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Beginning

The puzzle is clear:

Measuring the proton radius using electrons gives overall a “big”
radius.

Measuring the proton radius with muons gives a “small” radius.

The difference is 5.6 σ.

Numbers,

RE = 0.8751(61) fm, from CODATA 2014, using electrons only

RE = 0.84037(39) fm, from muonic hydrogen Lamb shift
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Topics

Introductory material

radius from electron scattering
radius from atomic physics
radius using muons (also atomic physics)

Selected theory

appreciation of theory for atomic energy levels (above)
ongoing reanalysis of electron scattering data
two photon exchange corrections
beyond the standard model possibilities
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Radius from elastic electron scattering, e−p → e−p

There are form factors for electric (E ) and magnetic (M) charge
distributions.

Cross section is given by

dσ

dΩ
∝ G 2

E (Q2) +
τ

ε
G 2
M(Q2)

[
τ = Q2/4m2

p ; 1/ε = 1 + 2(1 + τ) tan2(θe/2)
]

Low Q2 is mainly sensitive to GE .

DEFINE (for historical reasons) charge radius by,

R2
E = −6

(
dGE/dQ

2
)
Q2=0

From real data, need to extrapolate to Q2 = 0.
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Scattering data

Most extensive current data comes from Mainz.

Data, Bernauer et al., PRL 2010 and later articles.

Low Q2 range, 0.004 to 1 GeV2

From their eigenanalysis,

RE or Rp = 0.879(8) fm
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Proton radius from atomic measurements

Competition for scattering experiments.

Proton radius effects atomic energy levels.

E = EQED + δ`0
2m3

r Z
4α4

3n3
R2
E + ETPE + very small corrections

ETPE = two photon exchange corrections (calculated: will discuss)

Accurate measurements of energy splitting and accurate calculation
of QED effects allows determination of proton radius.

CEC (W&M/JGU) proton radius puzzle IWHSS-2018 6 / 47



Just in case: Hydrogen energy levels

E

1S1/2

3S1/2

hyperfine splitting

2S1/2

2P1/2

2P3/2

Lamb shift

fine structure (spin-orbit interaction)

3P1/2

3P3/2

3D3/2

3D5/2

(split by Lamb shift)

Definitely not to scale:

Scale for big splittings is Rydberg, Ryd = 1
2meα

2 ≈ 13.6 eV.

Fine structure and Lamb shift are O(α2 Ryd).

Hyperfine splitting is O(me/mp)× (α2 Ryd).
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History

Averages from the Committee on Data for Science and Technology
(CODATA)

There have been 8 CODATA reports.

Year Proton radius (fm)
2014 0.8751(61) mostly atomic
2010 0.8775(51) ”
2006 0.8768(69) ”
2002 0.8750(68) ”
1998 0.8545(120) election scattering
1986 – no RE quoted
1973 – ”
1969 0.805(11) electron scattering

(Only for 2002 and later is the proton radius among the constants
CODATA provided recommended values for.)

What happened in or about year 2000?
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Requirements for calculation

QED

EQED =
1

2
mrα

2

[
1 + . . .+O

( α
2π

)3

︸ ︷︷ ︸
1.6×10−9

+O
( α

2π

)4

︸ ︷︷ ︸
1.8×10−12

+ . . .

]

leading proton size correction

∆Eproton size =
1

2
mrα

2 · 4α2

3n3
· (mrRE )2

︸ ︷︷ ︸
6.7×10−6

︸ ︷︷ ︸
6×10−11

for RE = 1 fm and n = 2.

Hence need O(α/2π)4 corrections. Became available about year 2000.
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Proton radii from hydrogen energy level splittings

Now can get proton radius from atomic splitting. As of early 2016:

0.80 0.85 0.90 0.95 1.00
proton charge radius (fm)

2S1/2 - 2P1/2
2S1/2 - 2P3/2
2S1/2 - 2P1/2

1S-2S  +  2S-4S1/2
1S-2S  +  2S-4D5/2
1S-2S  +  2S-4P1/2
1S-2S  +  2S-4P3/2
1S-2S  +  2S-6S1/2
1S-2S  +  2S-6D5/2
1S-2S  +  2S-8S1/2
1S-2S  +  2S-8D3/2

1S-2S  +  2S-12D3/2

1S-2S  +  2S-8D5/2

1S-2S  +  2S-12D5/2
1S-2S  +  1S-3S1/2

ep : 0.8758 (77) fm
(spectroscopic data only)

Crucial observation:
electron scattering radius and radius from electronic hydrogen agree

Lamb shift

{
1
1

42

CEC (W&M/JGU) proton radius puzzle IWHSS-2018 10 / 47



Notes

So from electrons we have result that RE ≈ 0.88 fm.

But,

Sub 1% atomic error obtained by dividing by
√

no. of meas. =
√

15
Should we instead divide by

√
no. indep. labs ≈

√
3 ?

Would like new experiments with individual sub 1% error. Two are now
available.
Have made the radius situation more interesting.
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0.80 0.85 0.90 0.95 1.00

proton charge radius (fm)

2S1/2 - 2P1/2
2S1/2 - 2P3/2

2S1/2 - 2P1/2
1S-2S  +  2S-4S1/2
1S-2S  +  2S-4D5/2
1S-2S  +  2S-4P1/2
1S-2S  +  2S-4P3/2
1S-2S  +  2S-6S1/2
1S-2S  +  2S-6D5/2
1S-2S  +  2S-8S1/2
1S-2S  +  2S-8D3/2

1S-2S  +  2S-12D3/2

1S-2S  +  1S-3S1/2

1S-2S  +  2S-12D5/2

1S-2S  +  1S-3S
1S-2S  +  2S-4P

1S-2S  +  2S-8D5/2

ep avg., 0.8764 (89) fm
(CODATA 2014,
(H atomic data only)

LKB 2010

LKB 2018

MPQ 2017
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Re the 2S-4P splitting measurement

“MPQ 2017” announced at proton radius workshop June 2016

Data heard around the world,

Rp(2S-4P) = 0.8297(91) fm

Now have proton radius puzzle for ordinary hydrogen all by itself!
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“Crucial” comment regarding RE and atomic physics

Also a crucial question: why in atomic physics do we use the
derivative of GE to define the proton radius? Why not, for example,
derivative of F1?

Answer: do the perturbation theory needed to find proton size effect
on atomic energy levels.

QED calculations use point protons.

Calculate perturbative term using extra part of proton current,

proton current→

ū(p′)

(
γµF1(Q2) +

iσµνq
ν

2mp
F2(Q2)

)
u(p)− ū(p′)γµu(p)

Work through and find result ∝ G ′E (Q2)
∣∣
Q2=0

Since atomic results measures G ′E (0), quote Rp = RE , to match.
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Muon measurement announced in 2010

Can do analogous measurements with muonic atoms.

Muons weigh 200× what electron does. Muons orbit 200× closer.
Proton looks 200× bigger and proton size effects are magnified.

Opportunity to obtain more accurate proton radius, despite short
muon lifetime.

Done by CREMA for 2S-2P splitting (Lamb shift)

Obtained
Rp = 0.84087(39) fm
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Conflict!

Repeat

Rp = 0.84087(39) fm

Delivered on uncertainty limit.

Current box:
(fm) atomic scattering

electron 0.8759 (77) 0.879(8)

muon 0.84087 (39) insufficient data
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New section: Revisionist analyses of scattering data

Point: Measurements at finite Q2. Need to extrapolate to Q2 = 0 to
obtain charge radius.
Many authors have taken their own look at how to analyze the data
and do the extrapolation when there is the targeted purpose of
finding the proton radius.
Many, but not all, have gotten also low radius results, using ostensibly
the same data sets as other who get larger radii.
There have come to be camps

Minimalist camp: Fit data using fit functions that have few
parameters, but using only a low-Q2 selection of the data.
Extended fit camp: Fit data with functions having relatively many
parameters, but using the full data set.

A few references (apologies . . . )
minimalist more extended

Meissner et al. (2015) original Mainz (Bernauer et al.)
Horbatsch & Hessels (2016) Hill & Paz
Higinbotham et al. (2016) Graczyk & Juszczak (2014)

Griffioen et al. (2016) Arrington & Sick (2015)
Yan, Higinbotham, et al (2018) Lee, Arrington, & Hill (2015)

Hayward & Griffioen (2018) Ye, Arrington, Hill, and Lee (2018)
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Talk announcement
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One plot

Minimalist viewpoint: Charge radius requires extrapolation to Q2 = 0.
Fits with lots of parameters tend to be less smooth outside data
region. Fits to full data set generally require lots of parameters. For
charge radius, better to fit to narrower, low Q2 region of data. Have
fewer parameters, less “wiggly” functions, and more faith in
extrapolations.
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But consult “Avoiding common pitfalls and misconceptions in
extractions of the proton radius,” 1606.02159
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Recent minimalist discussion

Analyze robustness of fit functions, with X number of parameters,
“robust” meaning that fit function should give correct proton
radius—when proton radius is known, as it is for data (or pseudo
data) manufactured using a generating function.

Use lots of different generating functions (see list on next slide)

Try lots of fit functions
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One example of fit function

from Yan, Higinbotham, et al., with three parameter fit function

G (Q2) = p0(1 + p1Q
2)/(1 + p2Q

2)

data manufactured to match pRad anticipated data range and density.

16

TABLE VI. The fitting results using the polynomial-expansion fitter (N = 3), when different generators are used. Notation as
in Table I.

Generator R(input) (fm) R(mean) (fm) δR (fm) RMS (fm)
Dipole 0.8500 0.8497 −0.0003 0.0142
Monopole 0.8500 0.8498 −0.0002 0.0143
Gaussian 0.8500 0.8494 −0.0006 0.0144
Kelly-2004 0.8630 0.8630 0.0000 0.0137
Arrington-2004 0.8682 0.8680 −0.0002 0.0136
Arrington-2007 0.8965 0.8962 −0.0003 0.0135
Venkat-2011 0.8779 0.8775 −0.0004 0.0139
Bernauer-2014 0.8868 0.8858 −0.0010 0.0137
Alarcón-2017 0.8500 0.8496 −0.0004 0.0139
Alarcón-2017 (codata) 0.8750 0.8758 0.0008 0.0136
Alarcón-2017 (µ) 0.8400 0.8405 0.0005 0.0140
Ye-2018 0.8790 0.8770 −0.0020 0.0138
Ye-2018 (re-fix) 0.8500 0.8504 0.0004 0.0142

TABLE VII. The fitting results using the polynomial-expansion fitter (N = 4), when different generators are used. Notation
as in Table I.

Generator R(input) (fm) R(mean) (fm) δR (fm) RMS (fm)
Dipole 0.8500 0.8500 0.0000 0.0192
Monopole 0.8500 0.8503 0.0003 0.0192
Gaussian 0.8500 0.8499 −0.0001 0.0194
Kelly-2004 0.8630 0.8628 −0.0002 0.0187
Arrington-2004 0.8682 0.8685 0.0003 0.0189
Arrington-2007 0.8965 0.8965 0.0000 0.0194
Venkat-2011 0.8779 0.8772 −0.0007 0.0189
Bernauer-2014 0.8868 0.8866 −0.0002 0.0197
Alarcón-2017 0.8500 0.8497 −0.0003 0.0189
Alarcón-2017 (codata) 0.8750 0.8769 0.0019 0.0185
Alarcón-2017 (µ) 0.8400 0.8426 0.0026 0.0184
Ye-2018 0.8790 0.8783 −0.0007 0.0199
Ye-2018 (re-fix) 0.8500 0.8499 −0.0001 0.0208

TABLE VIII. The fitting results using the rational-function fitter (N = 1, M = 1), when different generators are used. Notation
as in Table I.

Generator R(input) (fm) R(mean) (fm) δR (fm) RMS (fm)
Dipole 0.8500 0.8503 0.0003 0.0097
Monopole 0.8500 0.8499 −0.0001 0.0099
Gaussian 0.8500 0.8509 0.0009 0.0094
Kelly-2004 0.8630 0.8631 0.0001 0.0096
Arrington-2004 0.8682 0.8686 0.0004 0.0094
Arrington-2007 0.8965 0.8965 0.0000 0.0094
Venkat-2011 0.8779 0.8777 −0.0002 0.0096
Bernauer-2014 0.8868 0.8844 −0.0024 0.0097
Alarcón-2017 0.8500 0.8499 −0.0001 0.0096
Alarcón-2017 (codata) 0.8750 0.8758 0.0008 0.0093
Alarcón-2017 (µ) 0.8400 0.8407 0.0007 0.0096
Ye-2018 0.8790 0.8750 −0.0040 0.0097
Ye-2018 (re-fix) 0.8500 0.8514 0.0014 0.0096

Radii reproduced well, uncertainties in fit (“RMS (fm)”) not too large.

No bias: meaning radii missed on high side as often as on low side.
(Examples with bias exist.)
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Minimalist fits to real data, with bias analysis

Hayward and Griffioen, using only Q2 < 0.15 GeV2, and four
parameter continued fraction fit, found

RE = 0.851(16) fm, from 20th century data

RE = 0.859(2) fm, from Main 21st century data

Hope: The studies are proceeding with serious testing on psuedodata
and with analysis of reliability and robustness of fit procedures, and
may lead to some criteria for agreement. (May even force use of more
parameters!)
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Scattering radii future

New scattering experiments coming

PRad (JLab) does electron scattering down to Q2 = 0.0002 GeV2.
Have data under analysis.

Initial state radiation experiment at Mainz. First results published,
more accurate results to come.

A2 experiment at Mainz, observing final proton in TPC

MUSE (PSI) will do both muon and electron scattering, down to
0.002 GeV2
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New section: Two Photon Exchange (TPE)

One of the “other corrections”:
not the biggest term, but the biggest source of uncertainty.
E.g.,

q q

He(p) He(p)3 3

Blob is off shell proton or any higher state. Makes calculation hard.

How good are we?

How good do we have to be?
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Dispersive calculation

Some calculate by noting putting the intermediate states on shell
(a) gives the Imaginary part of the whole diagram, and
(b) means each half of the diagram is an amplitude for a real
scattering process, and hence can be gotten from scattering data.

q q

He(p)
3
He(p)

3

What matters is the lower vertex, so can use electron scattering data.

Mostly need low Q2, low energy data

Reconstruct whole diagram using dispersion relations.
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Begin with the proton

Theory for Lamb shift splitting, with numbers for proton,

∆E theo
L = ∆EQED −

m3
r Z

4α4

12
R2
p −∆ETPE

= 206.0336(15)− 5.2275(10)R2
p + 0.0332(20)

(units are meV and fm)
TPE number from Birse and McGovern, following CEC and Vdh; ongoing consideration using other techniques

Faith,
∆E theo

L = ∆E expt
L = 202.3706(23) meV

Solve,

Rp = 0.84087(39) fm [0.038%]

If the TPE were perfect,

Rp = 0.84087(32) fm

Conclude: for the proton theorists have done their job.
Uncertainty in TPE not dominant.
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Deuteron

Trouble: the deuteron is loosely bound, a little energy turns it into
other states. Proton remains just a proton until there is enough
energy to make a pion.

Statement “Mostly need low Q2, low energy data” turns into “need
really low Q2, really low energy data”. The data in this region is
sparse (and old).

Poor situation for dispersion theory people, who turn electron
scattering data into energy splittings.

A use of different data is

proton-proton and neutron-proton scattering → nuclear potentials
use these potentials to calculate nuclear bound states,
and nuclear hadronic intermediate states contribution to TPE.

Nuclear potential method succeeds well for deuteron
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Deuteron

Theory with numbers for deuteron is now,

∆E theo
L = 228.7766(10)− 6.1103(3)R2

d + ∆ETPE

and there are now two ways to obtain the TPE,

how who ∆ETPE (meV)
Nuclear potentials Hernandez et al. 1.6900(200)
Nuclear potentials Pachucki-Wienczek 1.7170(200)
Dispersion theory Carlson et al. 2.0100(7400)
Summary Krauth et al. 1.7096(200)

Work out, with ∆E expt
L = 202.8785(34) meV

Rd = 2.12562(78) fm

If TPE be perfect,
Rd = 2.12562(15) fm
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3He

For dispersion theorists, better case than the deuteron because the
binding is stronger, the thresholds are higher, and there is data near
the thresholds, which is the important region for this calculation.

With 3He numbers,

∆E theo
L = 1644.4643(150)− 103.5184(98)R2

T + ∆ETPE

and for the TPE,
how who ∆ETPE (meV)
Nuclear potentials Hernandez et al. (2016) 15.46(39)
Dispersion theory CEC, Gorchtein, Vanderhaeghen 15.14(49)
Summary Franke et al. 15.30(52)
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3He — How good do we have to be?

comparison will be to current electron scattering data for RT

direct electron scattering on 3He: RT = 1.973(14) fm

can do somewhat better using 4He data, Rα = 1.681(4) and isotope
shift (accurate measurement of R2

T−R2
α):

RT = 1.968(11) fm [**and maybe now improved**]

How well will the µ-3He Lamb shift do? Use the result given for
∆ETPE and work out the anticipated uncertainty:

RT = 1.96xxx(13) fm

Uncertainty from corrections still about 8× smaller than that from e−

scattering.
(Although, (13)→ (2) if TPE were perfect.)

Will easily separate results from different isotope shift measurements
(barring BSM possibilities).
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New section: BSM possibilities

Energy deficit due to exchange of not-otherwise-discovered boson?

p or d or Hep or d or HeIf so, there are constraints.

1 Must couple to µ±

But not (or only weakly) to e±. (To τ± not clear.)

2 Must couple to u, d quarks.

But not (or only weakly) to b, or it would be seen in Υ→ µ+µ−γ.

b

b

−

+

Upsilon

Nor (or only weakly) to c , or it would be seen in J/ψ → µ+µ−γ.
And coupling to neutron � coupling to proton. (Precision n-nucleus
scattering has no Coulomb term, allowing tight limits on exotic terms.)
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Break in summary: BSM for 3He

BSM here means (Tucker-Smith & Yavin; Battel, McKeen & Pospelov; CC & Rislow)

proton radius is fixed number
observed energy discrepancy is real
and due to BSM µ-philic interaction

Model somehow:

vector interaction, new exchage boson φ of some mass
coupling to µ� coupling to e
coupling to hadron like dark photon, i.e., ∝ Z

Get result from energy deficit in hydrogen upon scaling to T ,

∆ET
L,BSM = Z 4

(
mT

r

mp
r

)3
f (xT )

f (xp)
∆Ep

L,BSM

mφ�few MeV
= 6.59 meV

for f (x) = x4/(1 + x)4 = m4
φ/(Zmrα + mφ)4

The TPE in this case has a 0.52 meV uncertainty: good enough to
kill/confirm BSM idea (for many mφ).
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BSM for 3He

Reports that CREMA finds 3He radius compatible with electron
scattering number, with small error limit.

Incompatible with 6.59 meV shift expected from BSM explanation of
original puzzle, for mφ (mass of BSM force carrier) not small.

Does this kill BSM idea?

maybe
maybe not

One difference between 3He and hydrogen is size of atomic state.
3He is factor 2 smaller.

Recall zero mass exchange particle (photon) gives no 2P-2S splitting.
Something long range to 3He can look like short range to hydrogen.
Light boson exchange can give ≈ no splitting in 3He but notable
splitting for H.

Works numerically—for present uncertainty limits—for mφ ≈ 1 MeV.
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BSM Summary continued

Continued constraint list,

3 Cannot be heavy (meaning here, > few MeV), or else would also
affect muonic measurements of 3He and 4He radii.

But cannot be massless, or it would not give 2S-2P splitting at all.
Circa 1 MeV for mφ o.k.

Hence have BSM boson with targeted couplings and specific mass
requirements.
Likelihood?
Couplings to muons cannot be avoided, and so if it exists it has—sooner
or later—to turn up in other muonic situations, e.g.,

(g − 2)µ. But maybe o.k. here.

Radiative correction to W → µν. But maybe o.k. if we insist that
coupling of new particle has only renormalizable interactions.

Contribution to radiative corrections to K decay, K → µνe+e− (if
any coupling at all to electrons).
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Ending

Remarkable: After 8 years, the problem persists.

Interesting: little discussion of the correctness of the µ-H Lamb shift
data.

Good new data coming, in spectroscopy and scattering.

Topics here were

precision atomic theory
revised scattering data analyses
TPE correction calculations
BSM possibilites

Opinion (or short list of possibilities): Either

The puzzle isnt a puzzle: The electron based radius measurements will
reduce to the muonic value.

The scattering analysis is under discussion, and more data coming
The spectroscopy measurements by themselves have a puzzle.

But: BSM ideas have to be entertained if one insists on a large radius
from electrons and a smaller one from muons.
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Extras

Beyond the end
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H-spectrosopy future

May also expect:

York University (Canada): Ordinary hydrogen 2S-2P Lamb shift.
(Maybe this year??)

Laboratoire Kastler Brossel (Paris): 1S-3S transition

More from Garching

NIST (USA): Measure Rydberg using Rydberg states, very high n
states, uncontaminated by proton size. (Very relevant: recall previous
discussion.)

+ National Physical Lab (U.K.), several 2S-nS , nD transitions
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Possible W decay constraints

Remark of Karshenboim, McKeen, and Pospelov: there is fast growth
with energy of amplitudes involving massive vector particles

If light new particle φ or V coupling to muon, it gives large radiative
correction to W decay via W → µνV , larger than measured error in
W decay rate.

3

appear to need only one. Further note the di⇤erent signs
of the Cµ

V and Cµ
A Yang-Mills terms necessary for gauge

invariance, and that we have included an interaction of
the Ws with the charge changing muon current.

If the Cµ
V and Cp

V have the opposite sign then there
exists an additional attractive force between the muon
and the proton through the interaction with the ⌥V . This
additional force will create a di⇤erence between the 2S-
2P Lamb shift in muonic hydrogen and hydrogen as [10–
12]

⇥E(2S-2P ) = � |Cµ
V Cp

V |
4⌃

m2
⇧(mr�)3

2(m⇧ + mr�)4
(3)

where mr is the reduced mass of the (muonic) hydrogen
system. The contribution to ⇥E(2S-2P ) from the axial
coupling Cµ

A is very small.

To account for the energy di⇤erence that can be inter-
preted as a proton radius di⇤erence, there must be an
extra 310µeV in the 2S-2P Lamb shift of muonic hydro-
gen [1, 2]. The parameter CV necessary to satisfy this
constraint is plotted as the green band outlined by solid
lines in Fig. 3 where |Cµ

V | = |Cp
V | = CV .

Furthermore, the introduction of new ⌥V and ⌥A in-
teractions with the muon will shift the muon anomalous
magnetic moment. The vector and axial vector couplings
a⇤ect the anomalous moment with opposite signs and can
be tuned to account for the known discrepancy between
theory and experiment of muonic g � 2 [12]. If Cµ

V is set
to satisfy the proton radius problem, then the allowed
region for Cµ

A from the muon g � 2 constraint is shown
by the green band outlined by dashed lines in Fig. 3.

We now move on to consider a constraint emphasized
by Karshenboim et al. [15], that the branching ratio of
W ⇤ µ⇧⌥V plus W ⇤ µ⇧⌥A must be less than 4 per-
cent (twice the error in the W width as measured by the
Tevatron). Without the inclusion of a 3-boson interac-
tion, this constraint eliminates the region of the (Cµ

V ,m⇧)
parameter space required to explain the proton radius
puzzle. This decay is calculated from the Feynman dia-
grams given in Fig. 2.

W
⇥

µ

µ

⇤ +
W

⇥

⇤

Ws

µ

FIG. 2: W � µ⇥⇤

From (1) we can derive the necessary Feynman rules
to compute this decay amplitude as

iM =
iCµ

V gW

2
⌥

2
⇤�(k)⇤�⇥(p3)ū(p1)

⌥
⇥⇥(/p1

+ /p3
)

(p1 + p3)2
⇥�(1 � ⇥5)

� ⇥µ(1 � ⇥5)

⇧
gµ⌅ � (p1+p2)µ(p1+p2)⇥

m2
W

(p1 + p2)2 � m2
W

⌃

⇥
⇤
g�⇥(k + p3)

⌅ + g⇥⌅(�p3 + p1 + p2)
�

+ g�⌅(�p1 � p2 � k)⇥
⌅�

⇧(p2) (4)

where k is the W 4-momentum, p1 is the muon 4-
momentum, p2 is the neutrino 4-momentum, and p3 is
the ⌥V 4-momentum. Here we have focused on the vec-
tor contribution to the W decay, but one can easily show
that the axial vector contribution is equivalent up to an
overall minus sign (which is irrelevant to the decay am-
plitude squared).

Letting the muon and neutrino mass be zero, we find
(to leading order in m⇧/mW )

�W =
GF m3

W

�
(Cµ

V )2 + (Cµ
A)2

⇥

96
⌥

2⌃3

⇥
⌥

log2 m2
W

m2
⇧

� 5 log
m2

W

m2
⇧

+
37

3
� ⌃2

3

�
. (5)

Keeping the muon mass would only give multiplicative
corrections to the coe⇧cients like (1 + O(m2

µ/m2
W )).

This decay width has a strikingly di⇤erent dependence
on m⇧ compared to [15]. The 1/m2

⇧ dependence found
there that came from the longitudinal component of the ⌥
polarization is canceled by the inclusion of the Ws prop-
agator in the second diagram of Fig. 2. Thus at lead-
ing order in m⇧/mW , the mass divergence is logarithmic
and not inverse polynomial. This logarithmic dependence
pushes the constraints from W decay far away from the
desired parameter space of Cµ

V and m⇧.
The contribution of Cµ

A in (5) can be obtained in terms
of Cµ

V using the constraint from (g � 2)µ [12]. The con-
straint from W decay eliminates the region of (Cµ

V ,m⇧)
above the top curve, the shaded red area, in Fig. 3. The
values of Cµ

V below this area are allowed by this con-
straint.

Another constraint on Cµ
V occurs from transitions be-

tween 3d and 2p orbitals in muonic 24Mg and 28Si [13,
15, 22]. At two standard deviations, this constraint is
plotted as the shaded orange area bordered below by a
solid black line in Fig. 3 where allowed values of Cµ

V exist
on and below this line.

Note that an additional constraint due to muonium
hyperfine splitting discussed in [15] is not relevant here
since ⌥ does not couple to the electron (or the coupling
can be kept quite small). For similar reasons, we do not
have a constraint on Cµ

A from a new parity nonconserv-
ing interaction contributing to the weak charge in 133Cs,

gV for Lam
b, ±2σ

BR(W→μνV) < 4%
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0.100
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g V
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Fig. based on Karshenboim et al. (2014)
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Relevant to this

Reminiscent of (from early days of W.S. model),

2

and Schroeder [18], an amplitude in a single partial wave
must not grow with energy at high energy (i.e., if the
amplitude grows like (energy)n for large energies, then
n ⇥ 0). Nonrenormalizable theories are known for their
ultraviolet divergences in loops, but their excessive en-
ergy dependence can also appear at tree level in the form
of unitarity violations. A known historical example is
the amplitude for ⌅e⌅̄e ⇤W+W� in a simple vector bo-
son theory [19]. The calculation from just diagram 1(a)
gives an amplitude that is asymptotically in a single par-
tial wave that grows like E2 as the center-of-mass energy
E ⇤ ⇧. The Weinberg-Salam extension of the theory
also has a Z-boson diagram, 1(b), which is significantly
smaller than 1(a) at threshold but asymptotically cancels
the o�ending energy behavior and restores perturbative
unitarity [20]. A general study by Llewellyn Smith has
shown that the need to satisfy unitarity bounds leads to
a Yang-Mills structure for many theories involving vector
bosons [21].

(a)

�e

�̄e W�

W+

e� +

(b)

�e

�̄e
Z

W�

W+

FIG. 1: The illustrative process ��̄ � W+W�.

In this paper, we consider new vector and (when
needed) axial-vector bosonic interactions that couple to
the muon and the proton but do not couple or couple
weakly to the electron and most other particles. Again, if
this is all we have, the result of Karshenboim et al. shows
that the region of parameter space which solves the pro-
ton radius problem does not occur in the allowed param-
eter space given by the known decay of the W . Inspired
by [20, 21], we add an additional triple boson vertex in
the Lagrangian, giving an interaction involving the stan-
dard W -boson, the new vector particle ⇧V , and a fur-
ther vector boson with the same mass as the W . We
call this newest boson a “shadow W ,” denoted Ws with
m(Ws) = mW . We also include, when needed, a corre-
sponding axial vector triple boson interaction, involving
the shadow Ws, the ordinary W , and the ⇧A. The inclu-
sion of the Ws makes the ⇧ interactions gauge invariant
or current conserving, arguably fixes the nonrenormaliz-
ability of the original interaction, and, as we shall show,
definitively pushes the constraints on the couplings due
to W decay far away from the coupling strength param-
eter region necessary to solve the proton radius problem.
Thus it can be a plausible candidate for a BSM solution
to the proton radius problem.

We note that a current conserving theory with mas-
sive bosons (⇧V and ⇧A) and shadow W ’s, gives high
energy results, e.g. for radiative corrections to W decay,
very much like a theory with a massive scalar boson ⇧s

plus, when needed, a corresponding pseudoscalar boson

⇧p. We briefly display such a scalar theory, and show
that decays of the W involving such a scalar and pseu-
doscalar do not restrict the necessary parameter space
needed for solving the proton radius problem with scalar
exchanges.

We should also note that though our theory is well-
behaved and seems likely to be renormalizable (as argued
by Llewelyn Smith [21]), it is not yet a full theory em-
bedded into the standard model (SM). Further work will
be required to show how such a theory can be embed-
ded into the SM. For now, we simply consider our theory
as a phenomenological application of some BSM physics,
containing features that a full theory must contain and
controlling the high energy behavior of scattering and
decay amplitudes.

In the following, the bulk of our work concerns the
new vector or axial vector bosons, and is described in
Sec. II. We also include some comments on why the cor-
responding radiative corrections to Z ⇤ µ+µ� decay are
innocuous. Results for the scalar case are given in a short
Sec. III, and conclusions are o�ered in Sec. IV.

II. VECTOR THEORY

We start with an interaction Lagrangian similar to [12]
where ⇧V interacts with a muon (and proton) via the the
explicit vector coupling Cµ

V (Cp
V ) and where ⇧A interacts

with a muon (and proton) through the axial vector cou-
pling Cµ

A (Cp
A). For brevity of notation, it is understood

that ⇧ without a subscript represents either ⇧V or ⇧A in
this section. We also include an additional 3-boson inter-
action [21] term involving the ⇧, the ordinary W , and a
third boson, with coupling strength equal to Cµ

V (or Cµ
A)

as is necessary to make the decay W ⇤ µ⌅⇧ gauge in-
variant. The third boson is the shadow W , denoted Ws,
which couples to the muon in the same manner as the W
and has mWs

= mW .
The new interaction terms in the Lagrangian are,

Lint =� ⇧V
⇤

�
Cµ

V ⌃̄µ�
⇤⌃µ + Cp

V ⌃̄p�
⇤⌃p

⇥

� ⇧A
⇤

�
Cµ

A⌃̄µ�
⇤�5⌃µ + Cp

A⌃̄p�
⇤�5⌃p

⇥

� iCµ
V ⇥ijkW i

�W j
⇥ �

�W k,⇥ + i {Cµ
A terms}

� g

2
 

2
⌃̄µ�

⇤(1� �5)⌃⇧ W�
s,⇤ + h.c. , (1)

where in the Cµ
V terms,

W 1
� ⌅W�

� ,

W 2
� ⌅W+

s,� ,

W 3
� ⌅ ⇧V

� , (2)

with V ⇤ A for the Cµ
A terms; ⇥ijk is the totally anti-

symmetric Levi-Civita symbol. Note that we could use
two shadow W ’s (one vector and one axial vector), but

Left diagram grew unpleasantly at high energy, right diagram
cancelled it at high energy, was small at lower energy
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Here

Should have interaction also with W to make theory renormalizable.

3

appear to need only one. Further note the di⇤erent signs
of the Cµ

V and Cµ
A Yang-Mills terms necessary for gauge

invariance, and that we have included an interaction of
the Ws with the charge changing muon current.

If the Cµ
V and Cp

V have the opposite sign then there
exists an additional attractive force between the muon
and the proton through the interaction with the ⌥V . This
additional force will create a di⇤erence between the 2S-
2P Lamb shift in muonic hydrogen and hydrogen as [10–
12]

⇥E(2S-2P ) = � |Cµ
V Cp

V |
4⌃

m2
⇧(mr�)3

2(m⇧ + mr�)4
(3)

where mr is the reduced mass of the (muonic) hydrogen
system. The contribution to ⇥E(2S-2P ) from the axial
coupling Cµ

A is very small.

To account for the energy di⇤erence that can be inter-
preted as a proton radius di⇤erence, there must be an
extra 310µeV in the 2S-2P Lamb shift of muonic hydro-
gen [1, 2]. The parameter CV necessary to satisfy this
constraint is plotted as the green band outlined by solid
lines in Fig. 3 where |Cµ

V | = |Cp
V | = CV .

Furthermore, the introduction of new ⌥V and ⌥A in-
teractions with the muon will shift the muon anomalous
magnetic moment. The vector and axial vector couplings
a⇤ect the anomalous moment with opposite signs and can
be tuned to account for the known discrepancy between
theory and experiment of muonic g � 2 [12]. If Cµ

V is set
to satisfy the proton radius problem, then the allowed
region for Cµ

A from the muon g � 2 constraint is shown
by the green band outlined by dashed lines in Fig. 3.

We now move on to consider a constraint emphasized
by Karshenboim et al. [15], that the branching ratio of
W ⇤ µ⇧⌥V plus W ⇤ µ⇧⌥A must be less than 4 per-
cent (twice the error in the W width as measured by the
Tevatron). Without the inclusion of a 3-boson interac-
tion, this constraint eliminates the region of the (Cµ

V ,m⇧)
parameter space required to explain the proton radius
puzzle. This decay is calculated from the Feynman dia-
grams given in Fig. 2.

W
⇥

µ

µ

⇤ +
W

⇥

⇤

Ws

µ

FIG. 2: W � µ⇥⇤

From (1) we can derive the necessary Feynman rules
to compute this decay amplitude as

iM =
iCµ

V gW

2
⌥

2
⇤�(k)⇤�⇥(p3)ū(p1)

⌥
⇥⇥(/p1

+ /p3
)

(p1 + p3)2
⇥�(1 � ⇥5)

� ⇥µ(1 � ⇥5)

⇧
gµ⌅ � (p1+p2)µ(p1+p2)⇥

m2
W

(p1 + p2)2 � m2
W

⌃

⇥
⇤
g�⇥(k + p3)

⌅ + g⇥⌅(�p3 + p1 + p2)
�

+ g�⌅(�p1 � p2 � k)⇥
⌅�

⇧(p2) (4)

where k is the W 4-momentum, p1 is the muon 4-
momentum, p2 is the neutrino 4-momentum, and p3 is
the ⌥V 4-momentum. Here we have focused on the vec-
tor contribution to the W decay, but one can easily show
that the axial vector contribution is equivalent up to an
overall minus sign (which is irrelevant to the decay am-
plitude squared).

Letting the muon and neutrino mass be zero, we find
(to leading order in m⇧/mW )

�W =
GF m3

W

�
(Cµ

V )2 + (Cµ
A)2

⇥
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⌥
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Keeping the muon mass would only give multiplicative
corrections to the coe⇧cients like (1 + O(m2

µ/m2
W )).

This decay width has a strikingly di⇤erent dependence
on m⇧ compared to [15]. The 1/m2

⇧ dependence found
there that came from the longitudinal component of the ⌥
polarization is canceled by the inclusion of the Ws prop-
agator in the second diagram of Fig. 2. Thus at lead-
ing order in m⇧/mW , the mass divergence is logarithmic
and not inverse polynomial. This logarithmic dependence
pushes the constraints from W decay far away from the
desired parameter space of Cµ

V and m⇧.
The contribution of Cµ

A in (5) can be obtained in terms
of Cµ

V using the constraint from (g � 2)µ [12]. The con-
straint from W decay eliminates the region of (Cµ

V ,m⇧)
above the top curve, the shaded red area, in Fig. 3. The
values of Cµ

V below this area are allowed by this con-
straint.

Another constraint on Cµ
V occurs from transitions be-

tween 3d and 2p orbitals in muonic 24Mg and 28Si [13,
15, 22]. At two standard deviations, this constraint is
plotted as the shaded orange area bordered below by a
solid black line in Fig. 3 where allowed values of Cµ

V exist
on and below this line.

Note that an additional constraint due to muonium
hyperfine splitting discussed in [15] is not relevant here
since ⌥ does not couple to the electron (or the coupling
can be kept quite small). For similar reasons, we do not
have a constraint on Cµ

A from a new parity nonconserv-
ing interaction contributing to the weak charge in 133Cs,

Problem ameliorated (see Freid and me, PRD (2015))
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Bias in fits?

Meaning of bias in this context:

Have set of data, and have function and a procedure to fit data, and
obtain measurable fundamental quantities
Bias: function and/or procedure systematically gives results too high or
too low.

Test selected procedure using generated data

Choose analytic function to underlie test data
Present example: pick known function for GE . Part of point: exact RE
for this function known.
Generate data set with gaussian fluctuations about chosen function.
Use selected procedure to fit data, and extract desired fundamental
constants
Compare to known correct result.
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Bias test case I

With one trial, won’t reproduce known parameter of starting point
because of statistical fluctuations.

Run many trials.

Do we reproduce known parameter of starting point, on average?
What is standard deviation of statistical fluctuations about most likely
result?

Try: Generate data using dipole form for GE (Q2).

Known outcome, RE = 0.81125 fm.

219 data points with 0.004 < Q2 < 0.02 GeV2

Fit to GE = a (1− R2
EQ

2/6 + c Q4)
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Outcome of test case I

50,000 runs (50,000 “experiments”)
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Extracted values: RE = 0.810 fm, σE = 0.018 fm.

See no bias, decent accuracy.
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Bias test case II

Example: generate data using Kelly form factor, over a wider range,
0.004 < Q2 < 1 GeV2, 200 points, 5% uncertainties.

Kelly gives RE = 0.863 fm

Fit to dipole form,

GE (Q2) =
a

(
1 + 1/12

R

2

E
Q2
)2
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Outcome of test case II

another 50,000 runs

0.78 0.80 0.82 0.84 0.86
0
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o
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Result off: RE = 0.820 fm, σE = 0.010 fm, χ2/dof = 0.99

Bias! 0.04 fm low. Even though χ2 o.k., and eyeball test o.k. →
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More on the outcome of test case II

Plot for one run
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Bias exists: there are fit functions and/or fit procedures (e.g.,
selection of data range) that lead to systematically high or low results
when fitting arguably good representations of real data.

But not for the low-Q2 fits to the electron scattering data.
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Re: BSM and K → µνe+e−, 2

bin width = 1 MeV

mass = 10 MeV

Κ = 0.0015

gR = 0.01

N = 10
3
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Note: TREK experiment (E36) at JPARC (Japan) will observe 1010 kaon
decays, or about 200,000 K → µνe+e− events, about 1000 per MeV bin
in the mass range we are considering. (Thanks to M. Kohl)
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