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We want to study a quantum field theory with:
e Approximate scale invariance
e Spontaneous symmetry breaking

e A condensate with scaling dimension
1D, ] = Agp

e Dilaton as a pseudo-Goldstone boson

G.W.S, Fei Zhou, Phys.Rev.Lett. 120 (2018) 200401.
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Motivation:

e Standard Model Higgs as a dilaton (For example, in walking
technicolor theories of dynamical breaking of electroweak

symmetry. )

Dilaton is a pseudo-Goldstone boson for spontaneous breaking

of approximate conformal symmetry.

The Coulomb branch of N' = 4 supersymmetric Yang-Mills

theory has a massless dilaton.

Can we find a quantum field theory model which exhibits this
phenomenon which is under complete analytic control?

Yes, in large N limit of a non-relativistic Fermi gas in 2 space,

one time dimensions. Strong coupling, controlled by %

expansion.

How is the dilaton manifest there?
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Example: O(IN)-invariant %(52)3-theory in 3 dimensions:

e (lassical scale invariance, broken by beta function

1

Br

which is small when N is large

e N — oo: Bardeen-Bander-Moshe phase transition
<: 52 :>= () breaks scale symmetry

4 a massless dilaton

e When N < oo, dilaton becomes a tachyon
BBM phase is unstable
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Scale invariant 2-body interaction potential:

L0 W =, 2= =
2h§¢($1,$2,t) = — — V5 — go (5131 - x2) ¢(

2m

e Classical scale invariance: ¥} — OZ, Ty — OFy, t — Ot

e g > 0, attractive interaction

Quantum mechanical problem always needs an extra
dimensionful parameter to define the Schrodinger equation in

the s-wave channel (self-adjoint extension).

The attractive interaction always has a bound state.
Dimensionful parameter = energy of s-wave bound state =
binding energy of Cooper pair

An attractive Fermi gas should always be a superfluid with a
condensate of Cooper pairs
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Many-particle theory:

e (Euclidean) Lagrangian density (A =1, 2m =1,
anti-commuting v, ")

L, 1) = OI(&, ) (T, 1) + VI (T, 1) - Vibe (T, 1)

— Bl (@ (@, 1) — 5= (W](E Da(@, 1))

e Fuclidean action
St ot} = [ dt [ o £, vl

e ® = grand canonical potential density

L~V _ / dypdyt exp (— [, 1))

where V = space-time volume.
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Many-particle theory:

e (Euclidean) Lagrangian density (A =1, 2m =1,
anti-commuting v, ")

L(h, 1) = Wl (Z, )ha (T, 1) + VYOI (T, 1) - Vepa (T, 1)

— o} (B (@, 8) — 5 (W@, (@)

when p = 0 3 classical scale invariance, S = [ dt [ d®zL(),¥T)

is invariant under (%, t) — e®Y(e®P T, e2°t)
Tune p — 0 and g — g* B(g9) ~1/N

Use (strong) attractive interaction to retain non-zero density
N S .

P = % Za:l < wl(x7t)wa($7t) >

p — €29 p breaks (approximate) scale symmetry

dilaton as a collective mode

ICNFP 2018



Leading order at large IN:

L=4' + 0. 3¢ —u ¢y —2_% (W)™
=gt + @”4"'.;??_@.??) Yy + N_zif""
M oge= AU +9<Le>
A N mNQﬁ o Nﬁ'ﬂ,‘i
Vas= O + R & 3
N

+DOOO4O%O+---

Bonin gg" teso” o @) |
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N — oo
Determine p by finding minimum of grand canonical potential

2 + 2
=N g'02—('u 87‘3’)) + O(1/N)

w=(4r —g)p + O(1/N), g=4x —% + O(1/N)

Quantum critical behaviour at double scaling limit
u—>0,g—g" =41 + O(1/N) with p #0

When g — 4,

2
P=NE-l4m —g+ O(1/N)] ~ ¢" —g

N = o0, P =0 for any p — infinite compressibility,

1 d(N *
K = 5 (Np) = Ko — ko for free Fermi gas
(Np)*  dp g —g
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Dilaton is a collective mode in the density-density correlation

function;

In the w << k/4mp << 47p regime,
1 ﬁ]a *
Ng\/;’ g P\
= I'k)=(=——1 — |k
(pp) (k) —iw (k) (g )\ﬁ\l

I'(k) - 0 when g — ¢* = 47 + O(1/N)

Dilaton pole ~ 1/w

Non-relativistic Goldstone bosons:
Typel: w~ |k| antiferromagnet
TypeIl: w~k?  ferromagnet
TypeIIl: w~0 dilaton

Fourier transform of - is the step function 6(t)
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Phase diagram:

stable
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w_m.q-\leE-T' DIWERGENCE IN THE

FEsRMIoN-FERMION CHAN VEL
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Scale anomaly:
beta function for g in fermion-fermion channel, is of order 1/N

Ba(A2) = A2 a(A?) =

At N = oo, scale invariance is exact.
At large but finite N, scale invariance is only approximate.
g(A?)

g(p) = 5
1+ 98(7[r\N) In 45

+O(xz)

Infrared Landau pole at

g = A2€—87TN/g(A2)

Binding energy of Cooper pair.
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Next-to-leading order:

V.,g_& b OI‘&E,U" No
O ot .
O N*
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O

=

-{,—kh-

~ N‘.‘%
wa\rj_cww yawau.ag{ b'1 cauf'r;-, Cchs"“ad'
vewo rm{t%a‘“ on
~ gt (me 99) A £
iz

ICNFP 2018



Corrections to the large N limit:

e example of Coleman-Weinberg mechanism for dynamical

symmetry breaking

use renormalization group to re-sum logarithmically singular

terms to all orders
replace g by the running coupling constant g(eg)

Renormalization group improved grand canonical potential

@:N[%— (”;fpy ( —%) +O(1/N2)]

%—f = 0 yields

B=p [47'(' — g+ % — —2w§(g) + C”)(l/NQ)]
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Pressure and compressibility:

2
-
P:NE[Q — 9]

p(4m)  B(4r)

41N 47

g*:47r<1—|—

Lower critical density

* A2 —8m N 1__ _
9(47Tpcrit.) =g , Pcrit. — Ee " (Q(AQ)

critical chemical potential is of order 1/N and negative,

B(g* T
Herit. = 27Tpcrit.¥ — — < Perit.
g N

Compressibility
2N + In —£

crit.

1+ 1In-2L

crit.
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Phase diagram:

stable
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Summary and conclusions:

e Interesting strong coupling phase of N-component

2-dimensional Fermi gas with attractive interaction

Characterized by large compressibility kK ~ 2Nk , weakly
damped dilaton < pp >~ == ' ~ |k|/N

I'—iw?’
weakly bound Cooper pair. Bose condensation of Cooper pairs
would further stabilize the finite density phase.

but condensation unstable at small temperature in the range
mp < kg T' < p or other small randomizing effects

ongoing numerical investigations about how large N has to be
in order to see this behaviour

up to N=10 achievable experimentally (but difficult to control

attractive interactions)
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