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BFKL kernel is related to an integrable spin chain
higher symmetry (based on Yangians of s/, type)

@ in operator products, anomalous dimension

Braun, Derkachov, Manashov, 1998 ;

Beisert, Staudacher, 2003

@ in Wilson loop expectation values
Drummond, Henn, Korchemsky, Sokachev, 2007
@ in scattering amplitudes

Drummond, Henn, Plefka, 2009



Yangian symmetric correlators

Yangian symmetric correlators (YSC)

CD(X1,...,XN),X,' = (Xi1 '--7Xin)

symmetry generated by Loy = Xa0p,a,b,=1,..,n(gln)
L-operator L(u)ap = (U + 1)dap + Lap.

at each point X;: Li,ab = Xi,abai,aba i=1,...,N
scaling weights: (x;0;)® = 2¢;¢



Yangian symmetric correlators

YSC condition:

Tap(u)® = E(u)dap®

monodromy matrix:

T(u) = Ly(uq, uf)...Ln(un, ufy)

B <u1 uN>
=\, + +
ul Uy

work with D. Chicherin and S. Derkachov, 2013



Yangian symmetric correlators

Generic link integral forms (case N = 4)
in positions (Witten twistors)

d(X1,...,Xq) = /d4090(0)5(n)(x1 —C13X3 — C14X4)0(") (X2 — Co3X3 — Co4X4)
in helicities n =2m

O, Moo Aty Ag) = / d*cp(c)

5™ (X — c13h3 — c1a2a)d ™M (Ng — Cog)3 — Coaa)
8™ (A3 + C1aA1 + C23X2)8™ (A4 + Cratt + Coa o)



Yangian symmetric correlators

Particular solutions used in the following
N=4

_ _ +_ _ 12 3 4
(ox(€)) ™" = i3 (CraCaa—C13Caa) T gy M, <3 4 1+ 2+>

_ _ +_ _ 1 2 3 4
(p=(0)) " = C13024Ch2 " (C14Co3—Ci13Cq) ' Tt ~HaclE ™, <4 3 ot 1+



Yangian symmetric correlators

—1
—t+ +Uz—Up '|+U1 1 2 3
v (01 g > ’ <2 3 1+

1
__ 14+uf—uf 1+uf—u 1 2 3
o= (Czs * Tog 3) ’ (3 1+ 2+>
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YSC - relations to QCD

o n=4, S‘/a’ Aia Ui+ 1 = helicity — QCD tree amplitudes

e n=2, k,-7: XiXi, i + % = parton helicity — DGLAP kernels
e NnN=2x = % — ERBL/DGLAP kernels for GPD

e NnN=2x= %e, — 0 — BFKL kernel

@ convolution construction of YSC — Gell-Mann-Low coeff. in
ag(Q?)



QCD amplitudes

Oper = p(C*, 1, h2, )5 k)

k. = X,.dA,-,a,ze,- =uf —u,2h=20;+2

i
< >=XigAj2 — Ni2Ajts L] = Xiadji2 — NigAj 1

oo [14_ <82> . [13]  <42>
3734 T T <12>" 7T 43) 0 <12

[24] <31> , _ [23] <41 >
c; Coy = = — .
287 [34] T <21> 2" [43] <21 >

C14Co3 — Ci3Co4 = [34] ~ 12>




QCD amplitudes

[14][23] > = [12]1+2m[34]1-2h

ox(e'te) = ((13iaa) ) rafap-onon

*. ([ [13][24] ° [12]'+2Mm[34]1-2h
p=(c* i, hpe) = ([12][34]) [14][23][24]2M 2



QCD amplitudes

gluon-gluon

M(,1,—1,—1) = px(c*,1,1,0), M(—1,-1,1,1) = px(c*,—1,—-1,0),

M@, -1, -1,1) = px(c*,1,-1,4),M(—1,1,1,-1) = px(c*, —-1,1,0),

M, 1, -1, —1) = po—(c",1,1,0), M(—1,—-1,1,1) = p—(c*,-1,-1,0),

M, —1,1,—1) = p_(c*,1,-1,4),M(—1,1,-1,1) = po_(c*,—1,1,0).



QCD amplitudes

quark - quark

M(%’%’_%’_%):(pX(C*v%aéaOL
M(%’_%’_%’%):(‘OX(C*’%’_%’S)? M(—%,%,%,— ):¢X(C*7_%7%71)
11 1 1
M(§7§>_§>_§)
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QCD amplitudes

quark-gluon

M(17%7_1a_%)ZQOX(C*a‘I)%u‘I)a M(1a_%7_1 ) ¢X(C717 73)

M(17 ;7 25 _1) = @:(C*u 1) %7 1)7 M(17 _%7 %7 _1) = 90:(0*7 17 _%73)
selection of YSC by asymptotics or analytic structure



Parton kernels

Parton kernels

5 5
P55 = (4)(2 Ak,aj\k d) H <i—1,i>"1+2ho+2h
1

work with G. Savvidy, 2016



Parton kernels

collinear limit

iNnMs, <i,i+1>—=0

ki — zp, Kiv1— (1 —=2)p, A\i = VZAp, A1 — V1 = 2Z)p,

<i—1i>=<i—-1,p>Vz, <i+1,i+2>=<p,i+2>V1—-2z
Mso — Myp < i,i+1>"" Split(hp, hi, hiy+)

z(1-2)

Split(hp, hi, hit1) = z1hi(1 — Z)nhiss

n:hi+hi+~|+hp::|:1



Parton kernels

Parton kernels from split factors

PIC, (2) = (Split(hg, h. ha))? = 2'~27"8(1

hgha

w, " (2) = (Split(h ', h))?

h//
gluon-gluon:

wi =z(1 -2)z7' (1 —2) P+ z(1 - 2)[z"'(1 - 2)T"]2 =

Wit = z(1 - 2z (1 - 2y p = U220

quark-quark:
1 1 1

w? =2z(1-2)[z72(1 - 2)72]" + 2(1 - 2)z+2(

1
1-2)"2]2 =

—z)!"2he A B+ C

1+ 24
z(1-2)

14 22

1=2
ICNFP2018 19/31



Parton kernels

gluon-quark:

1 1 1
w? =z(1 - 2)[z2(1 — z) 2]? = Z°

WP Z(1— 2R (- 2R = (1 - 22

quark-gluon:

wl =z(1 - 2)[z7 (1 - z)_%]2 =z

POl —+ s

(1-2)2
z

;
wil=z(1-2)[z7'(1-2z)t2)? =

2
Kernels for hypothetical partons of other helicities are obtained too.



Split amplitude and 3-point YSC at n =2

with the monodromy characterized by
1 2 3
2 3 1*
CDC,T—H-’)\ = /dZC 90_++ (5(5\1 —C125\2—C135\3)(5()\2+C12)\1)(5()\34-013)\1) =

5\1 a4 5\2 ap 5\3 as
() et

Unlike the 4-dimensional case: 2a=2/+1and a; + a> + az = 77%:

in helicity form is (k; = \;j\))



Parton kernels

The case n = —1 comes with the other 3-pont YSC

(1 2 3
¢3+<31+2+)

(Split(hg, he, ha))? ~ &3 T @ &~ = o,



Parton kernels

]
&~ (ay, ap, asi ki, ke, ka) ~ (Kikoks)2 ki "% ky "%k %

Split(hy, ho, hg; z) = &Ky o, by — Ly —2z,2 — 1,1)



Parton kernels

The relation arising from symmetry in subscripts 1,2, 3 match the
crossing rules for parton evolution kernels:

1
h h
Phane(2) = £2Ppcy, ()

1

—h —H
w,"(2) = zw, (z

)



Parton kernels and 4-point YSC at n =2

with J. Fuksa 2016

5()\15\1 + )\25\2 + )\35\3 + )\45\4)

1
ot = /d024804(0(0)(024)) <
M A3
our case: with ¢x, the n = 2 analogon of the YSC for tree amplitudes.
k=X
)\?17”371)\12]2_[]4_1 5\517“371 X:z_u4_1 (5(/(1 + k2 + k3 + k4)><

/ dectr—te—1 (k1 + K4 + C)u?’_u“_1 (k2k4 + C(k1 + k2))u4—u1+1



Parton kernels

application to kernels in the limit ky + ko = 0
1,2,3,4,—~1,2/,1,2

~  (kyky )T (g, — )R

reproduces parton splitting functions z = %

g—g, h1:h2:_1aV:07 _1a—2
1424 z2
105\ _ _ _ 3
zwy (2) = — _21 _Z+4z(1 2)+(1-2)
more interesting: It reproduces the kernels of GPD scale evolution.

Bukhvostov, Frolov, Kuraev, Lipatov, 1995.

R.K, S. Derkachov, 2001



BFKL

Operators with YSC as kernels
R vl,x0) = [ aiogux IOt x5, . xelu)
For complex x — x, x, positions in transverse subspace,
Ryl (x1, x2) = / ¥, s I, AR (X, X, K R)B(X, X, X1 X2 U)D(R] R, 3
The YSC condition implies Yang-Baxter RLL relations.

Ri2(u) = P12+ uHi2 + ...

L.N. Lipatov, 1993



BFKL

Use the solution px at n = 2 in normal coordinates

dx(X], X5, X1, Xo|U) = X, Fpx(c?)

CFa = X14 « _ X134 _ Xea o X2
183~ »Ga=—_»C3 =504 =—"—
X34 X34 X34 X34

At /1 = ¢, = 0 the decomposition in u = ¢ leads to the BFKL kernel in
the dipole form

" | x12]2dP x;

Nikolaev, Zakharov, 1994, Mueller, 1994
Balitsky, Kovchegov 1999

Bartels, Lipatov, Vacca, 2004



Asymptotic freedom

Asymptotic freedom

>

2

/dX1/dX2/¢g++(1,2/, 1/) ¢g_+(1l,2l,2) = B(—2€1/, —252/)(])2__'_(1,2)



Asymptotic freedom

20 +2 =2h=2h+ 2¢, 2hinteger,

B(2h+2,—2h+2) =

- reh+2) 1, oo -
Gsin(r(2 — 2 T(2h—1) _ 12-(2n+1)2h(2h=1)+
- 2
1y 12/(73 +1
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Asymptotic freedom

Relation to classical papers on parton evolution:
momentum sum rule

1
/O dzP", (z) = B(2 + 2h,2 — 2h)

L.N. Lipatov, 1994; Altatrelli, Parisi, 1994
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