-light mesons and baryons.



Spectroscopy above decay thresholds
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Scattering in a euclidean theory
Recall, lose direct access to sca�ering in (Euclidean) la�ice calculations.

The large Euclidean time limit dominated by threshold or o�-shell states.
Maiani-Testa, PLB (1990).

Analytic continuation of numerical (euclidean) correlators is and ill-posed problem.

Lüscher: extract ππ→ ππ sca�ering information in the elastic region from LQCD.
[NPB354, 531-578 (1991)]

Use the finite volume as a tool.

Related la�ice energy levels in a finite volume to a decomposition of the sca�ering
amplitude in partial waves in infinite volume:

det
�

cot δ(E∗n ) + cotϕ(En, ~P, L)
�

= 0

and cotϕ a known function (containing a generalised zeta function).

Also known from perturbative NR-QM. Huang-Yang PRD105 (1957)

To use this idea many technical improvements were needed. Eg need disconnected
diagrams and energy levels at extraordinary precision. This is why it has taken a
while ...
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The method has been generalised for:

moving frames; non-identical particles; multiple two-particle channels,
particles with spin

Rummukainen and Go�lieb, Nucl. Phys. B450, 397 (1995)
Beane, Bedaque, Parreno, and Savage, Nucl. Phys. A747, 55 (2005)

Kim, Sachrajda, and Sharpe, Nucl. Phys. B727, 218 (2005)
Christ, Kim, Yamazaki, Phys. Rev. D72, 114506 (2005)

Bernard, Lage, Meissner, and Rusetsky, JHEP, 1101, 019 (2011)
Hansen and Sharpe, Phys.Rev. D86 (2012) 016007

Briceño and Davoudi, Phys.Rev. D88 (2013) 094507
Li and Liu, Phys. Rev. D87, 014502 (2013)
Briceño, Phys. Rev. D 89, 074507 (2014)

Coupled channel analyses:

Finite volume spectrum and t-matrix related by:
det [1 + iρ(E) · t(E) · (1 + iM(E, L))] = 0.

N coupled channels⇒ (N2 + N)/2 unknowns per energy level. Underconstrained for
N > 1.

A solution: parameterise t-matrix with a few free parameters. Use many la�ice
energy levels to constrain the t-matrix as a function of energy.

Preserve S-matrix unitarity. Examine the pole content of t-matrix.
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Coupled channel scattering

For each channel, tii = (ηie2iδi−1)/2iρi and a convenient parameterisation by a K-matrix

t−1
ij (s) = K−1

ij (s) + Iij(s)

Preservation of unitarity:

above kinematic threshold:
Im[Iij(s)] = −δijρi(s).

below kinematic threshold: Im[Iij(s)] = 0.

Flexibility in Re[Iij(s)]:

zero above kinematic threshold.

Chew-Mandelstam.

Use a variety of forms Kij(s) =
∑

p
g

(0)
i g

(0)
j

m2
p
−s +

∑

n γ
(n)
ij sn.

Lots of e�ort to optimise operators makes this work well. [e.g. Dudek et al PRD86
(2012) 034031].

A numerical implementation of three channels still not available.
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Recent examples in ππ scattering

σ evolves from bound-state below ππ threshold at
heavier mass to broad resonance at lighter mass.

ρ resonance
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A tool to study mass-dependence!
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First coupled-channel analysis with charm quarks

Dπ − Dη − DsK̄ , S-wave, I=1/2
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Moir, Peardon, SR, Thomas, Wilson

Combined S & P wave analysis; 3
coupled channels in S-wave; 47
energy levels from 3 volumes,
mπ = 391 MeV.

Find a bound state just below
threshold: m = (2275.9± 0.9) MeV.

Dπ threshold is (2276.4± 0.9) MeV
and cf D∗0 (2400)

In P-wave (1−) a deeply bound
pole - cf D∗(2007).

In D-wave (2+) a narrow resonance
- cf D∗2 (2460).

Repeating at lighter pion mass.



Exotic �arkonium(-like) States:
tackling the XYZs
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X(3872) - a first look (no scattering analysis)

Prelovsek & Leskovec 1307.5172 Padmanath, Lang, Prelovsek 1503.03257

Consider DD̄∗ and J/Ψω in 1++, I = 0.

Candidate state just below threshold -
only if cc̄ in basis.

No charged partner state in I = 1.

Unphysical pion masses.

Within 1MeV of D0D̄0∗ and 8MeV of
D+D∗ thresholds: isospin breaking
e�ects important?

Not an extensive operator basis, on
single volume. Other calculations tells
us this is crucial

No sca�ering analysis.
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Charmonium tetraquarks and Z+
c

A manifestly exotic hadron i.e. does not fit the quark model picture.
What can la�ice say?

Spectrum Analysis
Prelovsek et al, 1405.7615. Include
tetraquark operators - find no Z+

c
candidate. Find the operator basis is
crucial!

Similar conclusion from Lee et al
[1411.1389] and Chen et al [1403.1318].

HadSpec, Cheung et al.
[1709.01417]. Most extensive study
yet with tetraquark, meson-meson,
meson operators in many channels.
No evidence of additional (Z+

c ) state
in I=0 or I=1 partner of X(3872).

Coupled-channel analysis - via potentials

HAL-QCD [1602.03465]: Suggest Z+
c a

threshold cusp in πJ/Ψ− ρηc − D̄D∗

coupled channel analysis.

Method not robustly tested, e.g. ρ in
ππ sca�ering not resolved yet.

Coupled-channel analyses in charmonium needed - underway.



Radiative Transitions in Charmonium: another window
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Radiative transitions in charmonium

Long-term goal
A new window on hadron spectroscopy.
Direct determination of elastic and inelastic form factors for hybrids and exotic (XYZ)
resonances:

model-independent determination of observed production/decay rates.

access to poorly constrained quantities (radii, EM moments) - illuminating structure
of exotics.

guide future experimental searches.

Current status
Early days for la�ice study of resonant EM processes

first calculation of radiative transition in hadronic resonance, πγ∗ → ρ→ ππ
[HadSpec, 1507.06622].
included determination of π→ ρ form factor.

In principle the same method applies to heavy sector
to date only transistions b/w stable states calculated e.g. η′

c
→ ηc and mostly at Q2 = 0.
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Calculating radiative transitions

Calculate: 3-point function with vector current insertion:

C
μ
ij (∆t, t) = 〈0|Oi(∆t)jμ(t)O†j (0)|0〉

→
∑

m,n

1

2Em

1

2En
e−Em(∆t−t)e−En(t)〈0|Oi(0)|m〉〈m|jμ(0)|n〉〈n|O†j (0)|0〉.

Initially consider: ηc at source and sink and with same momenta:

Fηc (0) =
1

2pμ
〈ηc |jμ|ηc〉 =

1

2pμ
eEηc ∆t C

μ
ηc ,ηc

(∆t, t).

Use HadSpec approach:
Distillation −→ variationally optimised
(projected) operators.

Above thresholds - generalised Lüscher
approach.

(a) (b) (c)
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Preliminary results and plans ...

Now: Stable transitions e.g. ηc(2S)→ ηc(1S)γ, χ, hc → ηcγ.

Later: Resonant decays, hybrids and exotics. Transition rates as a function of quark mass.

Preliminary
Very Preliminary!

1/9/17, C. O’Hara (TCD)
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Summary & Outlook

La�ice QCD a robust formalism for calculating non-perturbative phenomena.

New ideas are allowing rapid progress for the spectroscopy of resonances.
Precision la�ice calculations of excited and exotic hadron states available:

includes hybrids and other exotics treated as “single-hadron” states.

Studies of resonances, including multiple two-particle channels feasible.
HadSpec: DD̄ sca�ering, analysis with tetraquark operators, ... underway. Particular
challenges in quarkonia:

heavy quark discretisation,
a proliferation of thresholds and coupled-channels,

Numerical precision achievable, control of “traditional” systematics still challenging.

Many theoretical challenges remain e.g. three-particle sca�ering.

The B and Υ systems remain relatively unexplored.

Thanks for listening!
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