ENTANGLEMENT AND THE INFRARED

Gordon W. Semenoff

University of British Columbia

ICNFP 2018, Kolymbari, Crete

ICNFP 2018



Prologue:

e The infrared sectors of quantum electrodynamics and
perturbative quantum gravity have recently been of interest to
possible resolutions of the black hole information paradox.

3 New large gauge transformations, new conserved charges and

super-selection rules.

All of this brings up fundamental issues in quantum
electrodynamics and perturbative quantum gravity, even
without black holes.

We will take a simple information theoretic look at the infrared
in QED. Perturbative quantum gravity is similar (and perhaps

even more interesting) but not as well-defined a quantum field

theory since it is not renormalizable.
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For example: Moeller Scattering

The amplitude for Moeller scattering, to 1% accuracy, is given by

the tree-level Feynman diagram:
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Radiative corrections to Moeller scattering:

However, to get 0.01% accuracy, there is a subtlety due to

infrared divergences:
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Inclusive probability

soft

= finite

Cancellation of infrared divergences is guaranteed by
unitarity of infrared cutoff S-matrix.
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Infrared Catastrophe
Any scattering of charged particles is accompanied by the emission

of an infinite number of soft photons

) \

F. Bloch and A. Nordsieck, Phys. Rev. 52, 54 (1937)

D. R. Yennie, S. C. Frautschi, H. Suura, Ann. Phys. 13, 379 (1961)
soft photon theorems

S. Weinberg, Phys. Rev. 140, B516 (1965)

soft graviton theorem
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Information loss?

Soft photons which escape detection have polarizations

and directions of propagation.

\ \

How much information do they carry away with them?

G.Grignani,GWS, Phys. Lett. B 772 (2017) 699.

D.Carney,L.Chaurette,D.Neuenfeld, GWS,
Phys.Rev.Lett.119(2017)no.18,180502
Phys.Rev. D97 (2018) no.2, 025007
arXiv:1803.02370
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Information loss due to entanglement:
Composite system of two qubits: | >; ®| >,

If subsystem | >; becomes inaccessible, how much

information about | >; do we lose?

Unentangled state: [y >= [oz| 1T>1 +/1 — |a|?] ¢>1} R | T>2
Entangled state:
[ >= [al ™>1 @ 1>2 +/1 = |af?| I>1 ® ¢>2}

Reduced density matrix: p = Try 1) >< 9|

Unentangled state: —
p=lal t>1 +y/T=TaP|4>1] [1 <t la*+1 <t /T [aP]

Entangled state: —

p=lal?|t>1<t |+ (1 —l|a)?)|I>i<|=

ICNFP 2018



So what?

Unentangled state: —

p=[al 151 +T=TaP| 11 [1 <t la*+1 <t |/T=TaP|

o] ay/1—|af?
a*y/1—la2  1—|af?

p:

Entangled state: — 3
a0
0 1-—|af?

These density matrices differ in their off-diagonal terms

p=laP[1>1<t [+ (1= [af?)| I>1<] | =

Probability of finding system 1 in state % (| t>1 +4>1)

2
Unentangled state: — P = % |a + /1 — |a\2‘

Entangled state: — P = 2 a® + t1—]a?) =13
X no interference
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Quantifying Entanglement:

Unentangled state: —

p = {a\ t>1 +4/1 — |af?] ¢>1] {1 <P la*+1 <1 |y/1 - |04\2|}

o] ay/1—af?
a*\/1 — |al? 1 — |a|?

p:

Entangled state: —

o]

0

p=laf| t>1<t |+ (1= o)) I>1<d | =

Entanglement entropy: S = —Tr plnp
Unentangled state S = 0
Entangled state S = —|al?In|al? — (1 — |a|?) In(1 — |a|?) # 0
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S-Matrix and out-going density matrix:
Scattering: in-states evolve to a superposition of in-states, with
coefficients the S-matrix elements

a> — ZS;M By >
By

where « are soft photons.

a><al = Y S 18v>) <BAl Sh,
By B

The S-matrix is infrared divergent.
Infrared divergences cancel from inclusive transition probabilities,
i.e. from the diagonal elements of the reduced density matrix

p=2 <Al D Sapy 1Bv>D <B4l Sg50| 17>
ol | B B i

What about off-diagonal matrix elements of p?
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Entanglement entropy from Moeller Scattering:

S=—-Trplnp= —Zpilnpi

Density matrix = pure state + trace...

p=_ Stla><alS }65,—1—

soit

i
=4

Eigenvalues 0 and 1 perturbed by (i

47 Mph
The density matrix eigenvalues, p;, are logarithmically infrared

divergent at order €.
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Soft photon theorem applied to the density matrix:
The S-matrix is infrared divergent — define it with a

fundamental IR cutoff m, , Sa N

ph. T
Final state: > ; 3. SB b1 By >< BA|S™ ,6"
Trace soft photons m, < w < Ay =“detector resolution
Soft photon theorem (valid when mp,. << A2 << o, 3, B):

LRI ) CISEIE

29

=) P | Pl

— Smph TSmph (

A o Z enen’nnnn In
XY — —
’ ST
neX,m’' ey Bnn

Bnns = relative relativistic velocity
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Soft Photon Theorem 11:

Change IR cutoff on internal loops from m,; to Aj:

1
14 - -
27 aB,apB
Smgh. — SA1~ mph
af = Pas \ A,

/
Axy = — Z En€n/TinTly, In

neX,m’'eY 87-(6”“/

Bnns = relative relativistic velocity
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Soft photon theorem applied to the density matrix:
mpn pPhoton mass as fundamental infrared cutoff

A1 = Feynman diagram cutoff; A; = detector resolution
Er=total energy of soft photons

afBf >> Ay, Ay, Ep >> Mph

Summary — soft photon theorem implies:

U TA1 QA4 mph
P8s = 985 < A,

AA _ 1
~mi3A, AA=14

Axy =

Bnn =relative relativistic velocity
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AA
ph >

AA > 0 and depends on incoming and outgoing four-momenta.

A generic density matrix element is proportional ~ m where

AA = 0 for diagonal elements of the density matrix (transition

probabilities)
Generically, AA > 0 for off-diagonal elements

The inequality is saturated, AA = 0, and density matrix

element nonzero only when the set of outgoing currents match:

6:{ elp'lf an% }
2w(p1)’  2w(pn)

equals

5 :{ é1p] enD5 }
20(P1)" 7 2w(Pr)

e decoherence momentum eigenstates are pointer basis

ICNFP 2018



Example: Compton scattering

L In X8 1 ) .
Pt gt g = ml‘jﬁQ[ g ], B =relative electron velocity

Exponent > 0. Exponent = 0 only when 5 = 0.

As mph = 0, pyr i o = 0 unless k), = k).
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i

“ *

Implication: Diagonal elements of the density matrix are the
transition probabilities for QED processes.
Pk .q'k'.q = Probability of |k, g >— |k'q’ >

Off-diagonal elements vanish py ..jo o =0, k £ |/

Probability |k,q >— 5|k, qi > +5 kb, a5 >
equals
-Probability |k,q >— |k],q¢] >

_|_
-Probability |k,q >— |k}, ¢ >
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Limitations: What if the photon has a mass?

i« 2 [ Ly 148 ]
Pr q/:k' ¢ — (mpn ) 4=2 128 7 1-8

“experimental” bound: my, ~ 107%%mg

0.1
2 1 —
~ 6_0'16 5 <<1  y (Tﬁ) 6 ~ 1

Extreme off-diagonal elements are emphasized
h

c2-time

Finite time, etc: my, —

ICNFP 2018



Infrared safe “dressed states”

For each charged particle, add a coherent state of soft photons:

p>—|p>p=W(p)|p >

A 3 .
W (p) = exp E:/ a7k [p k),
¢ /0 2\/752+m2 pk

ph

mpen << A <<p k-e(k)=0

~

Sop =p< a|S|B >p is infrared finite. Out-state can be a pure state

a >p< al — ﬁzzglﬁ 8 >p Z D <5~| Sé,a
3 B

mph

AA
Trsoft photonsf — (T)

ICNFP 2018



Conclusions:

e The solution of the infrared problem in quantum
electrodynamics (and in perturbative quantum gravity) leads
to a fundamental decoherence of final states.

There are other “infrared safe” approaches.
V.Chung, Phys.Rev.140, B1110 (1965); T.W.B.Kibble,
J.Math.Phys.9, 315 (1968); P.P.Kulish, L.D.Faddeev,

Theor.Math.Phys.4, 745 (1970); J.Ware, R.Saotome,
R.Akhoury, JHEP10, 159 (2013), 1308.6285. Same

decoherence when in-coming state is “infrared safe” coherent

state.

Proper description of incoming wavepackets requires infrared

safe incoming states. Decoherence remains.

e Could such a decoherence be observable?
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Black hole information paradox

In a theory of quantum gravity, the collision of two high-energy
particles (i.e. gravitons) could produce a black hole which would
the evaporate by emitting Hawking radiation.

Pure quantum state of two incoming particles evolves to thermal

state of Hawking radiation.

p>=> |E,E> , p=) e P |E><E
E E

Strominger’s idea: (A.Strominger, arXiv:1706.07143): soft

gravitons purify the Hawking radiation

[ >= Z |E,soft > | p= Trep|t >< Y| = Ze‘BHE\E >< B
E E

But |¢p >= ), |E, soft, E >. Monogamy of entanglement.
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