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A paraxial approximation in optics:
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Naively, for massive wave-packets:

The problem: the lack of Lorentz invariance!

An example: 
The Laguerre-Gaussian beams 

of electrons [see e.g., K. Y. Bliokh, et al., 
Physics Reports 690, 1 (2017)]



A Lorentz invariant condition of paraxiality:
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That is,

The vacuum is stable!The vacuum is stable!

A non-paraxial Gaussian scalar packet is 
[D. V. Naumov, V. A. Naumov, J. Phys. G 37, 105014 (2010)]:

And when one has:



Is the non-paraxial description really necessary?

For modern electron accelerators:

For electron microscopes:

For an LHC beam, it is less than

However, these estimates are valid only for Gaussian packets!

(!)

(and some 2-3 orders larger 
for ILC and CLIC)
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J. Verbeeck, et al., 
Appl. Phys. Lett.
99, 203109 (2011).



The condition of paraxiality is different is different 

for vortex electrons with orbital angular momentum     :
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The current record is
[E. Mafakheri, et al., Appl. Phys. Lett. 110, 093113 (2017)]:

As a result,

Grows with the OAM!



Vortex particles with orbital angular momentum (OAM)

M. Uchida and A.Tonomura, Nature 464, 737 (2010)

A Bessel stateA Bessel state of a free scalar particle:

Probability density

Twisted photons:  Allen, et al. 1992
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They form a complete and orthogonal set:

OAM!

D.K., PRA 91 (2015) 013847
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Vortex particles with orbital angular momentum (OAM)



1. The packet’s width, length, and energy-momentum uncertainties are ignored 
(unlocalized orthogonal states)

2. The mean transverse momentum is independent of the OAM
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Why do the Bessel beams not describe 
the non-paraxial effects for large OAM?

Why do the Laguerre-Gaussian beams not describe 
the non-paraxial effects for large OAM?

1. They are intrinsically paraxial

Non-paraxial relativistic wave packets with OAM are needed!
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There are two recent papers where an attempt to achieve this was made:



They are orthogonal in OAM:

An exact solution to the Klein-Gordon equation:

And analogously for a fermion with
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Massive scalar packets with the OAM:



The mean 4-momentum is

An enhancement due to the OAM!

An invariant mass of this packet:

What can already be achieved:

ICNFP 2018, 11.07.2018 D. Karlovets 11



An enhancement of the spin-orbit interaction 

due to the OAM!

(not described by the Bessel beam)
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For the vortex electron’s magnetic moment:

A large magnetic moment due to 
the OAM 

[K.Yu. Bliokh, et al., PRL 107, 
174802 (2011)]

(described by the Bessel beam)

A Bohr magneton
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The spin-orbit interaction 
is also       times enhanced

compared to the Bessel beam!

The reason:

Bosonic (OAM) contribution: Spin contribution:

The conical angle now 
grows with the OAM:

Non-invariant corrections
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In the paraxial regime, these packets
reduce to the invariant Laguerre-Gaussian beams with n = 0:

(where   is a diffraction time)

●

●

●

are all Lorentz invariant 
together with the wave function!

A Gouy phase :

● Is also Lorentz invariant

● In contrast to twisted photons, it depends on t rather than on z

● It has 3/2 instead of 1 (= 2/2) due to localization in a 3D space 
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The Laguerre-Gaussian beams with        :

A mean radius of the beam:

The beam width grows with the OAM
and the corresponding effects can be described 

only beyond the paraxial approximation!

Invariant normalization
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The differences of these packets 
from those of Barnett 

[S. M. Barnett, PRL 118, 114802 (2017)]:

These packets Those of Barnett

1.) Applicable beyond the paraxial regime 1.) Not applicable beyond the paraxial regime

2.) Lorentz invariant (scalar) 2.) Non-invariant

3.) The Gouy phase depends on t 3.) The Gouy phase depends on z
(applicable also for non-relativistic particles!) (only for ultra-relativistic particles with z = t)

4.) Correct description of spin 4.) Incorrect description of spin 
          (no issues with the spin operators) (see K. Bliokh et al., Physics Reports 690, 1 (2017)

and Phys. Rev. A 96, 023622 (2017))
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The differences of these packets 
from those of Bialynicki-Birula and Bialynicka-Birula 

[I. Bialynicki-Birula, Z. Bialynicka-Birula, PRL 118, 114801 (2017)]:

These packets Those of Bialynicki-Birula

1.) Applicable beyond the paraxial regime 1.) Also applicable ...

2.) Lorentz invariant (scalar)   2.) Not invariant

3.) At large distances decay as 3.) At large distances decay as (see Eq.(15))

  

The troubles with this behavior:

1. The decay is not Lorentz invariant

2.  Worse: in relativistic case, the beam width 
is smaller than the Compton wavelength – impossible! 



Summary
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1) We put forward the wave packets of vortex bosons and fermions 
     that preserve Lorentz invariance and are applicable beyond the paraxial regime

 
2) In the paraxial approximation, these packets reduce 

 to the invariant Laguerre-Gaussian beams 

 
3) There are notable differences of the latter from the twisted photons, 

relevant especially for non-relativistic particles

 
4) Compared to packets with the non-singular phases (Gaussian, Airy, etc.), 
     the non-paraxial effects turn out to be drastically enhanced 

      for large orbital angular momenta



So what?
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I.  Unlike the Bessel states, the wave packets do interfere, 
 which is crucial for potential applications with entangled beams
 (interaction-free measurements, probing of Coulomb/hadronic phases, etc.)

II. The non-paraxial corrections can be important for describing: 

● The spin-orbit interaction in relativistic highly twisted beams

● Scattering of wave packets by atoms, including quantum superpositions thereof 
(Schroedinger cats of electrons)

● Beam-beam collisions of the highly energetic twisted beams (say, the Compton effect)

These corrections can already compete 
with a contribution of the 2nd loop in QED:
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