
Noncommutative geometry
Why and how?

Micha l Eckstein

National Quantum Information Centre
IFTiA, WMFiI, University of Gdańsk, Poland

&
Copernicus Center for Interdisciplinary Studies, Kraków, Poland

7th ICNFP, Koλυµβάρι, 4 July 2018
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Physics is geometry!
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The structure of operational physics

A physical system consists of

states ω ∈ Σ defined by the process of preparation,

observables A ∈ O defined by the measuring apparatus.

The expectation value:

ω(A) := lim
N→∞

1
N

(
mω

1 (A) +mω
2 (A) + . . .+mω

N (A)
)
∈ R

The uncertainty:

∆ω(A)2 := ω((A− ω(A))2) = ω(A2)− ω(A)2 ≥ 0.

e.g. [F. Strocchi, Mathematical Structure of Quantum Mechanics, 2008]
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Micha l Eckstein, UG (Gdańsk) & CC (Kraków), Poland Noncommutative geometry: Why and how?



Operational paradigm
Noncommutative geometry – how?
Noncommutative geometry – why?

C∗-algebras – why?
C∗-algebras – how?
The role of geometry

The structure of operational physics

A physical system consists of

states ω ∈ Σ defined by the process of preparation,

observables A ∈ O defined by the measuring apparatus.

The expectation value:

ω(A) := lim
N→∞

1
N

(
mω

1 (A) +mω
2 (A) + . . .+mω

N (A)
)
∈ R

The uncertainty:

∆ω(A)2 := ω((A− ω(A))2) = ω(A2)− ω(A)2 ≥ 0.

e.g. [F. Strocchi, Mathematical Structure of Quantum Mechanics, 2008]
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C∗-algebra generated by observables

Observables can be

form an algebra:

rescaled: λA ∈ O, for any λ ∈ R,

added: C = A+B via ω(C) := ω(A) + ω(B) for any ω ∈ Σ,

multiplied: AB,BA ∈ O

Apparatus yields finite results ⇒ every A ∈ O is bounded.

Natural definition: ‖A‖ := supω∈Σ |ω(a)|.

O complexify−−−−−−→ OC complete in ‖·‖−−−−−−−−−→ A

A is a C∗-algebra – the observables O generate a C∗-algebra
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Classical observables

What can we measure?

Functions on some parameter space – observables.

A = C(X) is a commutative C∗-algebra.

What is X? (Pure) states of the system.

Gelfand duality f(p) = evp(f) =
∫
X
f(x)δp(x)dx.

More generally, ω(f) =
∫
X
f(x)dµ(x).

Theorem [Gelfand–Naimark (1947)]

A = C(X) determines uniquely the topological space P (A) = X.
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More generally, ω(f) =
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X
f(x)dµ(x).

Theorem [Gelfand–Naimark (1947)]

A = C(X) determines uniquely the topological space P (A) = X.
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Micha l Eckstein, UG (Gdańsk) & CC (Kraków), Poland Noncommutative geometry: Why and how?



Operational paradigm
Noncommutative geometry – how?
Noncommutative geometry – why?

C∗-algebras – why?
C∗-algebras – how?
The role of geometry

Quantum observables

What do we measure in a quantum world?

Operators on a Hilbert space – observables.

Quantum observables, in general, do not commute PQ 6= QP !

A ⊂ B(H) is a noncommutative C∗-algebra.

Pure states in P (A) – rays in H.

Mixed states in S(A) – density matrices.

Theorem [Gelfand’–Naimark (1947)]
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Measurement stability ⇒ smoothness

Classical observables = functions on a parameter space

Stability of the measurement ⇒ continuity ⇒ topology

6=

Stability of the gradients ⇒ smoothness

A = C∞(X) ⊂ C(X), still P (A) ' X.

6= 6=
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Micha l Eckstein, UG (Gdańsk) & CC (Kraków), Poland Noncommutative geometry: Why and how?



Operational paradigm
Noncommutative geometry – how?
Noncommutative geometry – why?

C∗-algebras – why?
C∗-algebras – how?
The role of geometry

Measurement stability ⇒ smoothness

Classical observables = functions on a parameter space

Stability of the measurement ⇒ continuity ⇒ topology

6=

Stability of the gradients ⇒ smoothness

A = C∞(X) ⊂ C(X), still P (A) ' X.

6= 6=
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Causal structure

No-signalling principle ⇒ causal structure

[Wikimedia.org] [R. Penrose: Road to Reality, 2004]

causal structure ⇔ conformal structure

6=

Conformal observables A = C∞(X), with X = (M, [gµν ]).
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Evolution

Evolution needs a time parameter, i.e. a clock.

[R. Penrose: Road to Reality, 2004] [Ehlers, Pirani, Shild: The geometry of free fall and light propagation, 1972]

synchronised clocks + causal structure ⇔ metric structure

6=

Spacetime observables A = C∞(X), with X = (M, gµν).
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The role of geometry

Quantum spacetime hypothesis

Doplicher–Fredenhagen–Roberts microscope:

attempt to localise an event

⇐ must use very short wavelength signals

⇒ critical energy density → black hole formation

⇒ uncertainty ∆x̂µ ·∆x̂ν & λP

⇒ noncommutativity [x̂µ, x̂ν ] = Θµν , C(M)→ AΘ.

[Doplicher, Fredenhagen, Roberts: Spacetime quantization induced by classical gravity, 1994]
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Noncommutative smooth geometry

C∗-algebras provide a topology, but we need smoothness.

6=

6=

differential structure

Hopf algebra Derivations Dirac operator ∗-DGA, . . .

Majid, Wess, Woronowicz, . . . , Dubois-Violette, Madore, Heller, . . . , Connes, . . .
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Micha l Eckstein, UG (Gdańsk) & CC (Kraków), Poland Noncommutative geometry: Why and how?



Operational paradigm
Noncommutative geometry – how?
Noncommutative geometry – why?

Differential calculi
Spectral triples
Spectral action

Noncommutative smooth geometry

C∗-algebras provide a topology, but we need smoothness.

6= 6=

differential structure

Hopf algebra Derivations Dirac operator ∗-DGA, . . .

Majid, Wess, Woronowicz, . . . , Dubois-Violette, Madore, Heller, . . . , Connes, . . .
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Micha l Eckstein, UG (Gdańsk) & CC (Kraków), Poland Noncommutative geometry: Why and how?



Operational paradigm
Noncommutative geometry – how?
Noncommutative geometry – why?

Differential calculi
Spectral triples
Spectral action

Noncommutative geometry à la Connes

(A,H,D) – spectral triple

A – (dense ∗-subalgebra of a) C∗-algebra.

H – Hilbert space with a faithful representation ρ(A) ⊂ B(H).

D – a Dirac operator – densely defined on H, selfadjoint,

(D − λ)−1 for any λ /∈ R – compact resolvent,
[D, ρ(a)] ∈ B(H) for all a ∈ A.

+ technical assumptions – smoothness, dimension, . . .

+ additional structure – modules, charge conjugation, chirality, . . .
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D – a Dirac operator – densely defined on H, selfadjoint,

(D − λ)−1 for any λ /∈ R – compact resolvent,
[D, ρ(a)] ∈ B(H) for all a ∈ A.

+ technical assumptions – smoothness, dimension, . . .

+ additional structure – modules, charge conjugation, chirality, . . .
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Riemannian geometry revisited

Connes’ Reconstruction Theorem [1996–2008]

For every commutative spectral triple (A,H,D) there exists a smooth
compact spin Riemannian manifold M such that:

A = C∞(M), H = L2(M,S), D = D/ = − i γµ∇Sµ .

Geometry encoded in the Dirac operator D/ :

1 differentiation of f ∈ C∞(M)

[D/ , f ] = −iγµ∂µf, ‖[D/ , f ]‖ = ‖gradf‖∞ .

2 geodesic distance

dg(x, y) = inf
γ:[0,1]→M

{l(γ) : γ(0) = x, γ(1) = y}

= sup
f∈C(M)

{|f(x)− f(y)| : ‖[D/ , f ]‖ ≤ 1}
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Examples of spectral triples

Finite spectral triples

AF =
⊕
Mn(C), HF = CN , DF = D†F ∈MN (C)

More noncommutative spaces

graphs,

fractals,

non-Hausdorff spaces,

noncommutative tori,

q-deformed spaces ←− quantum groups

. . .
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Almost-commutative geometry

Almost commutative geometry:

A = C∞(M)⊗AF (gauge group)

H = L2(M,S)⊗HF (fundamental fermions)

D = DM ⊗ 1 + γ5 ⊗DF (masses + mixing angles)

In the spirit of Kaluza–Klein – internal space of particles.

Remark: From the spectral viewpoint (AF ,HF ,DF ) is 0-dimensional.
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The spectral action principle

The spectral action principle [Chamseddine, Connes (1997)]

The physical action only depends upon the spectrum of D.

Implementation – the bosonic action

SB = Tr f (D/Λ) ∼ #{λ(|D|) < Λ}

Λ is an energy scale and f a smooth cut-off function.

Asymptotic expansion: SB(Λ) ∼
Λ→+∞

∑
k fk ak(D) Λk.

Fluctuations of the Dirac operator – including gauge potentials

D → DA = D +A, for A =
∑

ai[D, bi].

Full action: SB + SF = Tr f (DA/Λ) + 〈ψ,DAψ〉 .
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Particle physics
Cosmology
Beyond

Spectral action at the unification scale

Choose A = C∞(M)⊗
(
C⊕H⊕M3(C)

)
and you get . . .

SB =

∫
M

√
gd4x

(
1

2κ2
0

R+ α0CµνρσC
µνρσ + γ0 + τ0R

?R?+

+
1

4
GiµνG

µνi +
1

4
F aµνF

µνa +
1

4
BµνBµν+

+
1

2
|DµH|2 − µ2

0|H|2 + λ0|H|4 − ξ0R|H|2
)

+O(Λ−1)

EH term + Weyl term + cosmological constant + topological term,

dynamical terms of SM bosons,

Higgs sector, coupling between Higgs and gravity.

SF recovers the fermionic part of the SM.

The spectral action yields an effective model valid at Λ ≈ 1015 GeV.
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Consequences in particle physics

Constraints on finite ST ⇒ a narrow class of admissible models.

Neutrino mixing + Majorana mass term.

Couplings at the unification scale satisfy 5
3g

2
1 = g2

2 = g2
3 .

Composite Higgs – new boson emerging from Pati–Salam unif.

[van Suijlekom: Noncommutative Geometry and Particle Physics, Springer, 2015]
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Consequences in cosmology

Equations of motion for the gravity sector

Rµν −
1

2
gµνR+

1

β2
δcc

[
2Cµλνκ;λ;κ + CµλνκRλκ

]
= κ20δccT

µν
matter

δcc = (1− 2κ2
0(Λ)ξ0H

2)−1 – effective gravitational constant.

Cosmic topology

[Sakellariadou, Cosmological consequences of NCG, arXiv:1010.4518]
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Causal structure of noncommutative spacetimes

[R. Penrose: Road to Reality, 2004]

N. Franco, M.E., Class. Quant. Grav. 30 (2013) 135007

Given a Lorentzian spectral triple (A,H,D), the operator D defines a
partial order relation on the space S(A).

Applications in wave packet formalism
The talk of Tomasz Miller – tomorrow, 15:40, room 3

A geometric viewpoint on Zitterbewegung
[M.E., N. Franco, T. Miller: Phys. Rev. D95, 061701(R) (2017)]

Applications in Quantum Information theory
[M.E., P. Horodecki, R. Horodecki, Information processing in spacetime,

arXiv:18xx.xxxxx]
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The spectral action

If the space(time) is truly noncommutative, then
the action might:

not admit an asymptotic expansion at all;

have a convergent expansion;

involve logarithmic logn Λ terms;

involve oscillating Λin terms . . .
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Take-home messages

Physics is geometry.

Rather than quantising the geometry, we should
understand the geometry of the quantum.

Noncommutative geometry is more than “quantum spacetime”.

Thank you for your attention!

M. Sakellariadou: Cosmological consequences of NCG, arXiv:1010.4518.

W. van Suijlekom: Noncommutative Geometry and Particle Physics,
Springer, 2015.

M. Eckstein: The geometry of noncommutative spacetimes,
Universe 3 (2017) 25.
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