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OUTLINE 

• Feynman path integral approach to quantum mechanics.   
 

• New path integral representation of the Wigner function.   
 

• Explicit analytical approximations of quantum  Wigner function.  
 

• Solution of fermion ‘sign’ problem based on Pauli blocking of fermions and  
     effective phase space pair pseudopotential.  
 
• Influence of the interparticle  interaction on the high energy  asymptotic  
• of the momentum distribution  functions (‘quantum tails‘).    
 
• Equation of states, internal energy, pair correlation, momentum   
     distribution functions   
 
• Quantum generalization of classical molecular dynamic method  in the  
     Wigner formulation  quantum mechanics and calculations of the electron  
     conductivity of strongly coupled plasma media. 
  
 



Basic ideas of path integrals 
Partition function: 
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Hamiltonian: 
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Operators of kinetic and potential energy do not commutate : 
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1.      High temperature decomposition :  
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3.       High temperature density matrix: 
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-     Discrete representation 

Limit                   :  ∞→M
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Path integral representation 
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T = 10000 K, n = 1018 сm-3, ρ = 1.67⋅10-6 g/сm3 

PIMC simulations 
Ne = Ni = 50, n = 20 

- protons 
- electron 

- electron 

Hydrogen atoms 



T = 10000 K, n = 1021 сm-3, ρ = 1.67⋅10-3 g/сm3 

PIMC simulations 
Ne = Ni = 50, n = 20 

- proton 
- electron 

- electron 

Hydrogen molecular 



T = 10000 K, n = 1022 сm-3, ρ = 0.0167 g/сm3 

DPIMC simulation 

Phase transition in hydrogen plasma 
Ne = Ni = 50, n = 20 

- proton 
- electron 

- electron 



T = 10000 K, n = 3⋅1025 сm-3, ρ = 50.2 g/сm3 

PIMC simulation 
Ne = Ni = 50, n = 20 

- proton 
- electron 

- electron 

Ordering of protons 
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Pressure and Conductivity  T = 10000 K 

DPIMC 

DPIMC , +33% He 

Ideal plasma 
RPIMC, Militzer & Ceperley 
DFT, Xu & Hansen 
Weir et al., exp. 
Ternovoi et al., exp. 
 



Aim is to calculate: 
– Average values of quantum operators 
– Momentum distributions and pair correlation functions 
 

 

Wigner functions in thermodynamics 
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 Wigner function: 
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Path integral representation of Wigner function.  

Problem: (3N)D Fourier transform 
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Harmonic and linear approximation of interparticle potential.   
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( ) 43
43 bxcxxV +=−Test Calculations. Energy and ground     

state of 1D anharmonic oscillator c=0, 5/3, 7/3, 6 
b=const=1 



Pauli blocking by pair repulsive exchange  
pseudopotential in phase space 
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Here Fermi statistical effects defined by pair permutations are allowed for by pair 
exchange pseudopotential in phase space depending  on coordinates, momenta and 
degeneracy parameter of particles and taking into account Pauli blocking of fermions. 
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Contour plots of the repulsive effective 
exchange pair  pseudopotentials in phase space.  

m=1 m=2 
In dark  area pseudopotential is less    than  0.1.  
In white area pseudopotential is larger than  1.9. 

6.5/3 == VN eλχ

9.1>ltvβ
1.0<ltvβ



Test Calculations. The momentum distributions and pair 
correlation functions for ideal electron - hole plasma.   

6.5/3 == VN eλχ10/3 == VN eλχ

m=2 

m=1 



PIMC momentum distributions functions  
for non  ideal electron - hole plasma. 

4,5.2 ==Γ χ
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Momentum distribution of  quantum  uniform 
electronic gas  

4,5.2 ==Γ χ



Internal energy of the two component  
Coulomb system of particles : 

средняя энергия 

eh mm 9=



Classical dynamics in phase space 
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Wigner approach to quantum 
mechanics 
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Wigner – Liouville equation 
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Iteration series. Quantum averages.  
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Quantum dynamics 
in the phase space 
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Canonical ensemble 
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Integral equation 
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Initial conditions 
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Iteration series 
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Schematic shapshot 
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Electron electrical  
conductivity of plasma 



Conclusions two 
• We present the new numerical approach for treatment kinetic 
properties of the quantun many particle systems in Wigner 
formulation of quantum mechanics.  
 

•We have developed also numerical approach based on path 
integral formulation of quantum mechanics for treatment 
thermodynamic properties of strongly coupled particle systems.  
 

•Electricall frequency  conductivity has been obtained in wide 
density – temperature region and agree with avalable analitical 
and  experinetal data.    
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Квантовая динамика кулоновских фермионов  
в вигнеровском представлении квантовой механики 
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Momentum distribution   
 

Power-low approximations  Quantum  uniform electronic gas  
11,8,5,/1~ =npn

4,5.2 ==Γ χ



 Strongly coupled systems of quantum particles 
– Strongly correlated systems Γ  ≥ 1 
– Degenerated systems Εf ~ kT  

 
 

Perturbation theories does not work 
‘Ab initio’ numerical methods have to be used.  

 
 

 Quantum effects:   
– Free and bound states 
– Quantum statistics 
– Interaction and uncertainty relation  δpδx ≈ ħ 

 
 

Quantum effects affect thermodynamic values, the shape of 
momentum and pair distribution functions  

.  
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