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Motivation
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Early efforts in the US to realize an Electron-Ion Collider 
• 2010: 8 week INT workshop “Gluons and the quark sea at high 

energies” first comprehensive effort to make the physics case 
and set priorities.

Key Topic: Gluon Saturation 
• Can we find experimentally 

evidence of non-linear QCD 
dynamics? 

• What is the dynamics of gluon 
saturation? How does it evolve? 

• Is the Color Glass Condensate 
the correct theory in this realm? 
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Key Measurements - Diffraction
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Diffraction is the most precise probe of non-linear 
dynamics in QCD

Close relative of DIS:
t  : momentum transfer squared 
MX  : mass of diffractive final-state 
characterized by large rapidity gap  
mediated by color neutral exchange (e.g. 
2 gluons)

• Came into limelight with discovery at HERA:  diffractive events 
(~15% of total DIS rate)  

• Diffraction is very sensitive to (small-x) gluons 
• High sensitivity to gluon density:  

‣ e.g. γ*H→VH: dσ/dt|t=0 ~ [g(x,Q2)]2  

• Only known process where spatial gluon distributions can be 
extracted since t = Fourier conjugate to bT 



Diffractive Event Generators ?
• Requirements: 
‣ Must implement saturation and non-saturation picture 

๏ Comparison  
๏ Sensitivity to new physics 

‣ Systems 
๏ ep (cross-checks with existing data) 
๏ eA (broad range of nuclei) 

‣ Final State: 
๏ Highest priority: Exclusive vector meson production 
๏ Inclusive diffraction  

• Available Generators: 
‣ Plethora of e+p generators from HERA times  

๏ not all with complete diffractive event generation mechanism 
‣ Little to nothing for eA, especially nothing on sat/no-sat

4



Sartre’s Model: the Dipole Picture
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Deep inelastic scattering at high energy: dipole picture

Optical theorem:
��⇤

p ⇠ dipole amplitude ��⇤
p!Vp ⇠ |dipole amplitude|2

Universal dipole amplitude

QCD dynamics is included in the dipole amplitude N, needed for

DIS

Di↵raction

Particle spectra in pp/pA

. . .

Non-perturbative input from a fit to HERA F2 data.

Heikki Mäntysaari (JYFL) CFNS Seminar @ BNL Feb 1, 2018 5 / 29

Universal dipole amplitude: 
• QCD dynamics is included in the dipole amplitude N, 

needed for DIS  
• Diffraction 
• Particle spectra in pp/pA ...  

Many dipole models on market: 
• GBW, VCGC, FS, BGBP, CGC, b-CGC, bSat (IPSat), … 
• Non-perturbative input from fit to HERA F2 data 



Sartre’s Origin: Kowalski, Motyka, Watt
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γ∗ V = J/ ψ,φ, ρ

p p′

z

1 − z

r⃗

b⃗

(1 − z)r⃗

x x′

Complete Description: 
• bSat (a.k.a IPSat) & CGC model 

‣ Parameters from fit to “old” Hera F2 
• ep and extension to eA 

‣ Added bT dependence 
• Many details worked out

dσ
/d

t 

|t|

Coherent/Elastic

Incoherent/Breakup

t1 t2 t3 t4

• H. Kowalski, L. Motyka and G. Watt: 
Exclusive diffractive processes at HERA , 
arXiv:hep-ph/0606272 

• H. Kowalski, L. Motyka and G. Watt: Impact 
parameter dependent colour glass 
condensate dipole mode, arXiv:0712.2670

eA

t



Sartre
Event Generator 

• Hosted at Hepforge: //sartre.hepforge.org (svn repository) 
• Published: Phys. Rev. C87, 02491 (2013), Comput. Phys. 

Commun. 185 (2014) 1835-1853 
• Developer: Tobias Toll, TU 
• Input from: M. Baker, T. Lappi, H. Mantysaari, P. Zurita 
• C++ class library (similar to Pythia8) 
• External library: ROOT (4-vectors & TMath), GSL, UNU.RAN 
• Packages included: Cuba (integration), Gemini++ 
• Currently only exclusive VM production

7

Issues addressed beyond KMW 
• Coherence (averaging over configurations) 
‣ Required generation of tables and lots of CPU power to 

generate them 
• Nuclear breakup in incoherent diffraction (eA)



Sartre: Approach
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Use Dipole Model: bSat (bNonSat)

γ* V = J/ψ, φ, ρ, γ
1-z (1-z)r→r→

z

pʹ, Aʹ

xʹ

p, A

x

t

b→ A�⇤p!V p
T,L (x,Q,�) = i

Z
dr

Z
dz

4⇡

Z
d2b( ⇤

V ) (r, z)

⇥2⇡rJ0([1� z]r�)e�ib·� d�(p)
qq̄

d2b
(x, r,b)

� =
p
�t

Amplitude in ep:

3

γ * V = J/ψ, φ, ρ, γ

pʹ, Aʹp, A

z

1− z

r

b

(1− z)r

x x

t

FIG. 1. A schematic picture of the dipole model and its vari-
ables. See text for details.

where T and L represent the transverse and longitudi-
nal polarizations of the virtual photon, r is the size of
the dipole, z the energy fraction of the photon taken
by the quark, ∆ =

√
−t is the transverse part of the

four-momentum difference of the outgoing and incom-
ing proton, and b is the impact parameter of the dipole
relative to the proton (see Fig. 1). (Ψ∗

VΨ) denote the
wave-function overlap between the virtual photon and
the produced vector meson. In this paper we use the
”boosted Gaussian” wave-overlap with the parameters
given in [31].

The dipole cross-section dσ(p)
qq̄ /d2b(x, r,b) is defined

as:

dσ(p)
qq̄

d2b
(x, r,b) ≡ 2N (p)(x, r,b) = 2[1−ℜ(S)] (2)

The first equality is the optical theorem, and we make the
approximation of only using the real part of the S-matrix
for the definition of the scattering amplitude N , which
then becomes a real number between 0 and 1. Here (p)
denotes proton.
In the bSat model the scattering amplitude is:

N (p)(x, r, b) = 1− e−
π2

2NC
r2αS(µ2)xg(x,µ2)T (b) (3)

where µ2 = 4/r2 + µ2
0 and µ2

0 is a cut-off scale in the
DGLAP evolution of the gluons. The initial gluon den-
sity xg(x, µ2

0) = Agx−λg (1 − x)5.6. The nucleon profile
function T (b) = 1/(2πBG) exp(−b2/(2BG)). All param-
eter values are determined through fits to HERA data
[31]. For all results in this paper, we use BG = 4 GeV−2,
µ2
0 = 1.17 GeV2, λg = 0.02, and Ag = 2.55. Also, the

four lightest quark masses are treated as parameters in
the model, and are taken to be: mu = md = ms = 0.14
GeV, mc = 1.4 GeV. It should be noted that bSat is a
model of multiple two-gluon exchanges at leading log, but
some NLL effects are taken into account by the running
of the strong coupling.
The total diffractive γ∗p cross-section for this process

is:

dσγ∗p

dt
=

1

16π

∣

∣A(x,Q2, t)
∣

∣

2
(4)

B. Extending the bSat model from ep to eA

The explicit impact parameter dependence of the bSat
model makes it especially well suited for the description
of processes in eA collisions. The b dependence allows one
to model the nucleus as a collection of nucleons according
to a given nuclear transverse density distribution, e.g. the
Woods-Saxon function. To this end we make two obser-
vations. Firstly, at small x, the life-time of the dipole is so
large that the dipole traverses the full longitudinal extent
of the nucleus. As a consequence the nucleus can effec-
tively be treated as a two-dimensional object in the trans-
verse plane. Also, when the gluon’s momentum fraction
of the hadron is small, its wavelength in the light-cone
direction x− becomes so large, that it coherently probes
the whole nucleus at x ≪ A−1/3/(MNRp) ∼ 10−2, where
MN is the mass of the nucleus and Rp is the proton ra-
dius. Consequently, the information about which nucleon
the gluon belongs to is lost, and the exact position of each
nucleon within the nucleus is not an observable. In or-
der to calculate the cross-section correctly the average
over all possible states of nucleon configurations has to
be taken:

dσtotal
dt

=
1

16π

〈

∣

∣A(x,Q2, t,Ω)
∣

∣

2
〉

Ω
(5)

where Ω denotes nucleon configurations.
One defines two different kinds of diffractive events in

eA: coherent and incoherent. In the Good-Walker pic-
ture [25] the incoherent cross-section is proportional to
the variance of the amplitude with respect to the initial
nucleon configurations Ω of the nucleus:

dσincoherent
dt

=
1

16π

(

〈

∣

∣A(x,Q2, t,Ω)
∣

∣

2
〉

Ω

−
∣

∣

〈

A(x,Q2, t,Ω)
〉

Ω

∣

∣

2
)

(6)

where the first term on the R.H.S is the total diffractive
cross-section and the second term is the coherent part of
the cross-section.
When extending the bSat model from ep to eA we

will use the independent scattering approximation to con-
struct the scattering amplitude for nuclei:

1−N (A)(x, r,b) =
A
∏

i=1

(

1−N (p)(x, r, |b − bi|)
)

(7)

where bi is the position of each nucleon in the nu-
cleus in the transverse plane. We assume that the po-
sitions of the nucleons are distributed according to the
3-dimensional Woods-Saxon function projected onto the
transverse plane. For details see Appendix A.
Combining equations (2), (3) and (7) the bSat scatter-

ing amplitude for eA becomes:

1

2

dσ(A)
qq̄

d2b
(x, r,b,Ω) = (8)

1− exp

(

− π2

2NC
r2αS(µ

2)xg(x, µ2)
A
∑

i=1

T (|b− bi|)
)

.

• Add photon flux → p.d.f.: 
• Sample p.d.f. → t, W, Q2 

• Final state generation →  4-Momenta of e’, p’, V, γ*

d3�

dt dQ2 dW 2



Sartre: eA adds complexity
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Nucleus:  
• small x ⇒ large λ ⇒ coherently probes whole 

nucleus for x ≪ A-1/3 mN/RN ~ 10-2 

• Position of nucleon in nucleus is not an observable  
• To calculate CS need to average over all possible 

states of nucleon configurations Ω

4

Note that the dependence on nucleon configurations Ω in
the amplitude is entirely contained in this dipole cross-
section.

1. The incoherent, coherent, and total diffractive
cross-sections

In order to obtain the total diffractive cross-section
and its coherent part, the second and first moments of
the amplitude have to be calculated respectively. For the
first moment there is a closed expression for the average
of the dipole cross-section [14]:

〈

dσqq̄
d2b

〉

Ω

= 2

[

1−
(

1− TA(b)

2
σp
qq̄

)A
]

(9)

where σp
qq̄ is the ep dipole cross-section, eq. (3), inte-

grated over the impact parameter, and TA is the profile
of the Woods-Saxon potential in transverse space.
For the second moment of the amplitude, no analytical

expression exists. Similarly as in [29], we derive it by
defining an average of an observable O(Ω) over nucleon
configurations Ωi by:

⟨O⟩Ω =
1

Cmax

Cmax
∑

i=1

O(Ωi). (10)

For a large enough number of configurations Cmax the
sum on the R.H.S. will converge to the true average. For
the total diffractive cross-section one gets:

dσγ∗A

dt
(x,Q2, t) =

1

16π

1

Cmax

Cmax
∑

i=1

∣

∣A(x,Q2, t,Ωi)
∣

∣

2
.(11)

For large t the variance is several orders of magnitude
larger than the average. This means that the conver-
gence of the sum in eq. (10) becomes extremely slow, as
demonstrated in Fig. 2(a), where we show the coherent
cross-section resulting from averaging over 10, 100, 500,
and 800 configurations. As a comparison the ”analyti-
cal average”, i.e. eq. (9) is also shown. As can be seen,
not even 800 configurations are enough for convergence
at −t > 0.15.
The convergence of the second moment of the ampli-

tude is shown in Fig. 2(b). We conclude that around 500
configurations are needed to obtain a good description of
the cross-section for −t < 0.3.

2. A non-saturated bSat model.

Saturation is introduced in the bSat model through the
exponential term in the scattering amplitude (eq. (3)). In
order to study the effects of saturation on the production
cross-section we construct a non-saturated version of the
bSat model by linearizing the dipole cross-section. It
should be noted that there is no taming of the rise of

the cross-section for small xIP or large dipole radii in
this case, and studies are only valid where β = xIP /xBj

is large. For exclusive diffraction this is equivalent to
keeping Q2 large. Any other way to impose a limit on the
rise of the cross-section, e.g. through a cut-off, inevitably
also imposes some form of saturation into the formalism.
In the proton case, the bNonSat dipole cross-section

is obtained by keeping the first term in the expansion of
the exponent in the bSat dipole cross-section [14]:

dσ(p)
qq̄

d2b
=

π2

NC
r2αs(µ

2)xg(x, µ2)T (b). (12)

In the case of a nucleus the dipole cross-section be-
comes:

dσ(A)
qq̄

d2b
=

π2

NC
r2αs(µ

2)xg(x, µ2)
A
∑

i=1

T (|b− bi|) (13)

and the coherent part of the bNonSat cross-section can
be obtained through the average:

〈

dσ(A)
qq̄

d2b

〉

Ω

=
π2

NC
r2αs(µ

2)xg(x, µ2)ATA(b). (14)

The parameters we use for the bNonSat model were ob-
tained in [14], by fits to HERA data. They are: BG = 4
GeV−2, µ2

0 = 0.8 GeV2, λg = −0.13, and Ag = 3.5. The
bNonSat quark masses are: mu = md = ms = 0.15 GeV,
mc = 1.4 GeV.
Figures 3 (a) and (b) shows the wave-overlap (Ψ∗

V Ψ)
between the virtual photon and produced vector mesons
as a function of dipole size r, for transverse and lon-
gitudinal polarizations of the photon respectively. The
wave-overlap is taken at Q2 = 1 GeV2 and at z = 0.7.
In Fig. 3 (c) we show the dipole cross-section as a func-
tion of dipole size r. In bSat the rise of the cross-section
at large r is tamed in the model, while in bNonSat it is
allowed to rise uncontrollably. Notice that despite the
uncontrolled rise of the dipole cross-section, the result-
ing cross-section stays finite because of the steep fall of
the wave-overlap function at large r. As can be seen in
the figure, the lighter (larger) vector mesons ρ and φ are
more sensitive to saturation effects than heavier vector
meson such as J/ψ. For J/ψ the wave-overlap falls off
so quickly at large r that it is an unsuitable probe for
accessing the saturated regime, even for large nuclei.

3. Phenomenological corrections to the dipole cross-section

In the derivation of the dipole amplitude only the real
part of the S-matrix is taken into account. The imagi-
nary part of the scattering amplitude can be included by
multiplying the cross-section by a factor (1 + β2), where
β is the ratio of the imaginary and real parts of the scat-
tering amplitude. It is calculated using [30]:

β = tan
(

λ
π

2

)

, where λ ≡
∂ ln

(

Aγ∗p→V p
T,L

)

∂ ln(1/x)
. (15)
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FIG. 2. (Color online) (a) The resulting coherent and (b) total cross-section for γ∗A → γ∗J/ψA, averaged over 10, 100, 500
and 800 configurations. As reference, the coherent analytical average described by eq. (9) is also shown.

In the derivation of the dipole amplitude, the gluons
in the two-gluon exchange in the interaction are assumed
to carry the same momentum fraction of the proton or
nucleus. To take into account that they carry different
momentum fractions, a so-called skewedness correction is
applied to the cross-section by multiplying it by a factor
Rg(λ) defined by [30]:

Rg(λ) =
22λ+3

√
π

Γ(λ + 5/2)

Γ(λ+ 4)
(16)

where λ is defined as above. Note that this definition
of skewedness-correction for the bSat model is slightly
different from the one used in [30], but follows the de-
scription in [32].
These corrections are important for describing HERA

data, where the models are valid the corrections are typ-
ically around 60% of the cross-section, out of which the
skewedness correction amounts to around 45%. The cor-
rections grow dramatically in the large x range outside
the validity of the models, where x > 10−2.

C. Computing the eA cross-sections

The differential ep and eA cross-sections for exclusive
diffractive processes cannot be calculated analytically. In
order to obtain numerical solutions we have written a
computer program to sample and average over nuclear
configurations. This program is also the core of a novel
event generator, Sartre, which is briefly described in Ap-
pendix B.

The total differential cross-section is:

d3σtotal
dQ2dW 2dt

=
∑

T,L

R2
g(1 + β2)

16π

dnγ
T,L

dQ2dW 2

〈

|AT,L|2
〉

Ω
(17)

where dnγ
T,L/dQ

2dW 2 is the flux of transversely and lon-
gitudinally polarized virtual photons, and the average
over configurations Ω is defined in eq. (10).
The coherent part of the cross-section is:

d3σcoherent
dQ2dW 2dt

=
∑

T,L

R2
g(1 + β2)

16π

dnγ
T,L

dQ2dW 2

∣

∣⟨AT,L⟩Ω
∣

∣

2
(18)

while the incoherent part is the difference between the
total and coherent cross-sections.
For the the second moment of the amplitude, for each

nucleon configuration Ωi, one need to calculate the inte-
gral:

AT,L(Q
2,∆, xIP ,Ωi) =

∫

rdr
dz

2
d2b (Ψ∗

V Ψ)T,L (Q2, r, z)

×J0([1− z]r∆)e−ib·∆dσqq̄
d2b

(xIP , r,b,Ωi) (19)

where the dipole cross-section is defined in eq. (9) for
bSat and in eq. (13) for bNonSat. For eA, there is no an-
gular symmetry in b which makes this integral complex.
We average over 500 nucleon configurations, giving 1000
such integrals for each point in phase-space.
For the first moment of the amplitude, the integral to

• Analytic average not exact 

• Need ~ 800 configuration, more at large t 
• Use Wood-Saxon as source distribution

9



eA Incoherence - Interesting in its Own Right
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dσ
/d

t 

|t|

Coherent/Elastic

Incoherent/Breakup

t1 t2 t3 t4

d�total

dt
=

1

16⇡
h|A|2i

d�coh

dt
=

1

16⇡
|hAi|2

�incoh /
X

f 6=i

hi|A|fi†hf |A|ii

=
X

f

hi|A|fi†hf |A|ii � hi|A|ii†hi|A|ii

= hi| |A|2|ii � |hi|A|ii|2 = h|A|2i � |hAi|2

Incoherent: nucleus dissociation ( f ≠ i )

Incoherent CS is variance of amplitude 
⇒ measure of fluctuating source density
Coherent CS reflects the average source
density



Sartre: Need for Amplitude Tables
• 800 configurations with 3D Integrals for longitudinal and 

transverse polarized photons and for coherent-total 〈|AL|2〉,         
〈|AT|2〉,  |〈AL〉|2,  |〈AT〉|2

• CPU time for each sample prohibitive for all practical purposes 
• Solution: Store amplitudes in 3D tables A(Q2, W, t)  
• Problems  
‣ Bridge kinematic range JLEIC → eRHIC → LHeC 
‣ Need to keep granularity 
‣ sat ⊗ no sat ⊗ 4 final states ⊗ ep and eA with different A 

‣ First round ~100k CPU core-hours (ep, eAu, eCa) 
‣ Next round with larger finer tables: ~1.5M CPU core-hours 

• Optimization: flexible (grid-less) 3D table challenging (hardly 
any open code, Hollywood knows how but $$$$)  

• One issue: metric for closest neighbor (t, Q2, W)
11



Incoherent Diffraction: Nuclear Breakup
Vital for experimental studies: 
• distinguish incoherent from coherent 
• ep: forward p detectors (HERA) 

‣ hadron dissociation mass follows 
dN/dMY2 ~ 1/MY2 

• eA: more complex 
‣ lower t: nucleus breaks up into its 

constituents nucleons 
‣ larger t: nucleon breakup triggers 

nuclear breakup

12

dσ
/d

t 

|t|

Coherent/Elastic

Incoherent/Breakup

t1 t2 t3 t4

• eA: little is known about details of breakup and little 
theoretical guidance 

• Experimental requirements 
‣ Required rejection factor: > 100 
‣ Required veto efficiency > 99%



Nuclear Breakup in Sartre

Proper treatment: 
• Intra-Nuclear Cascade 
‣ studied in pA 
‣ Particle production 
‣ Remnant Nucleus (A, Z, E*, ...)  

• De-Excitation 
‣ Evaporation 
‣ Fission 
‣ Residual Nuclei 

• Sartre (right now): skip INC, use evaporation MC Gemini++ 
(R. Charity). Derive excitation energy E* from MY  => not 
complete.  
‣ Future: input from BEAGLE (see M. Baker’s talk)
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(A, Z)

p (1 GeV)

Excited nucleus
Evaporation

Intra-Nuclear Cascade

Spallation residueFission products

n

n

n

n

n d

α

ππ

Δ

α

γ γ

γ

p

p

n
n

n

α, β, γ decays

Need to detect breakup products through forward detectors 
(ZDC, Roman Pots, …) ⇒ need kinematics of breakup products 



Sartre Workflow
Two parts: Table generator (experts), Event generator
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t  
W2 
Q2

UNU.RAN

Event Generation

Kinematically 
Allowed Region

defines

determines
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Sartre: Vector Meson Production
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γ* V = J/ψ, φ, ρ, γ
1-z (1-z)r→r→

z

pʹ, Aʹ

xʹ
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x

t
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qq̄
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◆

Dependence on nucleon configurations 
in the amplitude is entirely contained in 
this dipole cross-section.
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V ) (r, z)
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Wave overlap function Ψ*Ψ falls 
steeply for large dipole radii
• J/ψ not sensitive to saturation.
• Need to look at φ, or ρ that 

“see” more of the dipole 
amplitude

J/ψ

φ
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Results: VM Production: dσ/dt

• Find: Typical diffractive pattern for coherent (non-breakup) part 
• As expected: J/ψ less sensitive to saturation than φ 

• Need this sliced in x bins ⇒ luminosity hungry 
• Crucial: t resolution and reach
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Results: Spatial Gluon Distribution from dσ/dt

17

Diffractive vector meson production: e + Au → eʹ + Auʹ + J/ψ

~

t =  Δ2/(1-x) ≈ Δ2
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• Momentum transfer t = |pAu-pAuʹ|2 conjugate to bT 

• Converges to input F(b) rapidly: |t| < 0.1 almost enough 
• Fourier transformation requires ∫Ldt >  1 fb-1/A



Work in Progress: Inclusive Diffraction

Example: σdiffractive/σtotal
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γ∗ V = J/ ψ,φ, ρ

p p′

z

1 − z

r⃗

b⃗

(1 − z)r⃗

x x′

qq̄, qq̄g, . . . Work in progress: 
• Dipole model:  
• States handed over to Pythia 8 for 

parton showering

qq̄, qq̄g, . . .
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shadowing model (LTS)

saturation model

• Saturation models (CGC) 
predict up to σdiff/σtot ~ 25% in 
eA  

• Ratio enhanced for small MX 
and suppressed for large MX 

• Standard QCD predicts no MX 
dependence and a moderate 
suppression due to shadowing.
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Simulations show little 
dependence on W (as 
observed at HERA)



Take Away Message
• Sartre an event generator for diffractive events  

‣ in e+A and e+p 
‣ for saturation and non-saturation 

• Vital to simulate eA key measurements at an EIC 
• Work in progress (weeks/few month) 

‣ New set of IPSat and IPNonSat parameters from fits to 
combined HERA F2 data: H. Mantysaari, P. Zurita 
‣ Improve nuclear breakup model: M. Baker 
‣ New complete set of amplitude tables 

• Longer term (hopefully all this year) 
‣ Complete extension to inclusive diffractive events 
‣ Add physics of UPC collisions (AA) 

• Very long term 
‣ NLO Dipole Models (see POETIC talks from Henri Hänninen, 

Guillaume Beuf) 
‣ IPSat → BK  (problem is b dependence)

19


