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n Parton Physics 
¨ G. Sterman, Partons, Factorization and 

Resummation, hep-ph/9606312 
¨ John Collins, The Foundations of Perturbative QCD,  

published by Cambridge, 2011 
¨ CTEQ, Handbook of perturbative QCD, Rev. Mod. 

Phys. 67, 157 (1995). 

n General references  
¨ CTEQ web site: 

http://www.phys.psu.edu/~cteq/ 
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Outline  

n General Introduction: Brief History and 
Basics of Basics 

n Deep Inelastic Scattering and Parton 
Model 
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Rutherford scattering 
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Discovery of Nuclei 



Power counting analysis 

n EM interaction perturbation, leading order 
dominance, potential~1/r 

n Point-like structure 
n Powerful tool to study inner structure 
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Basic idea of nuclear science 
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670 Prof. E. Rutherford on the 

ext)lain tile scattering of'electrlfled particles in passing through 
small thicknesses of matter. The atom is supposed to consist 
of a number N of negatively charged corpuscles, accompanied 
by .m equal quantity of positive electricity uniformly dis- 
trihuted throughout a sphere. The deflexion of a negatively 
electrified ),article in passing th,'ough the atom is ascribed to 
two causes--t1) the repulsion of tile corpuscles distributed 
through the atom, and (2) the attraction of the positive 
electricitv in the atom. The deflexion of the particle in 
passing through the atom is supposed to be small, while 
the average deflexion after a large number m of encounters 
was (.aken as ~/m.  O, where i9 is the average deflexion due 
to a single atom. I t  was shown that the number N of the 
electrons within the atom could be deduced from observations 
of the scattering of electrified particles. The accuracy of tiffs 
theory of compound scattering was examined experimentally 
by Crowther + in a later paper. His results apparently 
confirmed the main conclusions of the theory, and b.e deduced, 
on the assumption that the positive electricity was continuous, 
that the number of electrons in an atom was about three 
times its atomic weight. 

The theory of Sir J .  J .  Thomson is based on the assumption 
that the scat.tering due to a single atomic encounter is small, 
and the particular structure assumed for the atom does not 
admit of a very large deflexion of an a particle in traversing 
a single atom, unless i~ be supposed that the diameter of the 
sphere of positive electricity is minute compared with the 
diameter or' the sphere of influence of the atom. 

Since the a and/~ particles traverse the atom, i t  should be 
possible from a close study of the nature of the deflexion to 
form some idea of the constitution of the atom to produce 
the effects observed. In fact, the scattering of high=speed 
charged particles by the atoms of matter is one of the most 
promising methods of attack of this problem. The develop= 
ment of the scintillation method of counting single ~ particles 
affords unusual advantages of in vestigation, and the researches 
of H. Geiger by this method have already added much to 
our knowledge of the scattering of a rays by matter. 

w 2. We shall first examine theoretically the single en- 
counters t with an atom of simple structure, which is able to 

* Crowther, Proe. Roy. See. lxxxiv, p. 226 (1910). 
t The deviation of a'partiele throughout a considerable angle from 

an encounter with a single atom will in this paFer be called " single" 
scattering. The devb~t[on of a particle resulting from a multitude of 
small deviation~ will be termed "compound " scattering. 

Rutherford, 1911 



Finite size of nucleon 
(charge radius) 
n Rutherford scattering with electron 
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Hofstadter 

Renewed interest on proton radius: 
µ-Atom vs e-Atom (EM-form factor) 

RevModPhys.28.214  



Quark model 
n Nucleons, and other hadrons are not 

fundamental particles, they have 
constituents 

n Gell-Man Quark Model 
¨ Quark: spin ½ 

n  Charges: up (2/3), down (-1/3), strange (-1/3)  

¨ Flavor symmetry to classify the hadrons 
n  Mesons: quark-antiquark 
n  Baryons: three-quark 
n  Gell-Man-Okubo Formula 
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Gell-Man 



Deep Inelastic Scattering 
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Friedman Kendall Taylor 

Bjorken Scaling: Q2àInfinity 
Feynman Parton Model: 
Point-like structure in Nucleon 

Discovery of Quarks 



Understanding the scaling 
n Weak interactions at high momentum 

transfer 
¨ Rutherford formula rules 

n Strong interaction at long distance 
¨ Form factors behavior  
¨ No free constituent found in experiment 

n Strong interaction dynamics is different 
from previous theory  
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QCD and Strong-Interactions 
n  QCD: Non-Abelian gauge theory 

¨ Building blocks: quarks (spin½, mq, 3 colors;  
    gluons: spin 1, massless, 32-1 colors) 

n  Asymptotic freedom and confinement 

 

1( )
4

a
q a sL i m F F g Aµν

µνψ γ ψ ψγ ψ= ⋅∂ − − − ⋅

Clay Mathematics Institute 
Millennium Prize Problem  

Long distance:? Soft, non-perturbative 

Nonperturbative scale ΛQCD~1GeV 
~1/Length 



Quantum Chromodynamics  

n  There is no doubt that QCD is the right theory for 
hadron physics 

n  However, many fundamental questions… 
n  How does the nucleon mass? 
n  Why quarks and gluons are confined inside the nucleon? 
n  How do the fundamental nuclear forces arise from QCD? 
n  We don’t have a comprehensive picture of the nucleon 

structure as we don’t have an approximate QCD nucleon 
wave function  

n  … 
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Feynman’s parton language and 
QCD Factorization 

n  If a hadron is involved in high-energy scattering, 
the physics simplifies in the infinite momentum 
frame (Feynman’s Parton Picture) 

n  The scattering can be decomposed into a 
convolution of parton scattering and parton 
density (distribution), or wave function or 
correlations  
¨ QCD  
   Factorization! 
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High energy scattering as a probe 
to the nucleon structure 

n  Many processes: Deep Inelastic Scattering, Deeply-virtual compton 
scattering, Drell-Yan lepton pair production, ppàjet+X 
¨  Momentum distribution: Parton Distribution 
¨  Spin density: polarized parton distribution 
¨  Wave function in infinite momentum frame: Generalized Parton 

Distributions   

DVCS 

Drell-Yan 

Hadronic reactions 

DIS 

(Q>>ΛQCD) 

k 
Feynman Parton Momentum fraction 



n  Future facilities 
¨ Jlab@12GeV 
¨ JPARC (Japan) 
¨ GSI-FAIR (Germany) 
¨ EIC, LHeC, … 

Exploring the partonic structure of 
nucleon worldwide 
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DESY 

CERN,LHC 
COMPASS Jefferson Lab 

RHIC@BNL 

SLAC 

Fixed Target & 
Tevatron@FermiLab Belle@KEK 



Perturbative Computations 
n Singularities in higher order calculations 
n Dimension regularization 

¨ n<4 for UV divergence 
¨ n>4 for IR divergence 
¨ MS (MS) scheme for UV divergence 

n  pQCD predictions rely on Infrared safety 
of the particular calculation 
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pQCD predictions 
n  Infrared safe observables 

¨ Total cross section in e+e-àhadrons 
¨ EW decays, tau, Z, … 

n Factorizable hard processes: parton 
distributions/fragmentation functions 
¨ Deep Inelastic Scattering 
¨ Drell-Yan Lepton pair production 
¨ Inclusive process in ep, ee, pp scattering, W, 

Higgs, jets, hadrons, … 
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n  Leading order 

¨ Electron-positron annihilate into virtual 
photon, and decays into quark-antiquark pair, 
or muon pair 

¨ Quark-antiquark pair hadronize 

Infrared safe: e+e-àhadrons 
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p1 

p2 
q 

k1 

k2 

electron 

positron 

quark 

antiquark 



Long distance physics 
(factorization) 

n Not every quantities calculated in 
perturbative QCD are infrared safe 
¨ Hadrons in the initial/final states, e.g. 

n Factorization guarantee that we can safely 
separate the long distance physics from 
short one 

n There are counter examples where the 
factorization does not work  
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Naïve Parton Model 

n          the parton distribution describes the 
probability that the quark carries nucleon 
momentum fraction  
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n  In the Bjorken limit, nucleon is Lorentz 
contracted 

Intuitive argument for the 
factorization (DIS) 
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k 

xP 

k 

xP 

Hadron wave function 
scale ~ 1/Lambda ~1/GeV 

Hard interaction 
scale ~ 1/Q 

k’ 

Hadronization 
scale ~1/GeV 



Factorization formula 

n Factorization à scale dependence 

n Scale dependence à resummation 

   anomalous dimension: 
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Quark-quark splitting 

n  Physical polarization for the radiation gluon 
n  Incoming quark on-shell, outgoing quark off-shell 
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Quark-gluon splitting 

n  Incoming quark on-shell, gluon is off-shell 
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Gluon-quark splitting 

n  Incoming gluon is on-shell, physical 
polarization 
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Gluon-gluon splitting 

n Physical polarizations for the gluons 
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These evolutions describe the 
HERA data 
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CTEQ6 



Reverse the DIS:  
Drell-Yan  
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J.C. Peng 



Drell-Yan lepton pair production 

n The same parton distributions as DIS 
¨ Universality 

n Partonic cross section  
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Profound results 
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u     Universality  
u     Perturbative QCD at work 



More general hadronic process 

n All these processes have been computed 
up to next-to-leading order, some at 
NNLO, few at N3LO 
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Hadronic reactions 
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PDG2014 



Parton picture of the nucleon 

n  Beside valence quarks, there are sea and gluons 
n  Precisions on the PDFs are very much relevant 

for LHC physics: SM/New Physics 

3/18/18 
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C.-P.Yuan@DIS15 

DIS 
summary 



34 
Proton Spin 

Parton distribution when 
nucleon is polarized? 
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n  The story of the proton spin began with 
the quark model in 60’s 

n  In the simple Quark Model, the nucleon 
is made of three quarks (nothing else) 

n  Because all the quarks are in the s-
orbital, its spin (½) should be carried by 
the three quarks 

n  European Muon Collaboration: 1988 
   “Spin Crisis”--- proton spin carried by 

quark spin is rather small 

u 
d u



Parton distributions in a polarized 
nucleon 
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Quark Helicity Gluon Helicity 

RHIC DIS 

de Florian-Sassot-Stratmann-Vogelsang, 2014  



Proton spin:  
emerging phenomena? 

n We know fairly well how much quark 
helicity contributions, ΔΣ=0.3±0.05 

n With large errors we know gluon helicity 
contribution plays an important role 

n No direct information on quark and gluon 
orbital angular momentum contributions 
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The orbital motion: 
n Orbital motion of quarks and gluons must 

be significant inside the nucleons! 
¨ This is in contrast to the naive non-relativistic 

quark model 
n Orbital motion shall generate direct orbital 

Angular Momentum which must contribute 
to the spin of the proton  

n Orbital motion can also give rise to a 
range of interesting physical effects 
(Single Spin Asymmetries) 



New ways to look at partons 
n We not only need to know that partons 

have long. momentum, but must have 
transverse degrees of freedom as well  

n Partons in transverse coordinate space  
¨ Generalized parton distributions (GPDs) 

n Partons in transverse momentum space  
¨ Transverse-momentum distributions (TMDs) 

n Both? Wigner distributions!  

3/18/18 
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q Wigner distributions (Belitsky, Ji, Yuan) 

Unified view of the Nucleon  

5D 

3D 

1D 

(X. Ji, D. Mueller, A. Radyushkin) 



Zoo of TMDs & GPDs 

γ,h 

GPDs 

h 

TMDs 

§  NOT directly accessible 
§  Their extractions require measurements of x-sections and 

asymmetries in a large kinematic domain of xB, t, Q2 (GPD) and xB, 
PT, Q2 , z (TMD) 

k 

k k 



What can we learn 
n  3D Imaging of partons inside the nucleon 

(non-trivial correlations) 
¨ Try to answer more detailed questions as 

Rutherford was doing 100 years ago 
n QCD dynamics involved in these processes 

¨ Transverse momentum distributions: universality, 
factorization, evolutions,… 

¨ Small-x: BFKL vs Sudakov? 
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Deformation when nucleon is 
transversely polarized 
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Lattice Calculation of the transvese density  
Of Up quark, QCDSF/UKQCD Coll., 2006 

Quark Sivers function fit to the SIDIS 
Data, Anselmino, et al. 2009 

k y
 

kx 
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Parton’s orbital motion through 
the Wigner Distributions 
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Phase space distribution: 
    Projection onto p (x) to get the 
    momentum (probability) density 
 
Quark orbital angular  
momentum 

Well defined in QCD: 
Ji, Xiong, Yuan, PRL, 2012; PRD, 2013 
Lorce, Pasquini, Xiong, Yuan, PRD, 2012 
Lorce-Pasquini 2011 
Hatta 2011 



Where can we study:  
Deep Inelastic Scattering 

n  Inclusive DIS 
¨ Parton distributions 

n  Semi-inclusive DIS, measure 
additional hadron in final state 
¨ Kt-dependence 

n  Exclusive Processes, 
measure recoiled nucleon 
¨ Nucleon tomography 

45 

H1&ZEUS@HERA  
HERMES 



What we have learned 
n Unpolarized transverse momentum 

(coordinate space) distributions from, 
mainly, DIS, Drell-Yan, W/Z boson 
productions, (HERA exp.) 

n  Indications of polarized quark distributions 
from low energy DIS experiments 
(HERMES, COMPASS, JLab) 
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What we are missing  
n Precise, detailed, mapping of polarized 

quark/gluon distribution 
¨ Universality/evolution more evident 

n Spin correlation in momentum and 
coordinate space/tomography 
¨ Crucial for orbital motion 

n Small-x: links to other hot fields (Color-
Glass-Condensate) 
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Perspectives   
n HERA (ep collider) is limited by the 

statistics, and is not polarized 
n Existing fixed target experiments are 

limited by statistics and kinematics 
n  JLab 12 will provide un-precedent data 

with high luminosity 

n Ultimate machine will be the Electron-Ion-
Collider (EIC): kinematic coverage with 
high luminosity 

3/18/18 48 



We need a new machine:  
EIC Proposals in US 
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arXiv: 1108.1713, arXiv: 1212.1701 

high luminosity & wide reach in √s 
 

polarized lepton & hadron beams 
 

nuclear beams 



n Goal is to introduce some basic ideas 
about small-x physics 
¨ Why is it interesting, how relevant 
¨ Current theoretical approach 

n Connections to the TMDs 

n References 
¨ Al Mueller, arXiv: hep-ph/9911289, hep-ph/0111244 
¨ Dominguez, Marquet, Xiao, Yuan, 1101.0715 
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Parton Physics at Small-x 



Gluon saturation inevitable at 
small-x 
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n QCD evolution drives the gluon distribution 
rising at small-x 
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BFKL evolution becomes 
relevant at small-x 

n Balitsky-Fadin-Lipatov-Kuraev, 1977-78 

n Balitsky-Kovchegov: Non-linear term, 98  
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Saturation at small-x/large A 
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Small-x/large A 



Small-x approximation 

n Take the leading contribution of high 
energy scattering (eikonal approx) 

n Take the small-x limit whenever 
applicable, and neglect all higher order 
terms 
¨ There have been some recent developments 

to deal with sub-leading contributions, 
however, very subtle and complicated 
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Light-cone decomposition  

n Nucleon/nucleus moving in +z direction, 
the probe in –z direction 

n Useful Fourier transform 
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Small-x factorization 

n  eikonal approximation in high energy 
scattering 
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Mueller, 1994 



Basic rules 
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⊗

(U(x⊥)− 1)

⊗

(U †(x⊥)− 1)

⊗

(W (x⊥)− 1)ab =
1
TF
Tr[U(x⊥)T aU †(x⊥)T b − T aT b]



Example #1: qAàq+X 
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⊗

(U(x⊥)− 1)

k k’ 



Dipole amplitude 

n S-matrix describes quark-antiquark dipole 
scattering on nucleon/nucleus 

n Also referred as the un-integrated gluon 
distribution in heavy ion community 
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Example #2: DIS 
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⊗ ⊗⊗
(a) (b) (c)
⊗



n The amplitude (transverse photon) 
proportional to  
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Example #3: Drell-Yan 
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⊗ ⊗ ⊗ ⊗



n Amplitude squared proportional to  

n Directly probe the dipole gluon distribution 
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Example #4: quark distribution 
at small-x 

n  It can be shown that the DIS quark is the 
same as the DY quark, although the 
diagrams are not  
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Example #4: one gluon radiation 
BK evolution 

n Soft gluon limit 
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⊗⊗



BK: Real+Virtual 
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TMD Gluons at small-x 
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Conventional gluon distribution 

n Collins-Soper, 1981 

¨ Gauge link in the adjoint representation 
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Physical interpretation 
n Choosing light-cone gauge, with certain 

boundary condition  (either one, but not 
the principal value) 

n Gauge link contributions can be dropped  
n Number density interpretation, and can be 

calculated from the wave functions of 
nucleus 
¨ McLerran-Venugopalan 
¨ Kovchegov-Mueller 
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Classic YM theory: WW-gluon 

n McLerran-Venugopalan 

¨ See also, Kovchegov-Mueller 
¨ Weizsacker-Williams gluon distribution is the 

conventional one 
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DIS dijet probes WW gluons 

n  Hard interaction includes the gluon attachments 
to both quark and antiquark 

n  The qt dependence is the gluon distribution w/o 
gauge link contribution at this order 
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Fundamental representation 

n  Apply the following identity 
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Dipole calculation 
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⊗ ⊗⊗
(a) (b) (c)
⊗



Expansion in the correlation 
limit, qt<<Pt 

n There is cancellation between two-point 
and four-point functions 

n  final result 

¨ Agrees with the TMD result 
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Photon-jet correlation probes 
the dipole gluon distribution 

 
 
 
 
 
 
 

 
There is no color structure corresponding to  

this, We have to express the gluon  
Distribution in the Fundamental  

representation  
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a b 

a b 



n Dipole gluon distribution 

n This is the dipole gluon distribution, also 
called unintegrated gluon distribution 
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Intuitive explanations 
n Final state interactions in DIS can be 

eliminated by choosing the light-cone gauge 
à number density interpretation 

n Photon-jet correlation have both initial/final 
state interactions, can not be eliminated by 
choosing LC gauge à there is no number 
density interpretation à dipole gluon 
distribution 
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n  Initial state and/or final state  
   interactions 

 

Dijet-correlation at RHIC 

Boer-Vogelsang 03 
Jet 1 

Jet 2 

P,ST 

Standard (naïve) Factorization breaks! 
Becchetta-Bomhof-Mulders-Pijlman, 04-06 
Collins-Qiu 08; Vogelsang-Yuan 08 
Rogers-Mulders 10; Xiao-Yuan, 10 



Modified factorization 
n Dilute system on a dense target, in the 

large Nc limit, 
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n Hard partonic cross section 
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n Kt-dependent gluon distributions 
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Violation effects 
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xG(2) 

xG(1) 

xG(1)XF 
qgàqg 



Further developments 
n Sudakov resummation for small-x TMDs 

¨ Mueller-Xiao-Yuan, PRL110, 082301 (2013); 
Xiao-Yuan-Zhou, NPB921, 104 (2017) 

¨ Balitsky-Tarasov, JHEP1510,017 (2015) 
n Transverse spin-dependent TMD gluon at 

small-x 
¨ Related to the spin-dependent odderon, Boer-

Echevarria-Mulders-Zhou, PRL 2016 
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q Wigner distributions (Belitsky, Ji, Yuan) 

Grand Jewels of Hadron Physics 

Dipole scattering 
amplitudes 

Small-x 

Hatta-Xiao-Yuan,1601.01585  
earlier: Mueller, NPB 1999 



Probing 3D Tomography of Protons at 
Small-x at EIC 

Introduction to TMDs and Saturation Physics

Probing 3D Tomography of Proton at small-x

Diffractive back-to-back dijet productions:

�q? � �?
2q? � �?

2

p p0

k1

k2

Measure final state proton recoil �? as well as dijet momentum k1? and k2?.
We can obtain xGDP(x, q?,�?) directly since q? ' P? ⌘ 1

2 (k2? � k1?).
By measuring hcos 2 (�

P? � ��?)i, we can learn more about the low-x dynamics.
WW Wigner (WWW) distribution can be also defined and measured.
Linearly polarized Wigner distribution, etc. This is only the beginning.

7 / 17

§  In the Breit frame, by measuring the recoil of final state 
proton, one can access ΔT. By measuring jets momenta, 
one can approximately access qT. 

§  The diffractive dijet cross section is proportional to the 
square of the Wigner distribution.  

Diffractive back-to-back dijet productions at EIC: 
Hatta-Xiao-Yuan,1601.01585  



Parton Physics: Lattice QCD 

n  The only known rigorous framework for ab-
initio calculation of the structure of protons 
and neutrons with controllable errors.  

n  After decades of effort, one can finally 
calculate nucleon properties with 
dynamical fermions at physical pion mass!  



Nucleon Structure from Lattice QCD 

Nearly physical  
pion mass 
mπ=149MeV 

Quark momentum fraction 
88 

J.R. Green et al, 2012 & 2014 
 



Strange Quark Magnetic Moment 
n  R.S. Sufian et al, (2+1) flavor of overlap 

domain wall fermions at physical pion mass  

PRL 2016 



Directly compute PDFs from lattice 
QCD 
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Ji, PRL, 2013 

Alexsandrou et al., 2016 Chen et al., 2016 



Directly compute PDFs from lattice 
QCD at physical pion mass 
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Alexsandrou et al., 2018 Chen et al., 2018 



Fundamental Understanding  
of 

the Nucleon Structure in QCD 

Theory/ 
Phenomenology 

Lattice QCD 
   

EXP.  
Measurements 



Back-up 
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Transverse momentum distributions: 
A unified picture 

CSS 

Prokudin-Sun-Yuan 15 



Small-x evolution: 
Non-linear term at high density 

n Balitsky-Fadin-Lipatov-Kuraev, 1977-78 

n Balitsky-Kovchegov: Non-linear term, 98  
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Therefore  
n  x-dependence of the TMDs at small-x, in 

principle, can be calculated from the QCD 
evolution (BK-JIMWLK) 

n How about Q2 

¨ Sudakov double log resummation (which 
controls Q-evolution) can be performed 
consistently in the small-x formalism 
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Mueller, Xiao, Yuan, PRL110,082301 (2013); 
Phys.Rev. D88 (2013) 114010; 
Xiao, Yuan, Zhou, NPB 2017 



Gluon tomography at small x 
(GPDs) 

3/18/18 
97 EIC-White paper 

arXiv:1212.1701 



Q2=2.4GeV2 

Q=10GeV 

Q=90GeV 

kT (GeV) 

Unpolarized quark distribution 
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n  GPDs: fully correlated parton distributions in 
both momentum and coordinate space 

n  From the Fourier transform of the momentum 
transform, we will obtain the partons’ 3-d 
image in nucleon 

Burkardt 00,02; 
Belitsky-Ji-Yuan, PRD04 

Hadron tomography via GPDs 

PDFs GPDs 
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3D image of quarks at fixed-x 

low x moderate x high x 

x 
y 

z 
Beam direction 

n  GPDs can be used to picture quarks in the proton 
(Belitsky-Ji-Yuan, PRD 04)  
¨  Fourier transform of the GPDs (respect to the momentum 

transfer) is a function of position r and Feynman momentum 
x:  f(r,x)  

¨  One can plot this distribution as a 3D function at fixed x 

fm 

fm 

fm 



Stratmann, et al. 
EIC-White Paper 

Quark spin 

gl
uo

n 
sp

in
 



Quark imaging from EIC 
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Mueller, et al., 1304.0077 



In particular 



Kt-dependence 
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Di-hadron correlations 
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Partonic cross section eqàe’q’ 
n Cross symmetry with e+e-àqq 
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GPDS 
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DVCS and GPDs at small-x 

n All other GPDs suppressed at small-x 
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Hoodbhoy-Ji 98 
Diehl 01 



Dipole formalism 

n Elliptic gluon distribution (Hatta-Xiao-Yuan 16) 
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GPDs and dipole 
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Elliptic gluon  
distribution 



DVCS: Helicity-conserved Amp. 

n Dominant contributions from z~1 or 0, 
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µ ν 

Hatta-Xiao-Yuan 1703.02085 



Helicity-flip amplitude 

n  In the DVCS limit, Q>>Δ 
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Hatta-Xiao-Yuan 1703.02085 



DVCS: Collinear factorization 

n  Imaginary part at xi=x 
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Hoodbhoy-Ji 98 



Quark/GPD quark at small-x 
n DGLAP splitting dominated by gluon 

distribution/GPD gluon 

 
GPD quark distribution 
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n We have established the consistency 
between the small-x dipole formalism and 
the collinear GPD framework 

n The cos(2phi) asymmetry in DVCS will 
provide information on the elliptic gluon 
distribution at small-x 

n Extension to polarized parton distributions/
OAMs is anticipated, but much more 
involved 
¨ Kovchegov et al, 1511.06737,1610.06188 
¨ Hatta et al, 1612.02445 
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