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Reminiscences

My work with Lev N. Lipatov

first contact at LIYaF in 1978
start of joint work in 1981
some results

QCD amplitudes in double-logs, 1983.
“Double Logarithmic Asymptotics and Regge Singularities of
Quark Amplitudes with Flavor Exchange”
QCD Regge asymptotics, branch cuts and poles, 1989.
“Bare Reggeons in Asymptotic Free Theories”
QCD Regge asymptotics, effective action approach, 1993.
with Lech Szymanowski
‘Effective action for multi - Regge processes in QCD,”
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Reminiscences

Integrability in QCD discovered by L.N. Lipatov in 1993:
BFKL kernel is related to an integrable spin chain
higher symmetry (based on Yangians of sln type)

in operator products, anomalous dimension
Braun, Derkachov, Manashov, 1998 ;

Beisert, Staudacher, 2003

in Wilson loop expectation values

Drummond, Henn, Korchemsky, Sokachev, 2007

in scattering amplitudes

Drummond, Henn, Plefka, 2009
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Yangian symmetric correlators

Yangian symmetric correlators (YSC)

Φ(x1, ...,xN),xi = (x1
i , ..., x

n
i )

symmetry generated by Lab = xa∂b,a,b,= 1, ..,n (g`n)
L-operator L(u)ab = (u + 1)δab + Lab.

at each point xi : Li,ab = xi,ab∂i,ab, i = 1, ...,N
scaling weights: (xi∂i)Φ = 2`iΦ
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Yangian symmetric correlators

YSC condition:

Tab(u)Φ = E(u)δabΦ

monodromy matrix:

T (u) = L1(u1,u+
1 )...LN(uN ,u+

N )

u =

(
u1 ... uN
u+

1 ... u+
N

)
work with D. Chicherin and S. Derkachov, 2013
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Yangian symmetric correlators

Generic link integral forms (case N = 4)
in positions (Witten twistors)

Φ(x1, ...,x4) =

∫
d4cϕ(c)δ(n)(x1−c13x3−c14x4)δ(n)(x2−c23x3−c24x4)

in helicities n = 2m

Φ(λ̄1, λ1, ..., λ̄4, λ4) =

∫
d4cϕ(c)

δ(m)(λ̄1 − c13λ̄3 − c14λ̄4)δ(m)(λ̄2 − c23λ̄3 − c24λ̄4)

δ(m)(λ3 + c13λ1 + c23λ2)δ(m)(λ4 + c14λ1 + c24λ2)
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Yangian symmetric correlators

Particular solutions used in the following
N = 4

(ϕX (c))−1 = c1+u4−u3
13 (c14c23−c13c24)1+u+

1 −u4c1+u2−u1
24 ,

(
1 2 3 4
3 4 1+ 2+

)

(ϕ=(c))−1 = c13c24cu2−u1
23 (c14c23−c13c24)1+u+

1 −u3cu3−u4
14 ,

(
1 2 3 4
4 3 2+ 1+

)
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Yangian symmetric correlators

N = 3

ϕ−++ =

(
c1+u3−u2

12 c1+u+
1 −u3

13

)−1

,

(
1 2 3
2 3 1+

)

ϕ−−+ =

(
c1+u+

2 −u+
1

23 c1+u+
1 −u3

13

)−1

,

(
1 2 3
3 1+ 2+

)
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Yangian symmetric correlators

YSC - relations to QCD

n = 4, λ̄
i,
·
α
, λi,α `i + 1 = helicity→ QCD tree amplitudes

n = 2, ki = λ̄iλi , li + 1
2 = parton helicity→ DGLAP kernels

n = 2, xi =
xi,1
xi,2
→ ERBL/DGLAP kernels for GPD

n = 2, xi =
xi,1
xi,2
, `i → 0→ BFKL kernel

convolution construction of YSC→ Gell-Mann-Low coeff. in
αS(Q2)
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QCD amplitudes

QCD amplitudes

Φhel = ϕ(c∗,h1,h2, ε)δ(
∑

ki)

k
i,
·
αα

= λ̄
i,
·
α
λi,α,2`i = u+

i − ui ,2hi = 2`i + 2

< ij >= λi,1λj,2 − λi,2λj,1, [ij] = λi,1λj,2 − λi,2λj,1

c∗13 =
[14]

[34]
= −< 32 >

< 12 >
, c∗14 =

[13]

[43]
= −< 42 >

< 12 >
,

c∗23 =
[24]

[34]
= −< 31 >

< 21 >
, c∗24 =

[23]

[43]
= −< 41 >

< 21 >
.

c∗14c∗23 − c∗13c∗24 = − [12]

[34]
=
< 43 >
< 12 >
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QCD amplitudes

ϕX (c∗; h1,h2, ε) =

(
[14][23]

[12][34]

)ε [12]1+2h1 [34]1−2h2

[14][23]1+2h1−2h2

ϕ=(c∗; h1,h2, ε) =

(
[13][24]

[12][34]

)ε [12]1+2h1 [34]1−2h2

[14][23][24]2h1−2h2

High-energy QCD ICNFP2018 13 / 31



QCD amplitudes

gluon-gluon

M(1,1,−1,−1) = ϕX (c∗,1,1,0), M(−1,−1,1,1) = ϕX (c∗,−1,−1,0),

M(1,−1,−1,1) = ϕX (c∗,1,−1,4),M(−1,1,1,−1) = ϕX (c∗,−1,1,0),

M(1,1,−1,−1) = ϕ=(c∗,1,1,0), M(−1,−1,1,1) = ϕ=(c∗,−1,−1,0),

M(1,−1,1,−1) = ϕ=(c∗,1,−1,4),M(−1,1,−1,1) = ϕ=(c∗,−1,1,0).
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QCD amplitudes

quark - quark

M(1
2 ,

1
2 ,−

1
2 ,−

1
2) = ϕX (c∗, 1

2 ,
1
2 ,0),

M(1
2 ,−

1
2 ,−

1
2 ,

1
2) = ϕX (c∗, 1

2 ,−
1
2 ,3), M(−1

2 ,
1
2 ,

1
2 ,−

1
2) = ϕX (c∗,−1

2 ,
1
2 ,1)

M(1
2 ,

1
2 ,−

1
2 ,−

1
2) = ϕ=(c∗, 1

2 ,
1
2 ,0),

M(1
2 ,−

1
2 ,

1
2 ,−

1
2) = ϕ=(c∗, 1

2 ,−
1
2 ,3), M(−1

2 ,
1
2 ,−

1
2 ,

1
2) = ϕ=(c∗,−1

2 ,
1
2 ,1)
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QCD amplitudes

quark-gluon

M(1, 1
2 ,−1,−1

2) = ϕX (c∗,1, 1
2 ,1), M(1,−1

2 ,−1, 1
2) = ϕX (c∗,1,−1

2 ,3).

M(1, 1
2 ,−

1
2 ,−1) = ϕ=(c∗,1, 1

2 ,1), M(1,−1
2 ,

1
2 ,−1) = ϕ=(c∗,1,−1

2 ,3).

selection of YSC by asymptotics or analytic structure
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Parton kernels

Parton kernels

Φ5,2 = δ(4)(
5∑
1

λk ,αλ̄k ,
·
α

)
5∏
1

< i − 1, i >−1+2hi−2+2hi+1

∑5
1 hi = 1.

work with G. Savvidy, 2016
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Parton kernels

collinear limit

in M5,2 < i , i + 1 >→ 0

ki → zp, ki+1 → (1− z)p, λi →
√

zλp, λi+1 →
√

1− zλp,

.

< i − 1, i >→< i − 1,p >
√

z, < i + 1, i + 2 >→< p, i + 2 >
√

1− z

M5,2 → M̃4,2 < i , i + 1 >−1 Split(hp,hi ,hi+1)

Split(hp,hi ,hi+1) =

√
z(1− z)

zηhi (1− z)ηhi+1

η = hi + hi+1 + hp = ±1
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Parton kernels

Parton kernels from split factors

PhC
hBhA

(z) = (Split(hB,hC ,hA))2 = z1−2ηhB (1− z)1−2ηhC ,A→ B + C

w−h′
h (z) =

∑
h′′

(Split(h′,h′′,h))2

gluon-gluon:

w1
1 = z(1− z)[z−1(1− z)−1]2 + z(1− z)[z+1(1− z)+1]2 =

1 + z4

z(1− z)

w−1
1 = z(1− z)[z−1(1− z)+1]2 =

(1− z)3

z
quark-quark:

w
1
2
1
2

= z(1− z)[z−
1
2 (1− z)−

1
2 ]2 + z(1− z)[z+

1
2 (1− z)+

1
2 ]2 =

1 + z2

1− z

w
−1

2
1
2

= 0
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Parton kernels

gluon-quark:

w
1
2

1 = z(1− z)[z
1
2 (1− z)−

1
2 ]2 = z2

w
−1

2
1 = z(1− z)[z−

1
2 (1− z)+

1
2 ]2 = (1− z)2

quark-gluon:

w1
1
2

= z(1− z)[z−1(1− z)−
1
2 ]2 = z−1

w−1
1
2

= z(1− z)[z−1(1− z)+
1
2 ]2 =

(1− z)2

z

Kernels for hypothetical partons of other helicities are obtained too.
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Parton kernels

Split amplitude and 3-point YSC at n = 2

with the monodromy characterized by(
1 2 3
2 3 1+

)
in helicity form is (ki = λi λ̄i )

Φ−++,λ
3 =

∫
d2c ϕ−++ δ(λ̄1−c12λ̄2−c13λ̄3)δ(λ2 +c12λ1)δ(λ3 +c13λ1) =

=

(
λ̄1

λ1

)a1 ( λ̄2

λ2

)a2 ( λ̄3

λ3

)a3

k−a1
1 k−a2

2 k−a3
3 δ(k1 + k2 + k3).

Unlike the 4-dimensional case: 2a = 2`+ 1 and a1 + a2 + a3 = η 1
2 :
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Parton kernels

The case η = −1 comes with the other 3-pont YSC

Φ−−+
3

(
1 2 3
3 1+ 2+

)
(Split(hB,hC ,hA))2 ∼ Φ−−+

3 ⊗ Φ+−−
3 = Φ−−++

4
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Parton kernels

Φ−++,k (a1,a2,a3; k1, k2, k3) ∼ (k1k2k3)
1
2 k−ηa1

1 k−ηa2
2 k−ηa3

3

Split(h1,h2,h3; z) = Φ−++,k (h1,h2,h3 − 1
2η;−z, z − 1,1)
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Parton kernels

The relation arising from symmetry in subscripts 1,2,3 match the
crossing rules for parton evolution kernels:

PhB
hAhC

(z) = ±zPhB
hChA

(
1
z

)

w−h
h′ (z) = z w−h′

h (
1
z

)
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Parton kernels

Parton kernels and 4-point YSC at n = 2

with J. Fuksa 2016

Φ−−++ =

∫
dc24ϕ4(c(0)(c24))

1
λ1λ̄3

δ(λ1λ̄1 + λ2λ̄2 + λ3λ̄3 + λ4λ̄4)

our case: with ϕX , the n = 2 analogon of the YSC for tree amplitudes.
k = λ̄λ

λu1−u3−1
1 λu2−u4−1

2 λ̄u1−u3−1
3 λ̄u2−u4−1

4 δ(k1 + k2 + k3 + k4)×∫
dccu1−u2−1 (k1 + k4 + c)u3−u4−1 (k2k4 + c(k1 + k2))u4−u1+1
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Parton kernels

application to kernels in the limit k1 + k2 = 0
1,2,3,4,→ 1′,2′,1,2

∼ (k1k1′)
−h1−h2+v (k1′ − k1)−1−2v

reproduces parton splitting functions z =
k1′
k1

g → g, h1 = h2 = −1, v = 0, −1, −2

zw1
1 (z) =

1 + z4

1− z
= 2

z2

1− z
+ 4z(1− z) + (1− z)3

more interesting: It reproduces the kernels of GPD scale evolution.
Bukhvostov, Frolov, Kuraev, Lipatov, 1995.

R.K, S. Derkachov, 2001
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BFKL

Operators with YSC as kernels

[R · ψ](x1, x2) =

∫
dx ′1dx ′2ψ(x ′1, x

′
2)Φ(x ′1, x

′
2, x1, x2|u)

For complex x → x , x̄ , positions in transverse subspace,

[Rψ](x1, x2) =

∫
dx ′1dx ′2dx̄ ′1dx̄ ′2ψ(x ′1, x

′
2, x̄
′
1, x̄
′
2)Φ(x ′1, x

′
2, x1, x2|u)Φ(x̄ ′1, x̄

′
2, x̄1, x̄2|ū)

The YSC condition implies Yang-Baxter RLL relations.

R12(u) = P12 + uH12 + ...

L.N. Lipatov, 1993
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BFKL

Use the solution ϕX at n = 2 in normal coordinates

ΦX (x ′1, x
′
2, x1, x2|u) = x−2

12 ϕX (c∗)

c∗13 =
x14

x34
, c∗14 = −x13

x34
, c∗23 =

x24

x34
, c∗24 = −x23

x34

At `1 = `2 = 0 the decomposition in u = ε leads to the BFKL kernel in
the dipole form∫
|x12|2d2x3

|x13|2|x23|2
(
δ(2)(x21′)δ(x2′3) + δ(2)(x12′)δ(x1′3)− δ(2)(x12′)δ(x21′)

)

Nikolaev, Zakharov, 1994, Mueller, 1994
Balitsky; Kovchegov 1999

Bartels, Lipatov, Vacca, 2004
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Asymptotic freedom

Asymptotic freedom

1

2’

2

1’

∫
dx1′dx2′Φ

−++
3 (1,2′,1′) Φ−−+

3 (1′,2′,2) = B(−2`1′ ,−2`2′)Φ−+
2 (1,2)
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Asymptotic freedom

2`+ 2 = 2h = 2h̄ + 2ε, 2h̄ integer,

B(2h + 2,−2h + 2) =

π

6 sin(π(2− 2h)

Γ(2h + 2)

Γ(2h − 1)
= − 1

12ε
(2h̄ + 1)2h̄(2h̄ − 1)+

(−1)2h̄−12h̄2 + 1
6
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Asymptotic freedom

Relation to classical papers on parton evolution:
momentum sum rule∫ 1

0
dzPh

−h,1(z) = B(2 + 2h,2− 2h)

L.N. Lipatov, 1994; Altatrelli, Parisi, 1994
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Asymptotic freedom

YSC - relations to QCD

n = 4, λ̄
i,
·
α
, λi,α `i + 1 = helicity→ QCD tree amplitudes

n = 2, ki = λ̄iλi , li + 1
2 = parton helicity→ DGLAP kernels

n = 2, xi =
xi,1
xi,2
→ ERBL/DGLAP kernels for GPD

n = 2, xi =
xi,1
xi,2
, `i → 0→ BFKL kernel

convolution construction of YSC→ Gell-Mann-Low coeff. in
αS(Q2)
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