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Muon g-2 experimental measurement [Bennett et al., 2006]

E821 at BNL measured relative precession of muon spin to it’s momentum
ωa = g−2

2
eB
m = aµ

eB
m , the muon anomaly

The rate of detected electrons oscillates with ωa, fit to
N(t) = Be−λt(1 + A cosωat + φ)

Muon g-2: Review of Theory and Experiment 26

from running around the ring, especially during a quench or energy extraction from the

magnet. The vertical mismatch from one pole piece to the next when going around the

ring in azimuth is held to ±10 µm, since the field strength depends critically on the

pole-piece spacing across the magnet gap.

Figure 12. The storage-ring magnet. The cryostats for the inner-radius coils are

clearly visible. The kickers have not yet been installed. The racks in the center are

the quadrupole pulsers, and a few of the detector stations are installed, especially the

quadrant of the ring closest to the person. The magnet power supply is in the upper

left, above the plane of the ring. (Courtesy of Brookhaven National Laboratory)

The field is excited by 14 m-diameter superconducting coils, which in 1996 were

the largest-diameter such coils ever fabricated. The coil at the outer radius consists of

two identical coils on a common mandrel, above and below the plane of the beam, each

with 24 turns. Each of the inner-radius coils, which are housed in separate cryostats,

also consists of 24 turns (see Figures 5(b) and 13(a)). The nominal operating current

is 5200 A, which is driven by a power supply. The choice of using an extremely stable

power supply, further stabilized with feedback from the NMR system, was chosen over

operating in a “persistent mode”, for two reasons. The switch required to change from

the powering mode to persistent mode was technically very complicated, and unlike the

usual superconducting magnet operated in persistent mode, we anticipated the need to

cycle the magnet power a number of times during a three-month running period.

The pole pieces are fabricated from continuous vacuum-cast low-carbon magnet

steel (0.0004% carbon), and the yoke from standard AISI 1006 (0.07% carbon) magnet

steel[60]. At the design stage, calculations suggested that the field could be made

quite uniform, and that when averaged over azimuth, a uniformity of ±1 ppm could be
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Figure 26. Histogram of the total number of electrons above 1.8 GeV versus time

(modulo 100 µ s) from the 2001 µ− data set. The bin size is the cyclotron period,

≈ 149.2 ns, and the total number of electrons is 3.6 billion.
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Figure 27. Typical calorimeter energy distribution, with an endpoint fit

superimposed. The inset shows the full range of reconstructed energies, from 0.3 to

3.5 GeV.

times and energies are given by fits to standard pulse shapes, which are are established

for each detector by taking an average over many pulses at late times. The variations in

pulse shapes in all detectors are found to be sufficiently small as a function of energy and

aµ(Expt) = 11 659 208.0(5.4)(3.3)× 10−10 0.54 ppm!
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New muon g-2 experiments

Storage ring moved to FNAL for E989, running since 2017!

which is aiming for 0.14 ppm, 4× improvement!

In Japan at J-PARC, the E34 experiment will measure aµ using ultra-cold muons,
different systematics (∼ 2020).
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Standard Model Theory: QED+EW+QCD

〈µ(~p′)|Jν(0)|µ(~p)〉 = −eū(~p′)
(
F1(q2)γν + i

F2(q2)

4m
[γν , γρ]qρ

)
u(~p)

aµ = F2(0)

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.

3
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Experiment - Theory

SM Contribution Value±Error (×1011) Ref Update
QED (5 loops) 116584718.951± 0.080 [Aoyama et al., 2012]

HVP LO 6923± 42 [Davier et al., 2011] 6926 (33) (Davier 16)
6949± 43 [Hagiwara et al., 2011] 6922 (25) (KNT17 preliminary)
6925± 27 [Blum et al., 2018] combined lattice+R-ratio

HVP NLO −98.4± 0.7 [Hagiwara et al., 2011]

[Kurz et al., 2014]

HVP NNLO 12.4± 0.1 [Kurz et al., 2014]

HLbL 105± 26 [Prades et al., 2009]

HLbL (NLO) 3± 2 [Colangelo et al., 2014a]

Weak (2 loops) 153.6± 1.0 [Gnendiger et al., 2013]

SM Tot (0.42 ppm) 116591802± 49 [Davier et al., 2011]

(0.43 ppm) 116591828± 50 [Hagiwara et al., 2011]

(0.51 ppm) 116591840± 59 [Aoyama et al., 2012]

Exp (0.54 ppm) 116592080± 63 [Bennett et al., 2006]

Diff (Exp−SM) 287± 80 [Davier et al., 2011] → 3.6σ
261± 78 [Hagiwara et al., 2011] → 3.9σ

249± 87 [Aoyama et al., 2012]

QCD errors largest, discrepancy large
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New experiments+new theory=new physics?

Fermilab E989 running since 2017, aims for 0.14 ppm

J-PARC E34 ∼2020, aims for 0.3-0.4 ppm

Today aµ(Expt)-aµ(SM) ≈ 2.9− 3.6σ (possibly more)

If both central values stay the same,

E989 (∼ 4× smaller error) → ∼ 5σ
E989+new HLBL theory (models+lattice, 10%) → ∼ 6σ
E989+new HLBL +new HVP (50% reduction) → ∼ 8σ

Big discrepancy: new Physics ∼ 2× Electroweak

Lattice calculations important to trust theory errors, may become (part of) the
central values (Muon g-2 Theory Initiative)

Much progress, see many talks at Lattice 2017 (Granada) for latest results, 2nd
plenary meeting of Mg-2TI (Mainz June 2018, WP by end of year)
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HVP contribution to muon g-2 [Blum, 2003, Lautrup et al., 1971]

+
Using lattice QCD and continuum, ∞-volume pQED

aµ(HVP) =
(α
π

)2
∫ ∞

0
dq2 f (q2) Π̂(q2)

f (q2) is known, Π̂(q2) is subtracted HVP, Π̂(q2) = Π(q2)− Π(0), computed directly
on Euclidean space-time lattice

Πµν(q) =

∫
d4x e iqx〈jµ(x)jν(0)〉 jµ(x) =

∑

i

Qi ψ̄(x)γµψ(x)

= Π(q2)(qµqν − q2δµν) (by Ward Identity)
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Time-momentum representation (double subtraction) Bernecker-Meyer 2011

Useful in lattice (Euclidean time) setup
Switch order of FT and integral over momentum

Π(q2)− Π(0) =
∑

t

(
cos qt − 1

q2
+

1

2
t2

)
C (t)

C (t) =
1

3

∑

x ,i

〈ji (x)ji (0)〉

w(t) = 2

∫ ∞

0

dω

ω
f (ω2)

[
cosωt − 1

(2 sinωt/2)2
+

t2

2

]

aHVP
µ =

∑

t

w(t)C (t)
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HVP contributions computed on lattice (u,d,s,c quarks) (RBC/UKQCD)[Blum et al., 2018]

Expand around isospin limit

C (t) = C (0)(t) + αC
(1)
QED +

∑

f

∆mf C
(1)
∆mf

(t) + O(α2, α∆m,∆m2)

2

with C(t) = 1
3

P
~x

P
j=0,1,2hJj(~x, t)Jj(0)i. With appro-

priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the ⌦� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2, ↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e↵ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e↵ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the ⌦� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e↵ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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Figure 7: Mass-splitting and HVP 1-photon diagrams. In the former the dots
are meson operators, in the latter the dots are external photon vertices. Note
that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.
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FIG. 2. QED-correction diagrams with external pseudo-scalar
or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.

In Fig. 3, we show the SIB diagrams. In the calcu-
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disconnected contribution (that likely is very small).
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FIG. 3. Strong isospin-breaking correction diagrams. The
crosses denote the insertion of a scalar operator.
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priate definition of wt, we can therefore write

aµ =
X

t

wtC(t) . (4)

The correlator C(t) is computed in lattice QCD+QED
with dynamical up, down, and strange quarks and non-
degenerate up and down quark masses. We compute the
missing contributions to aµ from bottom quarks and from
charm sea quarks in perturbative QCD [13] by integrating
the time-like region above 2 GeV and find them to be
smaller than 0.3 ⇥ 10�10.

We tune the bare up, down, and strange quark masses
mup, mdown, and mstrange such that the ⇡0, ⇡+, K0, and
K+ meson masses computed in our calculation agree with
the respective experimental measurements [14]. The lat-
tice spacing is determined by setting the ⌦� mass to
its experimental value. We perform the calculation as a
perturbation around an isospin-symmetric lattice QCD
computation [15, 16] with two degenerate light quarks
with mass mlight and a heavy quark with mass mheavy

tuned to produce a pion mass of 135.0 MeV and a kaon
mass of 495.7 MeV [17]. The correlator is expanded in
the fine-structure constant ↵ as well as �mup, down =
mup, down � mlight, and �mstrange = mstrange � mheavy.
We write

C(t) = C(0)(t) + ↵C
(1)
QED(t) +

X

f

�mfC
(1)
�mf

(t)

+ O(↵2, ↵�m,�m2) , (5)

where C(0)(t) is obtained in the lattice QCD calculation
at the isospin symmetric point and the expansion terms
define the QED and strong isospin-breaking (SIB) correc-
tions, respectively. We keep only the leading corrections
in ↵ and �mf which is su�cient for the desired precision.

We insert the photon-quark vertices perturbatively
with photons coupled to local lattice vector currents mul-
tiplied by the renormalization factor ZV [17]. We use
ZA ⇡ ZV for the charm [22] and QED corrections. The
SIB correction is computed by inserting scalar operators
in the respective quark lines. The procedure used for
e↵ective masses in such a perturbative expansion is ex-
plained in Ref. [18]. We use the finite-volume QEDL

prescription [19] and remove the universal 1/L and 1/L2

corrections to the masses [20] with spatial lattice size L.
The e↵ect of 1/L3 corrections is small compared to our
statistical uncertainties. We find �mup = �0.00050(1),
�mdown = 0.00050(1), and �mstrange = �0.0002(2) for
the 48I lattice ensemble described in Ref. [17]. The shift
of the ⌦� mass due to the QED correction is significantly
smaller than the lattice spacing uncertainty and its e↵ect
on C(t) is therefore not included separately.

Figure 1 shows the quark-connected and quark-
disconnected contributions to C(0). Similarly, Fig. 2
shows the relevant diagrams for the QED correction to

FIG. 1. Quark-connected (left) and quark-disconnected
(right) diagram for the calculation of aHVP LO

µ . We do not
draw gluons but consider each diagram to represent all orders
in QCD.
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or vector operators.

the meson spectrum and the hadronic vacuum polariza-
tion. The external vertices are pseudo-scalar operators
for the former and vector operators for the latter. We
refer to diagrams S and V as the QED-connected and to
diagram F as the QED-disconnected contribution. We
note that only the parts of diagram F with additional
gluons exchanged between the two quark loops contribute
to aHVP LO

µ as otherwise an internal cut through a single
photon line is possible. For this reason, we subtract the
separate quantum-averages of quark loops in diagram F.
In the current calculation, we neglect diagrams T, D1,
D2, and D3. This approximation is estimated to yield an
O(10%) correction for isospin splittings [21] for which the
neglected diagrams are both SU(3) and 1/Nc suppressed.
For the hadronic vacuum polarization the contribution of
neglected diagrams is still 1/Nc suppressed and we adopt
a corresponding 30% uncertainty.
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Lattice setup

Photons: Feynman gauge, QEDL [Hayakawa and Uno, 2008] (omit all modes with ~q = 0)

Gluons: Iwasaki gauge action (RG improved, plaquette+rectangle)

muons: Ls =∞ free domain-wall fermions (DWF)

quarks: Möbius-DWF

2+1f Möbius-DWF physical point QCD ensembles (RBC/UKQCD) [Blum et al., 2014]

483 × 96 643 × 128

a−1 (GeV) 1.73 2.36
a (fm) 0.114 0.084
L (fm) 5.47 5.38
Ls 24 12

mπ (MeV) 139 135
mµ (MeV) 106 106
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cHVP and dHVP– results at physical pion mass RBC/UKQCD

Integrand wTC (T ) for the light-quark connected contribution:
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Result for partial sum LT =
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FIG. 5. The sum of LT and FT defined in Eqs. (13) and (14)

has a plateau from which we read o� a
HVP (LO) DISC
µ . The

lower panel compares the partial sums LT for all values of

T with our final result for a
HVP (LO) DISC
µ with its statistical

error band.

we report our final result

aHVP (LO) DISC
µ = �9.6(3.3)(2.3) ⇥ 10�10 , (15)

where the first error is statistical and the second system-
atic.

Before concluding, we note that our result appears to
be dominated by very low energy scales. This is not sur-
prising since the signal is expressed explicitly as di�er-
ence of light-quark and strange-quark Dirac propagators.
We therefore expect energy scales significantly above the
strange mass to be suppressed. We already observed this
above in the dominance of low modes of the Dirac opera-
tor for our signal. Furthermore, our result is statistically
consistent with the one-loop ChPT two-pion contribution
of Fig. 6.

CONCLUSION

We have presented the first ab-initio calculation of the
hadronic vacuum polarization disconnected contribution
to the muon anomalous magnetic moment at physical
pion mass. We were able to obtain our result with modest
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FIG. 6. The leading-order pion-loop contribution in finite-
volume ChPT as function of volume.

computational e�ort utilizing a refined noise-reduction
technique explained above. This computation addresses
one of the major challenges for a first-principles lattice
QCD computation of aHVP

µ at percent or sub-percent pre-
cision, necessary to match the anticipated reduction in
experimental uncertainty. The uncertainty of the result
presented here is already slightly below the current ex-
perimental precision and can be reduced further by a
straightforward numerical e�ort.
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For t � 15 C (t) is consistent with zero but the stochastic noise is
t-independent and wt / t4 such that it is di�cult to identify a
plateau region based only on this plot

small statistical errors from improved measurement techniques (full volume, 2000
low-mode average and all mode average AMA)

statistical errors grow at long distance
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QED and strong isospin breaking correctionsHVP QED contribution
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that for the HVP some of them (such as F with no gluons between the two
quark loops) are counted as HVP NLO instead of HVP LO QED corrections.
We need to make sure not to double-count those, i.e., we need to include the
appropriate subtractions! Also note that some diagrams are absent for flavor
non-diagonal operators.

8

New method: use importance sampling in position space and local
vector currents

11 / 30

HVP strong IB contribution

x

x

x

(a) M

x

x

x

(b) R

x

x

x

(c) O
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diagrams. Diagram M gives the valence, diagram R the sea quark mass shift
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9

Calculate strong IB e↵ects via insertions of mass corrections in an
expansion around isospin symmetric point
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QED Strong Isospin

Focus on V, S, F, and M so far, rest are 1/Nc suppressed
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QED corrections RBC/UKQCD, [Blum et al., 2018]
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Connection to the R-ratio Bernecker-Meyer 2011

The HVP can also be obtained from a dispersion relation and the experimental cross
section for e+e− → hadrons

Π(−Q2) =
1

π

∫ ∞

0
ds

s

s + Q2
σ(s, e+e− → had)

R(s) =
σ(s, e+e− → had)

σ(s, e+e− → µ+µ−, tree)
=

3s

4πα2
σ(s, e+e− → had)

Fourier transform gives

C (t) =
1

12π2

∫ ∞

0
d(
√
s)R(s)se−

√
st

17 / 58



aµ from Lattice vs. R-ratio Jegerlehner 2016 comparison Bernecker-Meyer 2011 3
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FIG. 4. Comparison of wtC(t) obtained using R-ratio data
[1] and lattice data on our 64I ensemble.

lation presented here, we only include diagram M. For
the meson masses this corresponds to neglecting the sea
quark mass correction, which we have previously [17] de-
termined to be an O(2%) and O(14%) e↵ect for the pi-
ons and kaons, respectively. This estimate is based on
the analytic fits of (H7) and (H9) of Ref. [17] with ratios
C

m⇡, K

2 /C
m⇡, K

1 given in Tab. XVII of the same reference.
For the hadronic vacuum polarization the contribution of
diagram R is negligible since �mup ⇡ ��mdown and di-
agram O is SU(3) and 1/Nc suppressed. We therefore
assign a corresponding 10% uncertainty to the SIB cor-
rection.

We also compute the O(↵) correction to the vector
current renormalization factor ZV used in C(0) [17, 18]
and find a small correction of approximately 0.05% for
the light quarks.

We perform the calculation of C(0) on the 48I and 64I
ensembles described in Ref. [17] for the up, down, and
strange quark-connected contributions. For the charm
contribution we also perform a global fit using additional
ensembles described in Ref. [22]. The quark-disconnected
contribution as well as QED and SIB corrections are com-
puted only on ensemble 48I.

For the noisy light quark connected contribution, we
employ a multi-step approximation scheme with low-
mode averaging [23] over the entire volume and two levels
of approximations in a truncated deflated solver (AMA)
[24–27] of randomly positioned point sources. The low-
mode space is generated using a new Lanczos method
working on multiple grids [28]. Our improved statisti-
cal estimator for the quark disconnected diagrams is de-
scribed in Ref. [29] and our strategy for the strange quark
is published in Ref. [30]. For diagram F, we re-use point-
source propagators generated in Ref. [31].

The correlator C(t) is related to the R-ratio data
[11] by C(t) = 1

12⇡2

R1
0

d(
p

s)R(s)se�
p

st with R(s) =
3s

4⇡↵2�(s, e+e� ! had). In Fig. 4 we compare a lattice
and R-ratio evaluation of wtC(t) and note that the R-
ratio data is most precise at very short and long dis-
tances, while the lattice data is most precise at interme-
diate distances. We are therefore led to also investigate
a position-space “window method” [11, 32] and write

aµ = aSD
µ + aW

µ + aLD
µ (6)

with aSD
µ =

P
t C(t)wt[1 � ⇥(t, t0,�)], aW

µ =P
t C(t)wt[⇥(t, t0,�) � ⇥(t, t1,�)], and aLD

µ =P
t C(t)wt⇥(t, t1,�), where each contribution is

accessible from both lattice and R-ratio data. We define
⇥(t, t0,�) = [1 + tanh [(t � t0)/�]] /2 which we find to
be helpful to control the e↵ect of discretization errors
by the smearing parameter �. We then take aSD

µ and

aLD
µ from the R-ratio data and aW

µ from the lattice.
In this work we use � = 0.15 fm, which we find to
provide a su�ciently sharp transition without increasing
discretization errors noticeably. This method takes the
most precise regions of both datasets and therefore may
be a promising alternative to the proposal of Ref. [33].

ANALYSIS AND RESULTS

In Tab. I we show our results for the individual as well
as summed contributions to aµ for the window method
as well as a pure lattice determination. We quote sta-
tistical uncertainties for the lattice data (S) and the R-
ratio data (RST) separately. For the quark-connected
up, down, and strange contributions, the computation is
performed on two ensembles with inverse lattice spacing
a�1 = 1.730(4) GeV (48I) as well as a�1 = 2.359(7) GeV
(64I) and a continuum limit is taken. The discretization
error (C) is estimated by taking the maximum of the
squared measured O(a2) correction as well as a simple
(a⇤)4 estimate, where we take ⇤ = 400 MeV. We find
the results on the 48I ensemble to di↵er only a few per-
cent from the continuum limit. This holds for the full
lattice contribution as well as the window contributions
considered in this work. For the quark-connected charm
contribution additional ensembles described in Ref. [22]
are used and the maximum of the above and a (amc)

4

estimate is taken as discretization error. The remain-
ing contributions are small and only computed on the
48I ensemble for which we take (a⇤)2 as estimate of dis-
cretization errors.

For the up and down quark-connected and discon-
nected contributions, we correct finite-volume e↵ects to
leading order in finite-volume position-space chiral per-
turbation theory [34]. Note that in our previous pub-
lication of the quark-disconnected contribution [29], we
added this finite-volume correction as an uncertainty but
did not shift the central value. We take the largest ratio
of p6 to p4 corrections of Tab. 1 of Ref. [35] as systematic
error estimate of neglected finite-volume errors (V). For
the SIB correction we also include the sizeable di↵erence
of the corresponding finite and infinite-volume chiral per-
turbation theory calculation as finite-volume uncertainty.
For the QED correction, we repeat the computation us-
ing an infinite-volume photon (QED1 [36]) and include
the di↵erence to the QEDL result as a finite-volume er-
ror. Further details of the QED1 procedure are provided
as supplementary material.

RBC/UKQCD [Blum et al., 2018]

Lattice more accurate at intermediate distances
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Window method: combine lattice and R-ratio

define smooth kernel Θ(t, t ′,∆) = [1 + tanh[(t − t ′)/∆]]/2, then

aµ =
∑

t

wtC (t) = aSDµ + aWµ + aLDµ

aSDµ =
∑

t

wtC (t)[1−Θ(t, t0,∆)]

aWµ =
∑

t

wtC (t)[Θ(t, t0,∆)−Θ(t, t1,∆)]

aLDµ =
∑

t

wtC (t)Θ(t, t1,∆)

Take aWµ from lattice, rest from R-ratio
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Select window in t (or, ≡ √s)

Supplementary Information – S1

SUPPLEMENTARY MATERIAL

In this section we expand on a selection of technical de-
tails and add results to facilitate cross-checks of di↵erent
calculations of aHVP LO

µ .

Continuum limit: The continuum limit of a selec-
tion of light-quark window contributions aW

µ is shown in
Fig. 8. We note that the results on the coarse lattice di↵er
from the continuum limit only at the level of a few per-
cent. We attribute this mild continuum limit to the fa-
vorable properties of the domain-wall discretization used
in this work. This is in contrast to a rather steep contin-
uum extrapolation that occurs using staggered quarks as
seen, e.g., in Ref. [42].

The mild continuum limit for light quark contribu-
tions is consistent with a naive power-counting estimate
of (a⇤)2 = 0.05 with ⇤ = 400 MeV and suggests that
remaining discretization errors may be small. Since we
find such a mild behavior not just for a single quantity
but for all studied values of aW

µ with t0 ranging from 0.3
fm to 0.5 fm and t1 ranging from 0.3 fm to 2.6 fm, we
suggest that it is rather unlikely that the mild behav-
ior is result of an accidental cancellation of higher-order
terms in an expansion in a2. This lends support to our
quoted discretization error based on an O(a4) estimate.
In future work, this will be subject to further scrutiny by
adding a data-point at an additional lattice spacing.

Energy re-weighting: The top panel of Fig. 9 shows
the weighted correlator wtC(t) for the full aµ as well as
short-distance and long-distance projections aSD

µ and aLD
µ

for t0 = 0.4 fm and t1 = 1.5 fm. The bottom panel of
Fig. 9 shows the corresponding contributions to aµ sep-
arated by energy scale

p
s. We notice that, as expected,

aSD
µ has reduced contributions from low-energy scales and

aLD
µ has reduced contributions from high-energy scales.

In the limit of projection to su�ciently long distances, we
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may attempt to contrast the R-ratio data directly with
an exclusive study of the low-lying ⇡⇡ states in the lattice
calculation. This is left to future work.

Statistics of light-quark contribution: We use an
improved statistical estimator including a full low-mode
average for the light-quark connected contribution in the
isospin symmetric limit as discussed in the main text.
For this estimator, we find that we are able to saturate
the statistical fluctuations to the gauge noise for 50 point
sources per configuration. For the 48I ensemble we mea-
sure on 127 gauge configurations and for the 64I ensem-
ble we measure on 160 gauge configurations. Our result
is therefore obtained from a total of approximately 14k
domain-wall fermion propagator calculations.

Results for other values of t0 and t1: In Tabs. S I-
S VII we provide results for di↵erent choices of window
parameters t0 and t1. We believe that this additional
data may facilitate cross-checks between di↵erent lattice
collaborations in particular also with regard to the up
and down quark connected contribution in the isospin
limit.
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In this section we expand on a selection of technical de-
tails and add results to facilitate cross-checks of di↵erent
calculations of aHVP LO

µ .

Continuum limit: The continuum limit of a selec-
tion of light-quark window contributions aW

µ is shown in
Fig. 8. We note that the results on the coarse lattice di↵er
from the continuum limit only at the level of a few per-
cent. We attribute this mild continuum limit to the fa-
vorable properties of the domain-wall discretization used
in this work. This is in contrast to a rather steep contin-
uum extrapolation that occurs using staggered quarks as
seen, e.g., in Ref. [42].

The mild continuum limit for light quark contribu-
tions is consistent with a naive power-counting estimate
of (a⇤)2 = 0.05 with ⇤ = 400 MeV and suggests that
remaining discretization errors may be small. Since we
find such a mild behavior not just for a single quantity
but for all studied values of aW

µ with t0 ranging from 0.3
fm to 0.5 fm and t1 ranging from 0.3 fm to 2.6 fm, we
suggest that it is rather unlikely that the mild behav-
ior is result of an accidental cancellation of higher-order
terms in an expansion in a2. This lends support to our
quoted discretization error based on an O(a4) estimate.
In future work, this will be subject to further scrutiny by
adding a data-point at an additional lattice spacing.

Energy re-weighting: The top panel of Fig. 9 shows
the weighted correlator wtC(t) for the full aµ as well as
short-distance and long-distance projections aSD

µ and aLD
µ

for t0 = 0.4 fm and t1 = 1.5 fm. The bottom panel of
Fig. 9 shows the corresponding contributions to aµ sep-
arated by energy scale
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s. We notice that, as expected,

aSD
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µ has reduced contributions from high-energy scales.
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may attempt to contrast the R-ratio data directly with
an exclusive study of the low-lying ⇡⇡ states in the lattice
calculation. This is left to future work.

Statistics of light-quark contribution: We use an
improved statistical estimator including a full low-mode
average for the light-quark connected contribution in the
isospin symmetric limit as discussed in the main text.
For this estimator, we find that we are able to saturate
the statistical fluctuations to the gauge noise for 50 point
sources per configuration. For the 48I ensemble we mea-
sure on 127 gauge configurations and for the 64I ensem-
ble we measure on 160 gauge configurations. Our result
is therefore obtained from a total of approximately 14k
domain-wall fermion propagator calculations.

Results for other values of t0 and t1: In Tabs. S I-
S VII we provide results for di↵erent choices of window
parameters t0 and t1. We believe that this additional
data may facilitate cross-checks between di↵erent lattice
collaborations in particular also with regard to the up
and down quark connected contribution in the isospin
limit.
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FIG. 7. Our results (RBC/UKQCD 2018) compared to previ-
ously published results. The green data-points are pure lattice
computations, the orange data-point is our combined window
analysis, and the purple data-points are pure R-ratio results.
The references are ETMC 2013 [41], HPQCD 2016 [42], Mainz
2017 [43], BMW 2017 [39], HLMNT 2011 [4], DHMZ 2012 [44],
DHMZ 2017 [6], Jegerlehner 2017 [5], and No new physics [3].
The innermost error-bar corresponds to the statistical uncer-
tainty.

CONCLUSION

We have presented both a complete first-principles cal-
culation of the leading-order hadronic vacuum polariza-
tion contribution to the muon anomalous magnetic mo-
ment from lattice QCD+QED at physical pion mass as
well as a combination with R-ratio data. For the former
we find aHVP LO

µ = 715.4(16.3)(9.2) ⇥ 10�10, where the
first error is statistical and the second is systematic. For
the latter we find aHVP LO

µ = 692.5(1.4)(0.5)(0.7)(2.1) ⇥
10�10 with lattice statistical, lattice systematic, R-ratio
statistical, and R-ratio systematic errors given sepa-
rately. This is the currently most precise determination
of aHVP LO

µ corresponding to a 3.7� tension

aEXP
µ � aSM

µ = 27.4(2.7)(2.6)(6.3) ⇥ 10�10 . (7)

The presented combination of lattice and R-ratio data
also serves to provide additional non-trivial cross-checks
between lattice and R-ratio data. The precision of this
computation will be improved in future work including
simulations at smaller lattice spacings and at larger vol-
umes.
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Combined lattice (u,d,s,c) and R-ratio result for aµ (t0 = 0.4fm)
RBC/UKQCD [Blum et al., 2018]

4

a ud, conn, isospin
µ 202.9(1.4)S(0.2)C(0.1)V(0.2)A(0.2)Z 649.7(14.2)S(2.8)C(3.7)V(1.5)A(0.4)Z(0.1)E48(0.1)E64

a s, conn, isospin
µ 27.0(0.2)S(0.0)C(0.1)A(0.0)Z 53.2(0.4)S(0.0)C(0.3)A(0.0)Z

a c, conn, isospin
µ 3.0(0.0)S(0.1)C(0.0)Z(0.0)M 14.3(0.0)S(0.7)C(0.1)Z(0.0)M

a uds, disc, isospin
µ �1.0(0.1)S(0.0)C(0.0)V(0.0)A(0.0)Z �11.2(3.3)S(0.4)V(2.3)L

a QED, conn
µ 0.2(0.2)S(0.0)C(0.0)V(0.0)A(0.0)Z(0.0)E 5.9(5.7)S(0.3)C(1.2)V(0.0)A(0.0)Z(1.1)E

a QED, disc
µ �0.2(0.1)S(0.0)C(0.0)V(0.0)A(0.0)Z(0.0)E �6.9(2.1)S(0.4)C(1.4)V(0.0)A(0.0)Z(1.3)E

a SIB
µ 0.1(0.2)S(0.0)C(0.2)V(0.0)A(0.0)Z(0.0)E48 10.6(4.3)S(0.6)C(6.6)V(0.1)A(0.0)Z(1.3)E48

a udsc, isospin
µ 231.9(1.4)S(0.2)C(0.1)V(0.3)A(0.2)Z(0.0)M 705.9(14.6)S(2.9)C(3.7)V(1.8)A(0.4)Z(2.3)L(0.1)E48

(0.1)E64(0.0)M
a QED, SIB

µ 0.1(0.3)S(0.0)C(0.2)V(0.0)A(0.0)Z(0.0)E(0.0)E48 9.5(7.4)S(0.7)C(6.9)V(0.1)A(0.0)Z(1.7)E(1.3)E48

a R�ratio
µ 460.4(0.7)RST(2.1)RSY

aµ 692.5(1.4)S(0.2)C(0.2)V(0.3)A(0.2)Z(0.0)E(0.0)E48 715.4(16.3)S(3.0)C(7.8)V(1.9)A(0.4)Z(1.7)E(2.3)L
(0.0)b(0.1)c(0.0)S(0.0)Q(0.0)M(0.7)RST(2.1)RSY (1.5)E48(0.1)E64(0.3)b(0.2)c(1.1)S(0.3)Q(0.0)M

TABLE I. Individual and summed contributions to aµ multiplied by 1010. The left column lists results for the window method
with t0 = 0.4 fm and t1 = 1 fm. The right column shows results for the pure first-principles lattice calculation. The respective
uncertainties are defined in the main text.

We furthermore propagate uncertainties of the lattice
spacing (A) and the renormalization factors ZV (Z). For
the quark-disconnected contribution we adopt the addi-
tional long-distance error discussed in Ref. [29] (L) and
for the charm contribution we propagate uncertainties
from the global fit procedure [22] (M). Systematic errors
of the R-ratio computation are taken from Ref. [1] and
quoted as (RSY). The neglected bottom quark (b) and
charm sea quark (c) contributions as well as e↵ects of
neglected QED (Q) and SIB (S) diagrams are estimated
as described in the previous section.

For the QED and SIB corrections, we assume domi-

nance of the low-lying ⇡⇡ and ⇡� states and fit C
(1)
QED(t)

as well as C
(1)
�mf

(t) to (c1 + c0t)e
�Et, where we vary c0

and c1 for fixed energy E. The resulting p-values are
larger than 0.2 for all cases and we use this functional
form to compute the respective contribution to aµ. For
the QED correction, we vary the energy E between the
lowest ⇡⇡ and ⇡� energies and quote the di↵erence as ad-
ditional uncertainty (E). For the SIB correction, we take
E to be the ⇡⇡ ground-state energy.

For the light quark contribution of our pure lattice re-
sult we use a bounding method [37] similar to Ref. [38]
and find that upper and lower bounds meet within errors
at t = 3.0 fm. We vary the ground-state energy that en-
ters this method [39] between the free-field and interact-
ing value [40]. For the 48I ensemble we find Efree

0 = 527.3
MeV, E0 = 517.4 MeV + O(1/L6) and for the 64I en-
semble we have Efree

0 = 536.1 MeV, E0 = 525.1 MeV
+ O(1/L6). We quote the respective uncertainties as
(E48) and (E64). The variation of ⇡⇡ ground-state en-
ergy on the 48I ensemble also enters the SIB correction
as described above.

Figure 5 shows our results for the window method with
t0 = 0.4 fm. While the partial lattice and R-ratio contri-
butions change by several 100 ⇥ 10�10, the sum changes
only at the level of quoted uncertainties. This provides
a non-trivial consistency check between the lattice and
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FIG. 5. We show results for the window method with t0 = 0.4
fm as a function of t1. The top panel shows the combined
aµ, the middle panel shows the partial contributions of the
lattice and R-ratio data, and the bottom shows the respective
uncertainties.

the R-ratio data for length scales between 0.4 fm and
2.6 fm. We expand on this check in the supplementary
material. The uncertainty of the current analysis is min-
imal for t1 = 1 fm, which we take as our main result
for the window method. For t0 = t1 we reproduce the
value of Ref. [1]. In Fig. 6, we show the t1-dependence
of individual lattice contributions and compare our re-
sults with previously published results in Fig. 7. Our
combined lattice and R-ratio result is more precise than
the R-ratio computation by itself and reduces the ten-
sion to the other R-ratio results. Results for di↵erent
window parameters t0 and t1 and a comparison of indi-
vidual components with previously published results are
provided as supplementary material.
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FIG. 11. The di↵erence of window contributions from the lat-
tice and the R-ratio. We show �aW

µ = aW Lattice
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µ .

become noisy at long distances, we also note that any
choice of energy Ẽ with Ẽ � E⇤

T provides a strict lower
bound.

Consistency of R-ratio and lattice data: In
Fig. 11 we show the di↵erence of window contributions
aW

µ (t0, t1,�) from the lattice and the R-ratio with t0 = t,
t1 = t + 0.1 fm, and smearing parameter � = 0.15 fm.
These localized windows are well-defined in the lattice
and the R-ratio calculation and allow for a more precise
check of consistency at fixed Euclidean time. While we
find the lattice calculation to prefer a slightly larger value
compared to the R-ratio data of Ref. [1], this di↵erence
is statistically not significant. We will reduce the lat-
tice uncertainties in the near future in order to provide
a more stringent cross-check between both methods.

As noted in the main text, our result for a combined
lattice and R-ratio analysis shown in Fig. 7 is based
on the R-ratio compilation used in “Jegerlehner 2017”
but is in better agreement with the “HLMNT 2011”,
“DHMZ 2012”, and “DHMZ 2017” results than the pure

“Jegerlehner 2017” result. Our value has replaced over
one third of the R-ratio contribution with lattice data
and receives its uncertainty in approximate equal parts
from lattice and R-ratio data. We are keen on incor-
porating alternate compilations of data in future studies
and to explore the degree to which the lattice analysis
can help to understand and reduce tensions between the
di↵erent compilations.

Estimating QED finite-volume errors: We esti-
mate the finite-volume uncertainty of the hadronic vac-
uum polarization QED corrections by performing the cal-
culation using an infinite-volume photon (QED1) in ad-
dition to the QEDL prescription. We take the di↵erence
of both computations as systematic uncertainty due to
the finite volume. The procedure for both calculations
only di↵ers in the photon propagator that is used. The
QEDL prescription uses the photon propagator

GL(x) =
1

V

0X

k

1

k̂2
eikx , (S 7)

where k̂2 =
P

µ 4 sin2(kµ/2) and V =
Q

µ Lµ with lat-
tice dimensions Lµ. The sum is over all momenta with
components kµ = 2⇡nµ/Lµ with nµ 2 [0, . . . , Lµ�1] and
the restriction that k2

0 + k2
1 + k2

2 6= 0. For QED1 we use
instead

G1(x) =

Z ⇡

�⇡

d4k

(2⇡)4
1

k̂2
eikx (S 8)

with the constraint

�Lµ

2
 xµ <

Lµ

2
(S 9)

for µ 2 [0, 1, 2, 3].
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FIG. 7. Our results (RBC/UKQCD 2018) compared to previ-
ously published results. The green data-points are pure lattice
computations, the orange data-point is our combined window
analysis, and the purple data-points are pure R-ratio results.
The references are ETMC 2013 [41], HPQCD 2016 [42], Mainz
2017 [43], BMW 2017 [39], HLMNT 2011 [4], DHMZ 2012 [44],
DHMZ 2017 [6], Jegerlehner 2017 [5], and No new physics [3].
The innermost error-bar corresponds to the statistical uncer-
tainty.

CONCLUSION

We have presented both a complete first-principles cal-
culation of the leading-order hadronic vacuum polariza-
tion contribution to the muon anomalous magnetic mo-
ment from lattice QCD+QED at physical pion mass as
well as a combination with R-ratio data. For the former
we find aHVP LO

µ = 715.4(16.3)(9.2) ⇥ 10�10, where the
first error is statistical and the second is systematic. For
the latter we find aHVP LO

µ = 692.5(1.4)(0.5)(0.7)(2.1) ⇥
10�10 with lattice statistical, lattice systematic, R-ratio
statistical, and R-ratio systematic errors given sepa-
rately. This is the currently most precise determination
of aHVP LO

µ corresponding to a 3.7� tension

aEXP
µ � aSM

µ = 27.4(2.7)(2.6)(6.3) ⇥ 10�10 . (7)

The presented combination of lattice and R-ratio data
also serves to provide additional non-trivial cross-checks
between lattice and R-ratio data. The precision of this
computation will be improved in future work including
simulations at smaller lattice spacings and at larger vol-
umes.

ACKNOWLEDGMENTS

We would like to thank our RBC and UKQCD col-
laborators for helpful discussions and support. We
would also like to thank Kim Maltman and Masashi
Hayakawa for valuable discussions. We are indebted to
Fred Jegerlehner for helpful exchanges on the R-ratio
compilation of Ref. [1]. P.A.B., A.P., and J.T.T. are
supported in part by UK STFC grants ST/L000458/1
and ST/P000711/1. A.P. also received funding from
the European Research Council (ERC) under the Eu-
ropean Union’s Horizon 2020 research and innovation
programme under grant agreement No 757646. T.B.
is supported by U.S. Department of Energy Grant No.
DE-FG02-92ER40716. V.G. and A.J. acknowledge sup-
port from STFC consolidated grant ST/P000711/1, A.J.
has also received funding from the European Research
Council under the EU FP7 Programme (FP7/2007-
2013) / ERC Grant agreement 279757. T.I., C.J.,
and C.L. are supported in part by US DOE Contract
DESC0012704(BNL). T.I. is also supported by JSPS
KAKENHI grant numbers JP26400261, JP17H02906 and
by MEXT as “Priority Issue on Post-K computer” (Elu-
cidation of the Fundamental Laws and Evolution of the
Universe) and JICFuS. C.L. is also supported by a DOE
O�ce of Science Early Career Award. L.J. is supported
by the Department of Energy, Laboratory Directed Re-
search and Development (LDRD) funding of BNL, un-
der contract de-ec0012704. This work was supported
by resources provided by the Scientific Data and Com-
puting Center (SDCC) at Brookhaven National Labo-
ratory (BNL), a DOE O�ce of Science User Facility
supported by the O�ce of Science of the US Depart-
ment of Energy. The SDCC is a major component of
the Computational Science Initiative at BNL. We grate-
fully acknowledge computing resources provided through
USQCD clusters at Fermilab and Je↵erson Lab as well as
the IBM Blue Gene/Q (BG/Q) Mira machine at the Ar-
gonne Leadership Class Facility, a DOE O�ce of Science
Facility supported under Contract De-AC02-06CH11357.
This work was also supported by the DiRAC Blue Gene
Q Shared Petaflop system at the University of Edin-
burgh, operated by the Edinburgh Parallel Computing
Centre on behalf of the STFC DiRAC HPC Facility
(www.dirac.ac.uk). This equipment was funded by BIS
National E-infrastructure capital grant ST/K000411/1,
STFC capital grant ST/H008845/1, and STFC DiRAC
Operations grants ST/K005804/1 and ST/K005790/1.

Latest RBC/UKQCD results [Blum et al., 2018]. WM most accurate to date (pub)
23 / 58



Outline I

1 Introduction

2 Hadronic vacuum polarization (HVP) contribution

3 Hadronic light-by-light (HLbL) scattering contribution
towards the continuum limit in finite volume
towards the infinite volume limit

4 Summary

5 References

24 / 58



+ + · · ·

Models: (105± 26)× 10−11
[Prades et al., 2009, Benayoun et al., 2014]

(116± 40)× 10−11
[Jegerlehner and Nyffeler, 2009]

Model errors difficult to quantify error now compatible with HVP error. see talk by A. Keshavarzi, muon g-2 theory

initiative HVP working group workshop, Feb 2018, KEK

First lattice results promise reliable errors [Blum et al., 2015, Blum et al., 2016, Blum et al., 2017a] see also

[Green et al., 2015, Asmussen et al., 2016]

Dispersive/data approach also systematic
[Colangelo et al., 2014b, Pauk and Vanderhaeghen, 2014, Colangelo et al., 2015, Colangelo et al., 2017]
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

The desired amplitude + + · · · is obtained
from a Euclidean space lattice calculation

Mν(~q) = lim
tsrc→−∞
tsnk→∞

eEq/2(tsnk−tsrc)
∑

~xsnk,~xsrc

e−i
~q
2
·(~xsnk+~xsrc)e i~q·~xopMν(xsnk, xop, xsrc),

where

−eMν(xsrc, xop, xsnk) =
〈
µ(xsnk)Jν(xop)µ(xsrc)

〉

= −e
∑

x ,y ,z

∑

x ′,y ′,z ′
Fν(x , y , z , x ′, y ′, z ′, xop, xsnk, xsrc).

and[(−i/q+ + mµ

2Eq/2

)(
F1(q2)γν + i

F2(q2)

4m
[γν , γρ]qρ

)(−i/q− + mµ

2Eq/2

)]

αβ

=
(
Mν(~q)

)
αβ
,
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

Point source photon method 16/38

q = p′ − p, ν

p p′

q = p′ − p, ν

p p′

If we can not compute the 4-point function with one point source propagator, use two!

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

FC
ν (~q; x , y , z, xop) = (−ie)6Gρ,σ,κ(~q; x , y , z)HC

ρ,σ,κ,ν(x , y , z, xop)

i4HC
ρ,σ,κ,ν(x , y , z, xop)

=
∑

q=u,d,s

(eq/e)4

6

〈
tr
[
−i γρSq(x , z)iγκSq(z, y)iγσSq (y , xop) iγνSq (xop, x)

]〉
QCD

+ 5 permutations

i3Gρ,σ,κ(~q; x , y , z)

= e
√

m2+~q2/4(tsnk−tsrc)
∑

x′,y′,z′
Gρ,ρ′ (x , x ′)Gσ,σ′ (y , y ′)Gκ,κ′ (z, z ′)

×
∑

~xsnk,~xsrc

e−i~q/2·(~xsnk+~xsrc)S
(
xsnk, x

′) iγρ′S(x ′, z ′)iγκ′S(z ′, y ′)iγσ′S
(
y ′, xsrc

)
+ 5 permutations
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

Do all sums in the QED part exactly (using FFT’s),

QCD part done stochastically

Key idea: contribution exponentially suppressed with r = |x − y |, so
importance sample, concentrate on r <∼ λcompton

π

space-time translational invariance allows coordinates relative to the hadronic loop

Mν(~q) =
∑

r




∑

z,xop

Fν
(
~q,

r

2
,
−r
2
, z , xop

)
e i~q·~xop





where r = x − y , z → z − w , xop → xop − w and w = (x + y)/2

We sum all the internal points over the entire space-time except we fix x + y = 0.

(x , y) pairs stochastically sampled, z and xop sums exact
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

〈µ(~p′)|Jν(0)|µ(~p)〉 = −eū(~p′)
(
F1(q2)γν + i

F2(q2)

4m
[γν , γρ]qρ

)
u(~p)

implies F2(0) only accessible by extrapolation q → 0.

Form is due to Ward Identity, or charge conservation

need WI to be exact on each config, or error blows up as ~q → 0

To enforce WI compute average of diagrams with all possible insertions of Jν(xop)Point source photon method 17/38

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

Fν
C(q⃗; x, y, z, xop) = (−ie)6 Gρ,σ,κ(q⃗; x, y, z)Hρ,σ,κ,ν

C (x, y, z, xop) (4)

i4 Hρ,σ,κ,ν
C (x, y, z, xop) (5)

=
∑

q=u,d,s

(eq/e)4

6

〈
tr
[
−iγρSq(x, z)iγκSq(z, y)iγσSq(y, xop)iγνSq(xop, x)

]〉

QCD

+ other 5 permutations

i3 Gρ,σ,κ(q⃗; x, y, z) (6)

= e
mµ

2 + q⃗2/4
√

(tsnk−tsrc)
∑

x′,y ′,z ′
Gρ,ρ′(x, x′)Gσ,σ ′(y, y ′)Gκ,κ′(z, z ′)

×
∑

x⃗snk,x⃗src

e−iq⃗/2·(x⃗snk+x⃗src) Sµ(xsnk, x
′)iγρ′Sµ(x′, z ′)iγκ′Sµ(z ′, y ′)iγσ ′Sµ(y ′, xsrc)

+ other 5 permutations
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]Point source photon method 17/38

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κ

y, σ x, ρ

Fν
C(q⃗; x, y, z, xop) = (−ie)6 Gρ,σ,κ(q⃗; x, y, z)Hρ,σ,κ,ν

C (x, y, z, xop) (4)

i4 Hρ,σ,κ,ν
C (x, y, z, xop) (5)

=
∑

q=u,d,s

(eq/e)4

6

〈
tr
[
−iγρSq(x, z)iγκSq(z, y)iγσSq(y, xop)iγνSq(xop, x)

]〉

QCD

+ other 5 permutations

i3 Gρ,σ,κ(q⃗; x, y, z) (6)

= e
mµ

2 + q⃗2/4
√

(tsnk−tsrc)
∑

x′,y ′,z ′
Gρ,ρ′(x, x′)Gσ,σ ′(y, y ′)Gκ,κ′(z, z ′)

×
∑

x⃗snk,x⃗src

e−iq⃗/2·(x⃗snk+x⃗src) Sµ(xsnk, x
′)iγρ′Sµ(x′, z ′)iγκ′Sµ(z ′, y ′)iγσ ′Sµ(y ′, xsrc)

+ other 5 permutations

WI allows a moment method that projects directly to q = 0

Mν(~q) =
∑

r ,z,xop

FC
ν

(
~q,

r

2
,− r

2
, z , xop

)(
e i~q·~xop − 1

)

≈
∑

r ,z,xop

FC
ν

(
~q,

r

2
,− r

2
, z , xop

)
(i~q · ~xop)

∂

∂qi
Mν(~q)|~q=0 = i

∑

r ,z,xop

FC
ν

(
~q = 0, r ,−r , z , xop

)
(xop)i
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Point source method in QCD+pQED (L. Jin) [Blum et al., 2016]

Sandwich Mν(~q) between positive energy Dirac spinors u(~0, s), ū(~0, s)

u(~0, s ′)
(
F2(q2 = 0)

2mµ

i

2
[γi , γj ]

)
u(~0, s) = u(~0, s ′)

∂

∂qj
Mi (~q)|~q=~0u(~0, s)

multiply both sides by 1
2εijk , sum over i and j ,

F2(0)

m
ūs′(~0)

~Σ

2
us(~0) =

∑

r


∑

z,xop

1

2
~xop × ūs′(~0)i ~FC

(
~0; x = − r

2
, y = +

r

2
, z , xop

)
us(~0)




where Σi = 1
4i εijk [γj , γk ].
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Lattice setup

Photons: Feynman gauge, QEDL [Hayakawa and Uno, 2008] (omit all modes with ~q = 0)

Gluons: Iwasaki gauge action (RG improved, plaquette+rectangle)

muons: Ls =∞ free domain-wall fermions (DWF)

quarks: Möbius-DWF

2+1f Möbius-DWF physical point QCD ensembles (RBC/UKQCD) [Blum et al., 2014]

483 × 96 643 × 128

a−1 (GeV) 1.73 2.36
a (fm) 0.114 0.084
L (fm) 5.47 5.38
Ls 24 12

mπ (MeV) 139 135
mµ (MeV) 106 106
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Continuum and ∞ volume limits in QED [Blum et al., 2016]

Test method in pure QED

QED systematics large, O(a4), O(1/L2), but under control
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Physical point cHLbL contribution, 483, 1.73 GeV lattice [Blum et al., 2017a]

Measurements on 65 configurations, separated by 20 trajectories
ignore strange quark contribution (down by 1/17 plus mass suppressed)
exponentially suppressed with distance
most of contribution by about 1 fm
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continuum limit and the infinite volume limit analytically for the QED part (muon and

photons) of the calculation. The latter is an approach pioneered by the Mainz group [10].

The former is accomplished through simulations at a finer lattice spacing (a�1 = 2.359(7)

GeV). Preliminary results shown in Fig. 4 are quite compatible with our previous value [7],

indicating lattice spacing e↵ects could be 10-20%. From our calculations in pure QED

we also know that (power law) finite volume e↵ects may be large (see Fig. 5). While we

can not yet be definitive, our results so far strongly suggest the much sought after HLbL

contribution will not rescue the Standard Model. As detailed below, we are confident the

results of this proposal will allow us to make a definite conclusion, based on first principles.
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FIG. 4: The muon’s magnetic form factor in units of (↵/⇡)3 from the connected diagram in light-

by-light scattering shown in the left panel of Fig. 3. 483 lattice [7] (left) and preliminary 643 results

(right) from measurements on ten configurations.
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FIG. 5: Scaling with lattice spacing and volume of the anomalous magnetic moment from light-by-

light scattering in pure QED.

Building on ideas developed for the HLbL contribution, using ALCC resources and our

highly optimized code, and parts of the HLbL calculation like the low-lying eigenvectors

of the Dirac operator, we have produced and assembled all the pieces needed for the HVP

acHLbL
µ = 11.60± 0.96× 10−10
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Physical point cHLbL contribution, 643, 2.36 GeV lattice (preliminary)

Measurements as before, but 43 configurations

exponentially suppressed with distance

most of contribution by about 1 fm
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Disconnected contributions

SU(3) flavor:

xsrc xsnkz′, κ′ y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

xsrc xsnky′, σ′ x′, ρ′ z′, κ′

xop, ν

z, κy, σ x, ρ

xsrc xsnky′, σ′ z′, κ′ x′, ρ′

xop, ν

z, κy, σ x, ρ

Leading O(ms −mu,d )

xsrc xsnkz′, κ′ y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

xsrc xsnky′, σ′ x′, ρ′ z′, κ′

xop, ν

z, κ
y, σ x, ρ

xsrc xsnkz′, κ′

y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

O(ms −mu,d )2 and higher

Gluons within and connecting quark loops have not been drawn

To ensure loops are connected by gluons, explicit “vacuum” subtraction is required
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Leading disconnected contribution

xsrc xsnkz′, κ′ y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

We use two point sources at y and z, chosen randomly. The points sinks xop and x are summed over
exactly on lattice.
Only point source quark propagators are needed. We compute M point source propagators and all M2

combinations are used to perform the stochastic sum over r = z − y (M2 trick).

FD
ν (x , y , z, xop) = (−ie)6Gρ,σ,κ(x , y , z)HD

ρ,σ,κ,ν(x , y , z, xop)

HD
ρ,σ,κ,ν(x , y , z, xop) =

〈
1

2
Πν,κ (xop, z)

[
Πρ,σ(x , y)− Πavg

ρ,σ(x − y)
]〉

QCD

Πρ,σ(x , y) = −
∑
q

(eq/e)2 Tr[γρSq(x , y)γσSq(y , x)].
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Leading disconnected contribution

xsrc xsnkz′, κ′ y′, σ′ x′, ρ′

xop, ν

z, κ y, σ x, ρ

F dHLbL
2 (0)

m

(σs′,s)i

2
=

∑
r,x

∑
xop

1

2
εi,j,k (xop)j · i ūs′ (~0)FD

k (x , y = r , z = 0, xop) us(~0)

HD
ρ,σ,κ,ν(x , y , z, xop) =

〈
1

2
Πν,κ (xop, z)

[
Πρ,σ(x , y)− Πavg

ρ,σ(x − y)
]〉

QCD

∑
xop

1

2
εi,j,k (xop)j 〈Πρ,σ (xop, 0)〉QCD =

∑
xop

1

2
εi,j,k (−xop)j 〈Πρ,σ (−xop, 0)〉QCD = 0

Because of parity, the expectation value for the (moment of) left loop averages to zero.[
Πρ,σ(x , y)− Πavg

ρ,σ(x − y)
]

is only a noise reduction technique. Πavg
ρ,σ(x − y) should remain constant

through out the entire calculation.
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Physical point dHLbL contribution [Blum et al., 2017a]

Use AMA with 2000 low-modes of the Dirac operator and

randomly choose 256 “spheres” of radius 6 lattice units

Uniformly sample 4 (unique) points in each

do half as many strange quark props

Construct (1024 + 512)2 point-pairs per configuration
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Physical point dHLbL contribution, 483, 1.73 GeV lattice [Blum et al., 2017a]

strange contributes less than 5 %
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Physical point dHLbL contribution, 643, 2.36 GeV lattice (preliminary)

44 configurations
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Continuum extrapolation (preliminary)

-0.1

-0.05

 0

 0.05

 0.1

 0.15

 0.2

 0  0.002  0.004  0.006  0.008  0.01  0.012  0.014

connected

disconnected

total

a
µ

a
2
 (fm)

2

linear in a2 → 0
extrapolation

Effects tend to
cancel between
cHLbL and dHLbL
contributions

Collecting more
statistics

43 / 58



Outline I

1 Introduction

2 Hadronic vacuum polarization (HVP) contribution

3 Hadronic light-by-light (HLbL) scattering contribution
towards the continuum limit in finite volume
towards the infinite volume limit

4 Summary

5 References

44 / 58



New QCD ensembles for finite volume study

2+1f Möbius-DWF, I-DSDR physical point ensembles (RBC/UKQCD)

243 × 64 323 × 64 323 × 64 483 × 96

a−1 (GeV) 1.0 1.0 1.38 1.0
a (fm) 0.2 0.2 0.14 0.2
L (fm) 4.8 6.4 4.6 9.6
Ls 24 24 24 24

mπ (MeV) 140 140 140 140
mµ (MeV) 106 106 106 106
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QEDL, connected diagram
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QEDL, disconnected diagram
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QED∞ [Green et al., 2015, Asmussen et al., 2016, Lehner and Izubuchi, 2015, Jin et al., 2015, Blum et al., 2017b]

HLbL point source method [L. Jin et al. 1510.07100]

• Anomalous magnetic moment, F2(q
2) at q2 ! 0 limit

F cHLbL
2 (q2 = 0)

m

(�s0,s)i

2
=

P
x,y,z,xop

2V T
✏i,j,k (xop � xref)j · iūs0(~0)FC

k (x, y, z, xop) us(~0),

• Stochastic sampling of x and y point pairs. Sum over x and z.

FC
⌫ (x, y, z, xop) = (�ie)

6G⇢,�,(x, y, z)HC
⇢,�,,⌫(x, y, z, xop),

xsrc xsnk↵, ⇢ ⌘,  �, �

xop, ⌫

z, 

x, ⇢ y, �

tsrc tsnk↵, ⇢ ⌘,  �, �

z

x y

Taku Izubuchi, Lattice 2017, June 23, 2017 6

Mainz group made first concrete proposal for QED∞
QED∞: muon, photons computed in infinite volume (c.f . HVP)

QCD mass gap: HC
ρ,σ,κ,ν(x , y , z , xop) ∼ exp−mπ × dist(x , y , z , xop)

QED weight function does not grow exponentially

So leading FV error is exponentially suppressed (c .f . HVP) instead of O(1/L2)
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QED∞ weighting function [Blum et al., 2017b]

HLbL point source method [L. Jin et al. 1510.07100]

• Anomalous magnetic moment, F2(q
2) at q2 ! 0 limit

F cHLbL
2 (q2 = 0)

m

(�s0,s)i

2
=

P
x,y,z,xop

2V T
✏i,j,k (xop � xref)j · iūs0(~0)FC

k (x, y, z, xop) us(~0),

• Stochastic sampling of x and y point pairs. Sum over x and z.

FC
⌫ (x, y, z, xop) = (�ie)

6G⇢,�,(x, y, z)HC
⇢,�,,⌫(x, y, z, xop),

xsrc xsnk↵, ⇢ ⌘,  �, �

xop, ⌫

z, 

x, ⇢ y, �

tsrc tsnk↵, ⇢ ⌘,  �, �

z

x y

Taku Izubuchi, Lattice 2017, June 23, 2017 6

= Gρ,σ,κ(x , y , z) + 5 perms.

Note Hermitian part gives same F2 but is infrared finite,

G(1)
ρ,σ,κ(x , y , z) =

1

2
Gρ,σ,κ(x , y , z) +

1

2
Gρ,σ,κ(x , y , z)†

In units of the muon mass mµ,

G(1)
σ,κ,ρ(y , z , x) =

γ0 + 1

2
iγσ(−/∂y + γ0 + 1)iγκ(/∂x + γ0 + 1)iγρ

γ0 + 1

2

× 1

4π2

∫
d4η

1

(η − z)2
f (η − y)f (x − η)
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QED∞ subtraction [Blum et al., 2017b]

Current conservation implies
∑

x HC
ρ,σ,κ,ν(x , y , z , xop) = 0 (V →∞ and a→ 0)

Subtract terms that vanish as a,V → 0

G
(2)
ρ,σ,κ(x , y , z) = G

(1)
ρ,σ,κ(x , y , z)−G

(1)
ρ,σ,κ(y , y , z)−G

(1)
ρ,σ,κ(x , y , y) + G

(1)
ρ,σ,κ(y , y , y)

subtraction changes (may reduce) a and V systematic errors (c .f . HVP)

Further, G
(2)
ρ,σ,κ(z , z , x) = 0 so short distance O(a2) effects suppressed.

The 4-dim integral is (pre-)calculated numerically with CUBA library (cubature
rules).

Translation/rotation symmetry: parametrize (x , y , z) by 5 parameters on N5 grid
points (Mainz uses 3 params by averaging over muon time direction).

(linearly) Interpolate grid in stochastic integral over (x , y)
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QED∞ results- pure QED, lattice-spacing error [Blum et al., 2017b]

lattice spacing error ≈const for mL >∼ 4.8
FV effect <∼ 1% for mL = 9.6
fit: F2(L, a) = F2(L) + k1a

2 + k2a
4
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QED∞ results- pure QED, finite volume error [Blum et al., 2017b]

Take F2(∞) ≈ F2(mL = 9.6)

results for mloop = mline (ae) and mloop = 2mline

F2/(α/π)3 = 0.3686(37)(35) and 0.1232(30)(28) compared to

QED perturbation theory results : 0.371 and 0.120
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QED∞, connected diagram, a = 0.2 fm (preliminary)

 0.06

 0.08

 0.1

 0.12

 0.14

 0.16

 0.18

 0.2

 0.22

 0.02  0.04  0.06  0.08  0.1  0.12  0.14  0.16

a
µ
/(

α
/π

)3

1/(mµL)
2

QED∞ noisier than QEDL

make distance cuts to
enhance signal, suppress noise

Upper: ‘short’ cut = 0.16
fm
Lower: ‘short’ cut = 0.10
fm

Collecting more statistics

(all particles with physical masses)
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Hadronic vacuum polarization

Much progress recently (many groups)

Lattice QCD(+QED) calculations done with physical masses, large boxes +
improved measurement algorithms

disconnected contributions computed by 2 groups

Included NLO QED and Strong Isospin breaking corrections

Lattice and R-ratio results cross-checked and combined with window method

Window method allows further error reduction over R-ratio alone
most accurate determination to date RBC/UKQCD [Blum et al., 2018]

improved bounding+inclusive channel methods being developed: significant stat
error reduction, improved systematics
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Hadronic Light-by-Light

Lattice QCD(+QED) calculations done with physical masses, large boxes +
improved measurement algorithms

Physical point calculations complete at a = 0.114 fm [Blum et al., 2017a]

Physical point nearly complete at a = 0.084 fm (increasing statistics)

together, good control of non-zero a systematic error.

FV corrections: QED∞ (QEDL) + large 9.5 fm QCD box (underway)

Need non-leading disconnected diagrams (underway)

Lattice: unlikely that HLbL contribution will rescue standard model

On track for solid SM result in time for E989 result: Muon g-2 Theory Initiative 2nd
plenary meeting in June (Mainz), WP by the end of the year
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