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< This is an attempt to shed some new light on non-
renormalizable interactions with the aim to make sense of
them at least in some cases

< As an example we consider maximally supersymmetric
gauge theory in D=8 dimensions and focus on the on-sheli
scattering amplitudes

-~ The reason is that this case was studied in detail

in collaboration with A. Borlakov, D.Tolkachev and D.Vlasenko

JHEP 1612 (2016) 154, arXiv:1610.05549v2 [hep-th]
Phys.Rev. D95 (2017) no.4, 045006 arXiv:1603.05501 [hep-th]
Phys.Rev. D97 (2018) no.12, 125008 arXiv:1712.04348 [hep-th],

and has important advantages

< All analysis in performed within dimensional regularization



Maximal SYM

D=4 N=4
D=6 N=2
D=8 N=1
D=10 N=1

Motivation

¢ Partial or total cancellation of UV divergences | ,v\e““\ia’\o“

(all bubble and triangle diagrams cancel) (
¢ First UV divergent diagrams at D=4+6/L o
¢ Conformal or dual conformal symmetry e
¢ Common structure of the integrands



Maximal SYM

D=4 N=4
D=6 N=2
D=8 N=1
D=10 N=1

Motivation

¢ Partial or total cancell' “ed fxO

o}
(all bubble 2=~ e obt \“ a0 “Cancel) Nmoﬂe\d‘
¢ Firs? :‘“\ e ompacx,..ns at D=4+6/L 0\40‘0“ |
A\ ““gb‘J «al conformal symmetry N\aa“"

supe -wi1 structure of the integrands



Maximal SYM

D=4 N=4
D=6 N=2
D=8 N=1
D=10 N=1

Motivation

A0
rO i
. \
ﬂ\\ d\\“ . G((\O . GQ\O

¢ Partial or total cancel'~” “\ed {xO ° a\OY‘\.oes od’\’\eé\o\@‘o\(\
(all bubble ?”'“be Ob it a\\o“, «ancel) (\)((\(“gﬁ\s\d’ \2

¢ First 2yem ©2 (qpaClilis at D=4+6/L o o

\

A\ ot} ““g oy § ..al conformal symmetry N\aa“'
supe ~u11 structure of the integrands

¢ On-shell finite up to 8 loops

D=4 N=8 Supergravity ¢ Similar to higher dim SYM



Motivation

0
Maximal SYM O oGO
. oW
\ d‘m @((\ Q\O
D=4 N=4 ¢ Partial or total cancel'~" “\ed “0“; a\o?‘\?oes ﬂd’\’\eé\g\@‘o\(\e
D=6 N=2 (all bubble ar~" “be obtd gicatiol“wancel) T,
o Rl ¢ First i e €2 02 iis at D=dbl o e

D=8 N=1 N\o ““gb‘J ..au conformal symmetry N\a’o\“"
D=10 N=1 suPe'2Ui1 structure of the integrands

. ¢ On-shell finite up to 8 loops
D=4 N=8 Supergravity ¢ Similar to higher dim SYM

Object: Helicity Amplitudes on mass shell
with arbitrary number of legs and loops

The case: Planar limit N, — oo, g2,, — 0 and g% ,,N. - fixed

The aim: to get all loop (exact) resulit




Motivation

0
Maximal SYM O&Oo\
. O’\$O
J\()d“‘“ 66((\» | q A0
D=4 N=4 ¢ Partial or total cancel's{ \ed “0‘2 a 2 10V s od,aeg&axo“e
D=6 N=2 (a" bUI?ble ar~’ ve Ob ““\ca'\:\o“l v‘ancel) (\)((\((\GO«\ 'SE \2
. Firet can ch\ OV o 8
D— N_ - F|r9+ “\\e‘“ compa44.ulls at D=4+6/L \40(0 | \/\6«\6
=8 N=1 A\ N9 VY Zai conformal symmetry N\co\“"
D=10 N=1 suPe'2Ui1 structure of the integrands
. ¢ On-shell finite up to 8 loops
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Object: Helicity Amplitudes on mass shell
with arbitrary number of legs and loops

The case: Planar limit N, — oo, g2,, — 0 and g% ,,N. - fixed

The aim: to get all loop (exact) resulit

Study of higher dim SYM gives insight into quantum gravity



UV divergences In all Loops

Spinor-helicity formalism: S-matrix elements

D=4 N=4 No UV div IR div on shell
D=6 N=2 UV div from 3 loops No IR div
D=8 N=1 UV divfrom1loop NolIRdiv

D=10 N=1 UV divfrom1loop NolRdiv

All these theories are non-renormalizable by power counting
2] L 1
- MDb—4

The aim: to get all loop (exact) result for the leading (at least) divs

2
The coupling 9 has dimension |g




Perturbation Expansion for the 4-point
Amplitudes for any D

tree v i
94 i + st 2
No bubbles
No Triangles - — R v .
FirstUVdivat = ;& ] . & 1] + =
L=[6/(D-4)] loops 15
+ s*"t +
IR finite
910 st - .sﬁlt ! ost + st
60
+ st +~ £t
T. Dennen Yu-yin Huang 10, *o

S.Caron-Huot D.O'Connell 10

Universal expansion for any D in maximal SYM due to Dual conformal invarianc5e



Leading Divergences from Generalized
«Renormalization Group»

e In renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/¢" in n loops is

(n) 1
RG-S o = (aiV)"

En
n



Leading Divergences from Generalized
«Renormalization Group»

e In renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/¢" in n loops is

RG-3 " al) = (af")"

e In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

R'G=1-) KR, +>» KR,KR., — ..

Y Y,



Leading Divergences from Generalized
«Renormalization Group»

e In renormalizable theories the leading divergences can be found
from the 1-loop term due to the renormalization group, in particular,
for a single coupling theory the coefficient of 1/¢" in n loops is

RG=) = a%n) — (@gl))n

e In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

R'G=1-) KR, +>» KR,KR., — ..
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Subleading Divergences from Generalized
«Renormalization Group»

* In non-renormalizable theories the leading divergences can be also
found from 1-loop due to locality and R-operation

All terms like (lag/f)m/ek should cancel

Leading pole
A7) from 1 loop
A = (—)nti D — diagrams
n
BM = (—1)" <EB§n> LT 235”)) ‘ SubLeading pole

n n from 2 loop

diagrams

n [ qn)  pgn Aff’)/ B?gn)’
KR'Gn=) |—LE+-E|= + o

en en—1 en en—1 o
k=1 Just like In

renormalizable

ne theories one can
A — ()t g = 21 deduce the
" " n leading,
/ 2 2 bheading, etc
(n)" _ (n) | < p(n) su 9,
By = (n(n —1) By + nBl ) divergences from
1, 2, etc diagrams




Kinematically dependent renormalization

One-loop box

st 1
St = —

T 3le
Totally defined by 1 loop Independent term

Two-loop box /
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This is true to all orders of PT like in renormalizable theories via the
locality of the counnterterms due to the R-operation



Ladder diagrams (leading divs)
D=8 N=1

Horizontal boxes
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes Al = gn=1 4
9 9 n—2
ndn =—dn-1+ o > ApApik, n>3 Ay =1/6 1 loop box
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes Al = gn=1 4
9 9 n—2
ndn =—dn-1+ o > ApAn_1g, n>3 Ay =1/6 1 loop box
k=1
Summation Sm(2) = ) Ap(—2)"
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes Al = gn=l g
9 9 n—2
nA, = —ZATH + o ;_:1 AgAn—1-k, n =3 A =1/6 1 loop box
Summation Sn(2) = Z Ap(—2)"
d 2 2 1 1
~ ISy = IS SN T =Tt Az A H=Nid Az, Ai=gn =gy
Y=Y . d 1 2 y
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Ladder diagrams (leading divs)

D=8 N=1 Horizontal boxes Al = gn=l g
9 9 n—2
nA, = —ZATH + o ; AgAn—1-k, n =3 A =1/6 1 loop box
Summation Sn(2) = Z Ap(—2)"
d 2 2 1 1
— LTy = I+ SN B =Bt Ao AR H=NitAiz A= g A= o
Y=Y . d 1 2 y
Diff eqn S R H i P p— 2= g°s®/e
dz AT T T gtA T 5o g5/

o 4tan(z/(8v15)) B sin(z/(8v/15))
Bale) = VeV Y el &V1S) - )

N(z) = —(2/6 + 2% /144 + 2° /2880 + 72" /414720 + .. .) 7o = arcsin(/3/8)
10



All loop Exact Recurrence Relation
D=8 N=1
s-channel term S, (s,t) t-channel term T (s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 x
nSn(s,t) = _252/ dx/ dy y(1 — ) (Sp-1(s,t") + Tp—1(8, ")) [ =ta+yu

n—22k—2 AP
+ s /d:vx 1—$2YS‘ p+2' e (Sk(s,t") + Ti(s,t")) x
k=1 p=0

dP

o1 = 12’ I = 12 8 dt'P (Sn—l—k(sv t/) + Tn—l—k(37 t/))|t’:—sw (tsx(l — x))p




All loop Exact Recurrence Relation
D=8 N=1
s-channel term S, (s,t) t-channel term T (s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams
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All loop Exact Recurrence Relation
D=8 N=1
s-channel term S, (s,t) t-channel term T (s,t) T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 x
nSn(s,t) = _252/ dx/ dy y(1 — ) (Sp-1(s,t") + Tp—1(8, ")) [ =ta+yu

n—22k—2 dp

2 / /
+ /d:v:z: 1 —x) S‘S‘ p+2' T (Sk(s,t") +Tk(s, 1)) X

klpO

(Sn—1—k(s,t") + Tro1—k(5, ') |tr=—sz (tsz(1 —x))P

dP
—— 7 =— X
1=y =g at'p

summation ES(Sata Z) — El(S,t,Z) T SQ(Sat)Zz + Sl(S,t)Z, 22(57t7 Z) — Z:1(57t7z) + Sl(S7t)Z



All loop Exact Recurrence Relation

D=8 N=1

s-channel term

S, (s,t) t-channelterm T}(s,t)

T, (s,t) = Sy(t,s)

Exact relation for ALL diagrams

1 x
nSn(s,t) = _232/ dx/ dy y(1 — ) (Sp-1(s,t") + Tp—1(8, ")) [ =ta+yu

Diff egn

n—22k—2 AP
2 / /
+ /d:b‘x 1 —x) S‘S‘ p+2' T (Sk(s, ") +Ti(s,t'))
k=1 p=0
1 1 d” S / T / p
Sy = o =13 X dt’p( n—1-k(5 1) + Tno1-k(5, 1)) [t/ =—sz (ts2(1 — 2))
summation 23(87t7 Z) — El(S,t,Z) T SQ(Sat)ZZ + Sl(S,t)Z, 22(87t7 Z) — Z]1(57t7z) + Sl(S,t)Z
d / /
EZ(S t,z) = —— + 25° / da:/ dy y(1 —x) (X(s,t',2) + 2(t, s, 2)) |t =tatyu

/ dr z°(1 — x)? Z oy 2) dt’p (E(s,t 2)+ (8, 2)) | —sw)? (tsz(1l — x))P.




All loop Solution (leading divs)

D=8 N=1

N Ladder

—

Ladder ~—~
)3 -
2 Numerics . /
— Numerical solution O
— Numerical solution 1
1 The ladder sequence
— PT series: 15 terms

— Pade approximation [7,Ey

2 4 W 10 12
/ /- o

" / \ Pade

-2 /

PT and Pade versus
ladder for t=s

4tan(zs%/(8v/15))

Zo(3,2) = - 5/31 — tan(zs2/(8v/15))+/5/3




Subleading divergences

ZL(2)+EENL(Z)—I—EQZNNL(Z)—I—--- %(2)
D=4 N=4 z=g%/e
D=6 N=2 z=g°s/e,z=g°t/e
D=8 N=1 z=g%s%/e,z=g*st/e,..
D=10 N=1 z=g’s’/e,z=g*s%t/e,..
D=8 N=1
sLadder case YN = s2sB(2) +t2i(2) z =




Subleading divergences

Nr(2) +eXnp(2) + XN (2) + - - 5(z) = 3,

D=4 N=4 z=g%/c

D=6 N=2 z=g°s/e,z=g°t/e
D=8 N=1 z=g%s%/e,z=g*st/e,..
D=10 N=1 2z=g%5/e,z=g*s*t/e,..

D=8 N=1
sLadder case YN = s2sB(2) +t2i(2) z =

S (2) = % ¢/%(2 cos(2/30) — sin(2/30)) — 2

YiB = _3_16 [60 + z 4 €*/%9(—(60 + 2) cos(2/30) — 2(—15 + 2) SiIl(Z/SO))]




Sum of Ladder diagrams (subleading divs)

o

/ n o/ d22/ 2 dZ/ Z
S = "Bl 50 4 f (o) 28 )80 = )
o 2 dz
Diff eqn 1Y
fl(z):—6+1—57
1 ¥, Y% 1d%a
R =55 "360 T 600 T 15 a5
2321 11 A7 1 23 1
Sy y2 vy T2 y3 L~ y2y
fs(2) 51512 A T 180078 T 55 A T mimatATB T grsg @A T Tgp0 CATB

_19d2A B 1 dZ;B N 23 alZ?4 N 1 d(ZAE;B) _i
30 dz 15 dz 225 dz 30 dz 32




Sum of Ladder diagrams (subleading divs)

o

/ n o/ d22/8 y dZ/S o
Sl = "B, 50 4 f (o) 28 )80 = )
n=2

Diff eqn Y
fi(z) = e T
1 %a ¥4 1d%a
R =55 "360 T 600 T 15 a5

2321 11 47 1 23 1
— — ), —2/ _ _22 — Y Z/ _23 _22 /
fs(2) 51512 A T 180078 T 55 A T mimatATB T grsg @A T Tgp0 CATB
0 19d%, 1 dS)g N 23 d¥?, N 1 d(Sa%,5) 3
36 dz 15 dz 225 dz 30 dz 32

Solution to Diff eqn _
smooth monotonic function

() = diAu(Z) u(z) :/o dy/o ddef(az))/daz




Scheme dependence and
arbitrariness of subtraction

subleading case

1 d>’,
66(1 + cr€) AZ/B = C1%2 .

A+ B, = —> 2z = 2(1 4 cre).

sub-subleading case

S 5 /
Al + B) = P (1 ~ 3¢ + 2c1€ + co€ ) AX = Co2

—> 2z — 2(1 4 cre) + 2P’

< d>’ dQZ/ 2 2 2
Az’scz_cfﬂ ( dzA 12 szA) —p 22— 2(14cr€) + 27(co + c7/4))e



Scheme dependence and
arbitrariness of subtraction

subleading case

/ / 1 d>’
A} + B, = &(1 @) AE;B :@Z dZA- — Z — Z(l —I—@e).

sub-subleading case

5 dX’y
A+ B =— [1-2cq9 - AY = ()2 .
2T P27 310 ( p¢ +2ae He ) o =€ dz

—> 2= 2(1 4 cre) + 23,

, dx’, .Y, ) N2
AY . = @E ( A 12= ) —> 2 2(l+cre) + 2 (e +HE) e



Scheme dependence and
arbitrariness of subtraction

sub-subleading case inear term
AL+ B, = o2 + 2¢1€ + co€” iDUti
2+ B2 = o o€ T 216+ cae new contribution from
subleading term
AY (3 — loop) = — T19c157 > ¥ o(3—1 = 7ls®
sC P = T 1036800e sp(3 — loop) = T 3456002
— — T — / 71982
-2 | + [ JTOLI-DL <]~ 2 '. y) truncig | = —
----- }'Q T e
the source of dy rune

AY (3 = loop) = c12

(3 — loop)

a problem dz

2= 2(1 4 cre) + 2% (co — 2 /AN e* + 2°¢3 /6le’ — z*ct /4161 + ...



Scheme dependence and
arbitrariness of subtraction

sub-subleading case inear term
Ay + By = 3,4,62 ( — —e+@+626 ) new contribution from
subleading term
AY (3 — loop) = — T19c157 > ¥ o(3—1 = 7ls”
sC P) = T 1036800¢ sp(3 — loop) = T 3456002
— — T — / 71932
-2 | + [ TOLT-D[ 1<~ 2 '. Y truncig g = —
__________ OLE=-DL] L1 < B3 = loop) = — oo oo

the source of g5 trunc
AY (3 —1 — sB
a problem so(3 —loop) = erz—p-

(3 — loop)

2= 2(1 4 cre) + 2% (co — 2 /AN e* + 2°¢3 /6le’ — z*ct /4161 + ...



Kinematically dependent renormalization

* R-operation is equivalent to

renormalizable theories nonrenormalizable theories

A4 _ Z4(92)Aiare

‘ggar6_>9224

ggare — M€Z4(92)92°
Z=1-Y KRG,

simple multiplication operator multiplication
Z=1+L 4 g5+ )+ Z=1+Lsp gt ST
€ € €

(DPDOFW)2

o S
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Kinematically dependent renormalization

operator kinematically dependent renormalization

at 2 loops

A, =1
4 3le 34l

_  gpst  gpst (32 + t N 27/4s% 4+ 1/3st + 27/4t2) N
€ €

A4 _ Z4(92)A2are

‘ggare_>9224

Zi— 1+ g;:zt N gjjﬁ (_ 82;752 N 5/125% + 1/3375 + 5/12152)
g = 9> (1 + g—,i)
o’st — 9° (s D ot v > this is operator action!
€ €
. _ B """" Q compare with R-operation

]
-----
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Kinematically dependent renormalization

Two-loop box operator action

Three-loop box counterterms

+ 1

theories

+1

)+

Tennis court counterterms

Z-operator reproduces R-operation like in renormalizable



Kinematically dependent renormalization

renormalizable theories nonrenormalizable theories
scheme dependence scheme dependence
=292, 2=14g% + gt +... | 9¥=29" z=1+g"ster +g"st(s> +*)ca + ...

infinite number of free
parameters lead to a single
multiplication constant
acting as an operator ->
redefinition of a series of
couplings

infinite number of free
parameters lead to a single
multiplication constant ->
redefinition of a single
coupling
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Conclusions

¢ The structure of UV divergences in non-renormalizable theories essentially
copies that of renormalizable ones

¢ The main difference is that the renormalization constant Z depends on
kinematics and acts like an operator rather than simple multiplication

¢ As a result, one can construct the higher derivative theory that gives the
finite scattering amplitudes with a single arbitrary coupling g defined in PT
within the given renormalization scheme.

¢ Transition to another scheme is performed by the action on the amplitude
of a finite renormalization operator z that depends on kinematics.

¢ Assuming that one accepts these arguments, there is still a problem

that at each order of PT the amplitude increases with energy, thus
violating unitarity. However, apparently, this problem has to be
addressed after summation of the whole PT series.
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