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• Definition of beam matrix  and emittance 

• Adiabatic damping and dispersion 

• Why is emittance important 

• Phase space sampling (direct) 

• Phase space sampling (indirect) 

• Emittance measurement in rings 

• Emittance in e- LINACs
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Transverse spaces
• The REAL (x,y) space and the PHASE space are different 

things 

• Their projections along x or y are however the same thing 

• Phase spaces contain the information needed for beam 
dynamic calculations 

• x,y space is easier to sample 

• Perform measurement in x,y and use optics parameters 
and beam dynamic theories to calculate the phase space
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Phase space
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Assume centre of distribution is (0, 0) 
for simplicity
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x0
i = x̄0

i � hx̄0i
<latexit sha1_base64="xxu3hnxEaS4mfI8jTwHgq+z/p5g=">AAACE3icbZDNSsNAFIVv6l+tf1GXbgaLKIIlEcFuhIIblxVsLTShTKbTduhkEmYmYgl9Bze+ihsXirh14863cZpG0NYDA4fv3sude4KYM6Ud58sqLCwuLa8UV0tr6xubW/b2TlNFiSS0QSIeyVaAFeVM0IZmmtNWLCkOA05vg+HlpH57R6VikbjRo5j6Ie4L1mMEa4M69nF6fzjusAsvwHJqTzyORZ9T9IOQJzPQsctOxcmE5o2bmzLkqnfsT68bkSSkQhOOlWq7Tqz9FEvNCKfjkpcoGmMyxH3aNlbgkCo/zW4aowNDuqgXSfOERhn9PZHiUKlRGJjOEOuBmq1N4H+1dqJ7VT9lIk40FWS6qJdwpCM0CQh1maRE85ExmEhm/orIAEtMtImxZEJwZ0+eN83TiutU3Ouzcq2ax1GEPdiHI3DhHGpwBXVoAIEHeIIXeLUerWfrzXqfthasfGYX/sj6+AbDYJ4K</latexit><latexit sha1_base64="xxu3hnxEaS4mfI8jTwHgq+z/p5g=">AAACE3icbZDNSsNAFIVv6l+tf1GXbgaLKIIlEcFuhIIblxVsLTShTKbTduhkEmYmYgl9Bze+ihsXirh14863cZpG0NYDA4fv3sude4KYM6Ud58sqLCwuLa8UV0tr6xubW/b2TlNFiSS0QSIeyVaAFeVM0IZmmtNWLCkOA05vg+HlpH57R6VikbjRo5j6Ie4L1mMEa4M69nF6fzjusAsvwHJqTzyORZ9T9IOQJzPQsctOxcmE5o2bmzLkqnfsT68bkSSkQhOOlWq7Tqz9FEvNCKfjkpcoGmMyxH3aNlbgkCo/zW4aowNDuqgXSfOERhn9PZHiUKlRGJjOEOuBmq1N4H+1dqJ7VT9lIk40FWS6qJdwpCM0CQh1maRE85ExmEhm/orIAEtMtImxZEJwZ0+eN83TiutU3Ouzcq2ax1GEPdiHI3DhHGpwBXVoAIEHeIIXeLUerWfrzXqfthasfGYX/sj6+AbDYJ4K</latexit><latexit sha1_base64="xxu3hnxEaS4mfI8jTwHgq+z/p5g=">AAACE3icbZDNSsNAFIVv6l+tf1GXbgaLKIIlEcFuhIIblxVsLTShTKbTduhkEmYmYgl9Bze+ihsXirh14863cZpG0NYDA4fv3sude4KYM6Ud58sqLCwuLa8UV0tr6xubW/b2TlNFiSS0QSIeyVaAFeVM0IZmmtNWLCkOA05vg+HlpH57R6VikbjRo5j6Ie4L1mMEa4M69nF6fzjusAsvwHJqTzyORZ9T9IOQJzPQsctOxcmE5o2bmzLkqnfsT68bkSSkQhOOlWq7Tqz9FEvNCKfjkpcoGmMyxH3aNlbgkCo/zW4aowNDuqgXSfOERhn9PZHiUKlRGJjOEOuBmq1N4H+1dqJ7VT9lIk40FWS6qJdwpCM0CQh1maRE85ExmEhm/orIAEtMtImxZEJwZ0+eN83TiutU3Ouzcq2ax1GEPdiHI3DhHGpwBXVoAIEHeIIXeLUerWfrzXqfthasfGYX/sj6+AbDYJ4K</latexit><latexit sha1_base64="xxu3hnxEaS4mfI8jTwHgq+z/p5g=">AAACE3icbZDNSsNAFIVv6l+tf1GXbgaLKIIlEcFuhIIblxVsLTShTKbTduhkEmYmYgl9Bze+ihsXirh14863cZpG0NYDA4fv3sude4KYM6Ud58sqLCwuLa8UV0tr6xubW/b2TlNFiSS0QSIeyVaAFeVM0IZmmtNWLCkOA05vg+HlpH57R6VikbjRo5j6Ie4L1mMEa4M69nF6fzjusAsvwHJqTzyORZ9T9IOQJzPQsctOxcmE5o2bmzLkqnfsT68bkSSkQhOOlWq7Tqz9FEvNCKfjkpcoGmMyxH3aNlbgkCo/zW4aowNDuqgXSfOERhn9PZHiUKlRGJjOEOuBmq1N4H+1dqJ7VT9lIk40FWS6qJdwpCM0CQh1maRE85ExmEhm/orIAEtMtImxZEJwZ0+eN83TiutU3Ouzcq2ax1GEPdiHI3DhHGpwBXVoAIEHeIIXeLUerWfrzXqfthasfGYX/sj6+AbDYJ4K</latexit>

Area = ⇡"
<latexit sha1_base64="a8m4no4D34iePsHwrRrlTPZrmVY=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFMI0QsbGMYB6QXcLs5G4yZPbBzN1gWNLY+Cs2ForY+g92/o2TR6GJBwYO59zDnXv8RAqNtv1t5VZW19Y38puFre2d3b3i/kFDx6niUOexjFXLZxqkiKCOAiW0EgUs9CU0/cHNxG8OQWkRR/c4SsALWS8SgeAMjdQpHrsID5hdm8z4irqJoO6QKUi0kBO7ZJftKegyceakROaodYpfbjfmaQgRcsm0bjt2gl7GFAouYVxwUw0J4wPWg7ahEQtBe9n0ijE9NUqXBrEyL0I6VX8nMhZqPQp9Mxky7OtFbyL+57VTDCpeJqIkRYj4bFGQSooxnVRCu0IBRzkyhHElzF8p7zPFOJriCqYEZ/HkZdI4Lzt22bm7KFUr8zry5IickDPikEtSJbekRuqEk0fyTF7Jm/VkvVjv1sdsNGfNM4fkD6zPH6CWmJw=</latexit><latexit sha1_base64="a8m4no4D34iePsHwrRrlTPZrmVY=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFMI0QsbGMYB6QXcLs5G4yZPbBzN1gWNLY+Cs2ForY+g92/o2TR6GJBwYO59zDnXv8RAqNtv1t5VZW19Y38puFre2d3b3i/kFDx6niUOexjFXLZxqkiKCOAiW0EgUs9CU0/cHNxG8OQWkRR/c4SsALWS8SgeAMjdQpHrsID5hdm8z4irqJoO6QKUi0kBO7ZJftKegyceakROaodYpfbjfmaQgRcsm0bjt2gl7GFAouYVxwUw0J4wPWg7ahEQtBe9n0ijE9NUqXBrEyL0I6VX8nMhZqPQp9Mxky7OtFbyL+57VTDCpeJqIkRYj4bFGQSooxnVRCu0IBRzkyhHElzF8p7zPFOJriCqYEZ/HkZdI4Lzt22bm7KFUr8zry5IickDPikEtSJbekRuqEk0fyTF7Jm/VkvVjv1sdsNGfNM4fkD6zPH6CWmJw=</latexit><latexit sha1_base64="a8m4no4D34iePsHwrRrlTPZrmVY=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFMI0QsbGMYB6QXcLs5G4yZPbBzN1gWNLY+Cs2ForY+g92/o2TR6GJBwYO59zDnXv8RAqNtv1t5VZW19Y38puFre2d3b3i/kFDx6niUOexjFXLZxqkiKCOAiW0EgUs9CU0/cHNxG8OQWkRR/c4SsALWS8SgeAMjdQpHrsID5hdm8z4irqJoO6QKUi0kBO7ZJftKegyceakROaodYpfbjfmaQgRcsm0bjt2gl7GFAouYVxwUw0J4wPWg7ahEQtBe9n0ijE9NUqXBrEyL0I6VX8nMhZqPQp9Mxky7OtFbyL+57VTDCpeJqIkRYj4bFGQSooxnVRCu0IBRzkyhHElzF8p7zPFOJriCqYEZ/HkZdI4Lzt22bm7KFUr8zry5IickDPikEtSJbekRuqEk0fyTF7Jm/VkvVjv1sdsNGfNM4fkD6zPH6CWmJw=</latexit><latexit sha1_base64="a8m4no4D34iePsHwrRrlTPZrmVY=">AAACBXicbVC7SgNBFJ2NrxhfUUstBoNgFXZFMI0QsbGMYB6QXcLs5G4yZPbBzN1gWNLY+Cs2ForY+g92/o2TR6GJBwYO59zDnXv8RAqNtv1t5VZW19Y38puFre2d3b3i/kFDx6niUOexjFXLZxqkiKCOAiW0EgUs9CU0/cHNxG8OQWkRR/c4SsALWS8SgeAMjdQpHrsID5hdm8z4irqJoO6QKUi0kBO7ZJftKegyceakROaodYpfbjfmaQgRcsm0bjt2gl7GFAouYVxwUw0J4wPWg7ahEQtBe9n0ijE9NUqXBrEyL0I6VX8nMhZqPQp9Mxky7OtFbyL+57VTDCpeJqIkRYj4bFGQSooxnVRCu0IBRzkyhHElzF8p7zPFOJriCqYEZ/HkZdI4Lzt22bm7KFUr8zry5IickDPikEtSJbekRuqEk0fyTF7Jm/VkvVjv1sdsNGfNM4fkD6zPH6CWmJw=</latexit>



Beam matrix
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⌃ =


⌃11 ⌃12

⌃12 ⌃22

�
=


hx2i hxx0i
hxx0i hx02i

�

<latexit sha1_base64="Bhn9jWlrx/NbvYKPPyCL3rrsMZE="></latexit><latexit sha1_base64="Bhn9jWlrx/NbvYKPPyCL3rrsMZE="></latexit><latexit sha1_base64="Bhn9jWlrx/NbvYKPPyCL3rrsMZE="></latexit><latexit sha1_base64="Bhn9jWlrx/NbvYKPPyCL3rrsMZE="></latexit>

'
<latexit sha1_base64="OjLK/QFkh5ZgetTfxSTlawYky8A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idTJIhs7PDzGwgLPkILx4U8er3ePNvnCR70MSChqKqm+6uSAlurO9/e4Wt7Z3dveJ+6eDw6PikfHrWMkmqKWvSRCS6E6FhgkvWtNwK1lGaYRwJ1o4m9wu/PWXa8EQ+2ZliYYwjyYeconVSuzdFrca8X674VX8JskmCnFQgR6Nf/uoNEprGTFoq0Jhu4CsbZqgtp4LNS73UMIV0giPWdVRizEyYLc+dkyunDMgw0a6kJUv190SGsTGzOHKdMdqxWfcW4n9eN7XDWphxqVLLJF0tGqaC2IQsficDrhm1YuYIUs3drYSOUSO1LqGSCyFYf3mTtG6qgV8NHm8r9VoeRxEu4BKuIYA7qMMDNKAJFCbwDK/w5invxXv3PlatBS+fOYc/8D5/AHhIj5w=</latexit><latexit sha1_base64="OjLK/QFkh5ZgetTfxSTlawYky8A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idTJIhs7PDzGwgLPkILx4U8er3ePNvnCR70MSChqKqm+6uSAlurO9/e4Wt7Z3dveJ+6eDw6PikfHrWMkmqKWvSRCS6E6FhgkvWtNwK1lGaYRwJ1o4m9wu/PWXa8EQ+2ZliYYwjyYeconVSuzdFrca8X674VX8JskmCnFQgR6Nf/uoNEprGTFoq0Jhu4CsbZqgtp4LNS73UMIV0giPWdVRizEyYLc+dkyunDMgw0a6kJUv190SGsTGzOHKdMdqxWfcW4n9eN7XDWphxqVLLJF0tGqaC2IQsficDrhm1YuYIUs3drYSOUSO1LqGSCyFYf3mTtG6qgV8NHm8r9VoeRxEu4BKuIYA7qMMDNKAJFCbwDK/w5invxXv3PlatBS+fOYc/8D5/AHhIj5w=</latexit><latexit sha1_base64="OjLK/QFkh5ZgetTfxSTlawYky8A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idTJIhs7PDzGwgLPkILx4U8er3ePNvnCR70MSChqKqm+6uSAlurO9/e4Wt7Z3dveJ+6eDw6PikfHrWMkmqKWvSRCS6E6FhgkvWtNwK1lGaYRwJ1o4m9wu/PWXa8EQ+2ZliYYwjyYeconVSuzdFrca8X674VX8JskmCnFQgR6Nf/uoNEprGTFoq0Jhu4CsbZqgtp4LNS73UMIV0giPWdVRizEyYLc+dkyunDMgw0a6kJUv190SGsTGzOHKdMdqxWfcW4n9eN7XDWphxqVLLJF0tGqaC2IQsficDrhm1YuYIUs3drYSOUSO1LqGSCyFYf3mTtG6qgV8NHm8r9VoeRxEu4BKuIYA7qMMDNKAJFCbwDK/w5invxXv3PlatBS+fOYc/8D5/AHhIj5w=</latexit><latexit sha1_base64="OjLK/QFkh5ZgetTfxSTlawYky8A=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKYI4BLx4jmAckS+idTJIhs7PDzGwgLPkILx4U8er3ePNvnCR70MSChqKqm+6uSAlurO9/e4Wt7Z3dveJ+6eDw6PikfHrWMkmqKWvSRCS6E6FhgkvWtNwK1lGaYRwJ1o4m9wu/PWXa8EQ+2ZliYYwjyYeconVSuzdFrca8X674VX8JskmCnFQgR6Nf/uoNEprGTFoq0Jhu4CsbZqgtp4LNS73UMIV0giPWdVRizEyYLc+dkyunDMgw0a6kJUv190SGsTGzOHKdMdqxWfcW4n9eN7XDWphxqVLLJF0tGqaC2IQsficDrhm1YuYIUs3drYSOUSO1LqGSCyFYf3mTtG6qgV8NHm8r9VoeRxEu4BKuIYA7qMMDNKAJFCbwDK/w5invxXv3PlatBS+fOYc/8D5/AHhIj5w=</latexit>

2
p

⌃11
<latexit sha1_base64="cHoboOoCi6dVSbi0Uodu1z4/COk=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVSZFsMuCG5cV7QM6w5BJM21okhmTjFCH4q+4caGIW//DnX9j2s5CWw9cOJxzL/feE6WcaeN5387K6tr6xmZpq7y9s7u37x4ctnWSKUJbJOGJ6kZYU84kbRlmOO2mimIRcdqJRldTv/NAlWaJvDPjlAYCDySLGcHGSqF7XIO+vlcm92/ZQOAwR2gyCd2KV/VmgMsEFaQCCjRD98vvJyQTVBrCsdY95KUmyLEyjHA6KfuZpikmIzygPUslFlQH+ez6CTyzSh/GibIlDZypvydyLLQei8h2CmyGetGbiv95vczE9SBnMs0MlWS+KM44NAmcRgH7TFFi+NgSTBSzt0IyxAoTYwMr2xDQ4svLpF2rIq+Kbi4qjXoRRwmcgFNwDhC4BA1wDZqgBQh4BM/gFbw5T86L8+58zFtXnGLmCPyB8/kD9+2U3w==</latexit><latexit sha1_base64="cHoboOoCi6dVSbi0Uodu1z4/COk=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVSZFsMuCG5cV7QM6w5BJM21okhmTjFCH4q+4caGIW//DnX9j2s5CWw9cOJxzL/feE6WcaeN5387K6tr6xmZpq7y9s7u37x4ctnWSKUJbJOGJ6kZYU84kbRlmOO2mimIRcdqJRldTv/NAlWaJvDPjlAYCDySLGcHGSqF7XIO+vlcm92/ZQOAwR2gyCd2KV/VmgMsEFaQCCjRD98vvJyQTVBrCsdY95KUmyLEyjHA6KfuZpikmIzygPUslFlQH+ez6CTyzSh/GibIlDZypvydyLLQei8h2CmyGetGbiv95vczE9SBnMs0MlWS+KM44NAmcRgH7TFFi+NgSTBSzt0IyxAoTYwMr2xDQ4svLpF2rIq+Kbi4qjXoRRwmcgFNwDhC4BA1wDZqgBQh4BM/gFbw5T86L8+58zFtXnGLmCPyB8/kD9+2U3w==</latexit><latexit sha1_base64="cHoboOoCi6dVSbi0Uodu1z4/COk=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVSZFsMuCG5cV7QM6w5BJM21okhmTjFCH4q+4caGIW//DnX9j2s5CWw9cOJxzL/feE6WcaeN5387K6tr6xmZpq7y9s7u37x4ctnWSKUJbJOGJ6kZYU84kbRlmOO2mimIRcdqJRldTv/NAlWaJvDPjlAYCDySLGcHGSqF7XIO+vlcm92/ZQOAwR2gyCd2KV/VmgMsEFaQCCjRD98vvJyQTVBrCsdY95KUmyLEyjHA6KfuZpikmIzygPUslFlQH+ez6CTyzSh/GibIlDZypvydyLLQei8h2CmyGetGbiv95vczE9SBnMs0MlWS+KM44NAmcRgH7TFFi+NgSTBSzt0IyxAoTYwMr2xDQ4svLpF2rIq+Kbi4qjXoRRwmcgFNwDhC4BA1wDZqgBQh4BM/gFbw5T86L8+58zFtXnGLmCPyB8/kD9+2U3w==</latexit><latexit sha1_base64="cHoboOoCi6dVSbi0Uodu1z4/COk=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVSZFsMuCG5cV7QM6w5BJM21okhmTjFCH4q+4caGIW//DnX9j2s5CWw9cOJxzL/feE6WcaeN5387K6tr6xmZpq7y9s7u37x4ctnWSKUJbJOGJ6kZYU84kbRlmOO2mimIRcdqJRldTv/NAlWaJvDPjlAYCDySLGcHGSqF7XIO+vlcm92/ZQOAwR2gyCd2KV/VmgMsEFaQCCjRD98vvJyQTVBrCsdY95KUmyLEyjHA6KfuZpikmIzygPUslFlQH+ez6CTyzSh/GibIlDZypvydyLLQei8h2CmyGetGbiv95vczE9SBnMs0MlWS+KM44NAmcRgH7TFFi+NgSTBSzt0IyxAoTYwMr2xDQ4svLpF2rIq+Kbi4qjXoRRwmcgFNwDhC4BA1wDZqgBQh4BM/gFbw5T86L8+58zFtXnGLmCPyB8/kD9+2U3w==</latexit>

2p
⌃

2
2

<latexit sha1_base64="mVsSRPjjby26ZQd4ew0Ybn6SQM8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIg2GXBjcuK9gFNCJPppB06M4kzE6GG4K+4caGIW//DnX/jtM1CWw9cOJxzL/feE6WMKu0439bK6tr6xmZlq7q9s7u3bx8cdlSSSUzaOGGJ7EVIEUYFaWuqGemlkiAeMdKNxldTv/tApKKJuNOTlAQcDQWNKUbaSKF97EFf3Uud+7d0yFGYe15RhHbNqTszwGXilqQGSrRC+8sfJDjjRGjMkFJ910l1kCOpKWakqPqZIinCYzQkfUMF4kQF+ez6Ap4ZZQDjRJoSGs7U3xM54kpNeGQ6OdIjtehNxf+8fqbjRpBTkWaaCDxfFGcM6gROo4ADKgnWbGIIwpKaWyEeIYmwNoFVTQju4svLpOPVXafu3lzUmo0yjgo4AafgHLjgEjTBNWiBNsDgETyDV/BmPVkv1rv1MW9dscqZI/AH1ucP+vqU4Q==</latexit><latexit sha1_base64="mVsSRPjjby26ZQd4ew0Ybn6SQM8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIg2GXBjcuK9gFNCJPppB06M4kzE6GG4K+4caGIW//DnX/jtM1CWw9cOJxzL/feE6WMKu0439bK6tr6xmZlq7q9s7u3bx8cdlSSSUzaOGGJ7EVIEUYFaWuqGemlkiAeMdKNxldTv/tApKKJuNOTlAQcDQWNKUbaSKF97EFf3Uud+7d0yFGYe15RhHbNqTszwGXilqQGSrRC+8sfJDjjRGjMkFJ910l1kCOpKWakqPqZIinCYzQkfUMF4kQF+ez6Ap4ZZQDjRJoSGs7U3xM54kpNeGQ6OdIjtehNxf+8fqbjRpBTkWaaCDxfFGcM6gROo4ADKgnWbGIIwpKaWyEeIYmwNoFVTQju4svLpOPVXafu3lzUmo0yjgo4AafgHLjgEjTBNWiBNsDgETyDV/BmPVkv1rv1MW9dscqZI/AH1ucP+vqU4Q==</latexit><latexit sha1_base64="mVsSRPjjby26ZQd4ew0Ybn6SQM8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIg2GXBjcuK9gFNCJPppB06M4kzE6GG4K+4caGIW//DnX/jtM1CWw9cOJxzL/feE6WMKu0439bK6tr6xmZlq7q9s7u3bx8cdlSSSUzaOGGJ7EVIEUYFaWuqGemlkiAeMdKNxldTv/tApKKJuNOTlAQcDQWNKUbaSKF97EFf3Uud+7d0yFGYe15RhHbNqTszwGXilqQGSrRC+8sfJDjjRGjMkFJ910l1kCOpKWakqPqZIinCYzQkfUMF4kQF+ez6Ap4ZZQDjRJoSGs7U3xM54kpNeGQ6OdIjtehNxf+8fqbjRpBTkWaaCDxfFGcM6gROo4ADKgnWbGIIwpKaWyEeIYmwNoFVTQju4svLpOPVXafu3lzUmo0yjgo4AafgHLjgEjTBNWiBNsDgETyDV/BmPVkv1rv1MW9dscqZI/AH1ucP+vqU4Q==</latexit><latexit sha1_base64="mVsSRPjjby26ZQd4ew0Ybn6SQM8=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVZIg2GXBjcuK9gFNCJPppB06M4kzE6GG4K+4caGIW//DnX/jtM1CWw9cOJxzL/feE6WMKu0439bK6tr6xmZlq7q9s7u3bx8cdlSSSUzaOGGJ7EVIEUYFaWuqGemlkiAeMdKNxldTv/tApKKJuNOTlAQcDQWNKUbaSKF97EFf3Uud+7d0yFGYe15RhHbNqTszwGXilqQGSrRC+8sfJDjjRGjMkFJ910l1kCOpKWakqPqZIinCYzQkfUMF4kQF+ez6Ap4ZZQDjRJoSGs7U3xM54kpNeGQ6OdIjtehNxf+8fqbjRpBTkWaaCDxfFGcM6gROo4ADKgnWbGIIwpKaWyEeIYmwNoFVTQju4svLpOPVXafu3lzUmo0yjgo4AafgHLjgEjTBNWiBNsDgETyDV/BmPVkv1rv1MW9dscqZI/AH1ucP+vqU4Q==</latexit>

x

x’

tan 2' = � 2⌃12

⌃22 � ⌃11
<latexit sha1_base64="7pTiXzime/cwozNqpOj5qqj1gw0=">AAACJXicbVDLSsNAFJ34rPVVdelmsAhuLEkQ7EKh4MZlRdsKTSg300k7OJmEmUmhhPyMG3/FjQuLCK78FadtFF8HLpw5517m3hMknClt22/WwuLS8spqaa28vrG5tV3Z2W2rOJWEtkjMY3kbgKKcCdrSTHN6m0gKUcBpJ7i7mPqdEZWKxeJGjxPqRzAQLGQEtJF6lTNPg8CuNwKZDNk5PvZCCSRzvWs2iKCXOW6eZ58P182Pvwwnz3uVql2zZ8B/iVOQKirQ7FUmXj8maUSFJhyU6jp2ov0MpGaE07zspYomQO5gQLuGCoio8rPZlTk+NEofh7E0JTSeqd8nMoiUGkeB6YxAD9Vvbyr+53VTHdb9jIkk1VSQ+UdhyrGO8TQy3GeSEs3HhgCRzOyKyRBMTNoEWzYhOL9P/kvabs2xa87VSbVRL+IooX10gI6Qg05RA12iJmohgu7RI3pGE+vBerJerNd564JVzOyhH7DePwCn/6S2</latexit><latexit sha1_base64="7pTiXzime/cwozNqpOj5qqj1gw0=">AAACJXicbVDLSsNAFJ34rPVVdelmsAhuLEkQ7EKh4MZlRdsKTSg300k7OJmEmUmhhPyMG3/FjQuLCK78FadtFF8HLpw5517m3hMknClt22/WwuLS8spqaa28vrG5tV3Z2W2rOJWEtkjMY3kbgKKcCdrSTHN6m0gKUcBpJ7i7mPqdEZWKxeJGjxPqRzAQLGQEtJF6lTNPg8CuNwKZDNk5PvZCCSRzvWs2iKCXOW6eZ58P182Pvwwnz3uVql2zZ8B/iVOQKirQ7FUmXj8maUSFJhyU6jp2ov0MpGaE07zspYomQO5gQLuGCoio8rPZlTk+NEofh7E0JTSeqd8nMoiUGkeB6YxAD9Vvbyr+53VTHdb9jIkk1VSQ+UdhyrGO8TQy3GeSEs3HhgCRzOyKyRBMTNoEWzYhOL9P/kvabs2xa87VSbVRL+IooX10gI6Qg05RA12iJmohgu7RI3pGE+vBerJerNd564JVzOyhH7DePwCn/6S2</latexit><latexit sha1_base64="7pTiXzime/cwozNqpOj5qqj1gw0=">AAACJXicbVDLSsNAFJ34rPVVdelmsAhuLEkQ7EKh4MZlRdsKTSg300k7OJmEmUmhhPyMG3/FjQuLCK78FadtFF8HLpw5517m3hMknClt22/WwuLS8spqaa28vrG5tV3Z2W2rOJWEtkjMY3kbgKKcCdrSTHN6m0gKUcBpJ7i7mPqdEZWKxeJGjxPqRzAQLGQEtJF6lTNPg8CuNwKZDNk5PvZCCSRzvWs2iKCXOW6eZ58P182Pvwwnz3uVql2zZ8B/iVOQKirQ7FUmXj8maUSFJhyU6jp2ov0MpGaE07zspYomQO5gQLuGCoio8rPZlTk+NEofh7E0JTSeqd8nMoiUGkeB6YxAD9Vvbyr+53VTHdb9jIkk1VSQ+UdhyrGO8TQy3GeSEs3HhgCRzOyKyRBMTNoEWzYhOL9P/kvabs2xa87VSbVRL+IooX10gI6Qg05RA12iJmohgu7RI3pGE+vBerJerNd564JVzOyhH7DePwCn/6S2</latexit><latexit sha1_base64="7pTiXzime/cwozNqpOj5qqj1gw0=">AAACJXicbVDLSsNAFJ34rPVVdelmsAhuLEkQ7EKh4MZlRdsKTSg300k7OJmEmUmhhPyMG3/FjQuLCK78FadtFF8HLpw5517m3hMknClt22/WwuLS8spqaa28vrG5tV3Z2W2rOJWEtkjMY3kbgKKcCdrSTHN6m0gKUcBpJ7i7mPqdEZWKxeJGjxPqRzAQLGQEtJF6lTNPg8CuNwKZDNk5PvZCCSRzvWs2iKCXOW6eZ58P182Pvwwnz3uVql2zZ8B/iVOQKirQ7FUmXj8maUSFJhyU6jp2ov0MpGaE07zspYomQO5gQLuGCoio8rPZlTk+NEofh7E0JTSeqd8nMoiUGkeB6YxAD9Vvbyr+53VTHdb9jIkk1VSQ+UdhyrGO8TQy3GeSEs3HhgCRzOyKyRBMTNoEWzYhOL9P/kvabs2xa87VSbVRL+IooX10gI6Qg05RA12iJmohgu7RI3pGE+vBerJerNd564JVzOyhH7DePwCn/6S2</latexit>



Courant-Snyder parameters
The phase space ellipse 
can be defined by 4 
parameters:

And the equation of 
the ellipse is:

(",�,↵, �)

� =
1 + ↵2

�

" = �x2 + 2↵xx0 + �x02
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⌃ =


⌃11 ⌃12

⌃12 ⌃22

�
= "


� �↵
�↵ �

�

<latexit sha1_base64="DXov3Q6KF8By1JJ3Gdgq3XhjLBs="></latexit><latexit sha1_base64="DXov3Q6KF8By1JJ3Gdgq3XhjLBs="></latexit><latexit sha1_base64="DXov3Q6KF8By1JJ3Gdgq3XhjLBs="></latexit><latexit sha1_base64="DXov3Q6KF8By1JJ3Gdgq3XhjLBs="></latexit>



Adiabatic damping
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"N = �rel�rel"geo
<latexit sha1_base64="9ufBahOqgweJbATR5RNWQ4LaCUE=">AAACPXicbVA9SwNBFNzz2/gVtbRZDIJVuBPBNIJgYyUKSRRyIbzbvMTF3btj950YjvtjNv4HOzsbC0Vsbd3EIGocWJidecPumyhV0pLvP3pT0zOzc/MLi6Wl5ZXVtfL6RtMmmRHYEIlKzGUEFpWMsUGSFF6mBkFHCi+i6+Ohf3GDxsokrtMgxbaGfix7UgA5qVOuhzdgMLVSudvpIQ8jJOjkIeEtGZ0bVEXBwz5oPan+SH5bfUyKolOu+FV/BD5JgjGpsDHOOuWHsJuITGNMQoG1rcBPqZ2DISkUFqUws5iCuIY+thyNQaNt56PtC77jlC7vJcadmPhI/ZnIQVs70JGb1EBX9q83FP/zWhn1au1cxmlGGIuvh3qZ4pTwYZW8Kw0KUgNHQBjp/srFFRgQ5AovuRKCvytPkuZeNfCrwfl+5ag2rmOBbbFttssCdsCO2Ak7Yw0m2B17Yi/s1bv3nr037/1rdMobZzbZL3gfn5vnsnY=</latexit><latexit sha1_base64="9ufBahOqgweJbATR5RNWQ4LaCUE=">AAACPXicbVA9SwNBFNzz2/gVtbRZDIJVuBPBNIJgYyUKSRRyIbzbvMTF3btj950YjvtjNv4HOzsbC0Vsbd3EIGocWJidecPumyhV0pLvP3pT0zOzc/MLi6Wl5ZXVtfL6RtMmmRHYEIlKzGUEFpWMsUGSFF6mBkFHCi+i6+Ohf3GDxsokrtMgxbaGfix7UgA5qVOuhzdgMLVSudvpIQ8jJOjkIeEtGZ0bVEXBwz5oPan+SH5bfUyKolOu+FV/BD5JgjGpsDHOOuWHsJuITGNMQoG1rcBPqZ2DISkUFqUws5iCuIY+thyNQaNt56PtC77jlC7vJcadmPhI/ZnIQVs70JGb1EBX9q83FP/zWhn1au1cxmlGGIuvh3qZ4pTwYZW8Kw0KUgNHQBjp/srFFRgQ5AovuRKCvytPkuZeNfCrwfl+5ag2rmOBbbFttssCdsCO2Ak7Yw0m2B17Yi/s1bv3nr037/1rdMobZzbZL3gfn5vnsnY=</latexit><latexit sha1_base64="9ufBahOqgweJbATR5RNWQ4LaCUE=">AAACPXicbVA9SwNBFNzz2/gVtbRZDIJVuBPBNIJgYyUKSRRyIbzbvMTF3btj950YjvtjNv4HOzsbC0Vsbd3EIGocWJidecPumyhV0pLvP3pT0zOzc/MLi6Wl5ZXVtfL6RtMmmRHYEIlKzGUEFpWMsUGSFF6mBkFHCi+i6+Ohf3GDxsokrtMgxbaGfix7UgA5qVOuhzdgMLVSudvpIQ8jJOjkIeEtGZ0bVEXBwz5oPan+SH5bfUyKolOu+FV/BD5JgjGpsDHOOuWHsJuITGNMQoG1rcBPqZ2DISkUFqUws5iCuIY+thyNQaNt56PtC77jlC7vJcadmPhI/ZnIQVs70JGb1EBX9q83FP/zWhn1au1cxmlGGIuvh3qZ4pTwYZW8Kw0KUgNHQBjp/srFFRgQ5AovuRKCvytPkuZeNfCrwfl+5ag2rmOBbbFttssCdsCO2Ak7Yw0m2B17Yi/s1bv3nr037/1rdMobZzbZL3gfn5vnsnY=</latexit><latexit sha1_base64="9ufBahOqgweJbATR5RNWQ4LaCUE=">AAACPXicbVA9SwNBFNzz2/gVtbRZDIJVuBPBNIJgYyUKSRRyIbzbvMTF3btj950YjvtjNv4HOzsbC0Vsbd3EIGocWJidecPumyhV0pLvP3pT0zOzc/MLi6Wl5ZXVtfL6RtMmmRHYEIlKzGUEFpWMsUGSFF6mBkFHCi+i6+Ohf3GDxsokrtMgxbaGfix7UgA5qVOuhzdgMLVSudvpIQ8jJOjkIeEtGZ0bVEXBwz5oPan+SH5bfUyKolOu+FV/BD5JgjGpsDHOOuWHsJuITGNMQoG1rcBPqZ2DISkUFqUws5iCuIY+thyNQaNt56PtC77jlC7vJcadmPhI/ZnIQVs70JGb1EBX9q83FP/zWhn1au1cxmlGGIuvh3qZ4pTwYZW8Kw0KUgNHQBjp/srFFRgQ5AovuRKCvytPkuZeNfCrwfl+5ag2rmOBbbFttssCdsCO2Ak7Yw0m2B17Yi/s1bv3nr037/1rdMobZzbZL3gfn5vnsnY=</latexit>

Normalised emittance 
vs. 

Geometric emittance

• We measure the geometric 
emittance! 

• The normalised emittance 
is constant during 
acceleration



Effect of dispersion
• The phase space area 

covered by the particles 
depends also on dispersion 
and ΔP 

• Emittance is still conserved: 
The volume of the 6 dimension 
phase space is invariant 

• Better measure the emittance 
where D is 0 (can decouple 
individual planes)
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�x = D
�P

P
<latexit sha1_base64="GGqz0aQwVpBzc/XjTs+MwxJsuyQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlEsBuhYBcuI9gHNKFMppN26OTBzI1YQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d57/ERwBZb1bZRWVtfWN8qbla3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vp76nXsmFY+jO5gkzAvJMOIBpwS01DeP3SYTQPADvsJN7AaS0KyQnDxz8r5ZtWrWDHiZ2AWpogJO3/xyBzFNQxYBFUSpnm0l4GVEAqeC5RU3VSwhdEyGrKdpREKmvGz2SI5PtTLAQSx1RYBn6u+JjIRKTUJfd4YERmrRm4r/eb0UgrqX8ShJgUV0vihIBYYYT1PBAy4ZBTHRhFDJ9a2YjogOA3R2FR2CvfjyMmmf12yrZt9eVBv1Io4yOkIn6AzZ6BI10A1yUAtR9Iie0St6M56MF+Pd+Ji3loxi5hD9gfH5A8TmmIQ=</latexit><latexit sha1_base64="GGqz0aQwVpBzc/XjTs+MwxJsuyQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlEsBuhYBcuI9gHNKFMppN26OTBzI1YQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d57/ERwBZb1bZRWVtfWN8qbla3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vp76nXsmFY+jO5gkzAvJMOIBpwS01DeP3SYTQPADvsJN7AaS0KyQnDxz8r5ZtWrWDHiZ2AWpogJO3/xyBzFNQxYBFUSpnm0l4GVEAqeC5RU3VSwhdEyGrKdpREKmvGz2SI5PtTLAQSx1RYBn6u+JjIRKTUJfd4YERmrRm4r/eb0UgrqX8ShJgUV0vihIBYYYT1PBAy4ZBTHRhFDJ9a2YjogOA3R2FR2CvfjyMmmf12yrZt9eVBv1Io4yOkIn6AzZ6BI10A1yUAtR9Iie0St6M56MF+Pd+Ji3loxi5hD9gfH5A8TmmIQ=</latexit><latexit sha1_base64="GGqz0aQwVpBzc/XjTs+MwxJsuyQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlEsBuhYBcuI9gHNKFMppN26OTBzI1YQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d57/ERwBZb1bZRWVtfWN8qbla3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vp76nXsmFY+jO5gkzAvJMOIBpwS01DeP3SYTQPADvsJN7AaS0KyQnDxz8r5ZtWrWDHiZ2AWpogJO3/xyBzFNQxYBFUSpnm0l4GVEAqeC5RU3VSwhdEyGrKdpREKmvGz2SI5PtTLAQSx1RYBn6u+JjIRKTUJfd4YERmrRm4r/eb0UgrqX8ShJgUV0vihIBYYYT1PBAy4ZBTHRhFDJ9a2YjogOA3R2FR2CvfjyMmmf12yrZt9eVBv1Io4yOkIn6AzZ6BI10A1yUAtR9Iie0St6M56MF+Pd+Ji3loxi5hD9gfH5A8TmmIQ=</latexit><latexit sha1_base64="GGqz0aQwVpBzc/XjTs+MwxJsuyQ=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBVUlEsBuhYBcuI9gHNKFMppN26OTBzI1YQpZu/BU3LhRx6ye482+ctllo64ELh3Pu5d57/ERwBZb1bZRWVtfWN8qbla3tnd09c/+greJUUtaisYhl1yeKCR6xFnAQrJtIRkJfsI4/vp76nXsmFY+jO5gkzAvJMOIBpwS01DeP3SYTQPADvsJN7AaS0KyQnDxz8r5ZtWrWDHiZ2AWpogJO3/xyBzFNQxYBFUSpnm0l4GVEAqeC5RU3VSwhdEyGrKdpREKmvGz2SI5PtTLAQSx1RYBn6u+JjIRKTUJfd4YERmrRm4r/eb0UgrqX8ShJgUV0vihIBYYYT1PBAy4ZBTHRhFDJ9a2YjogOA3R2FR2CvfjyMmmf12yrZt9eVBv1Io4yOkIn6AzZ6BI10A1yUAtR9Iie0St6M56MF+Pd+Ji3loxi5hD9gfH5A8TmmIQ=</latexit>

+ ΔP 
0 ΔP 
- ΔP



Why measure the 
emittance?

• Emittance has a fundamental role in the size of the beams! 

• Will the beam hit the accelerator aperture limitations? 

• Is the phase-space of the beam matched to the 
Courant-Snyder ellipse of the ring I am injecting into?  

• Small dense beams is often what you want to produce 

• Luminosity in colliders 

• Brightness in light sources
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Why measure the emittance
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Collider luminosity
• Luminosity determines the rate at which collisions 

take place in a collider. 

• Colliders are tuned to maximise the luminosity
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L =
Nb1Nb2frevkb

2⇡
q

(�2
x1 + �2

x2)(�
2
y1 + �2

y2)
<latexit sha1_base64="UAYGZhcf1aRidvQFbMAnZfz/ZpE="></latexit><latexit sha1_base64="UAYGZhcf1aRidvQFbMAnZfz/ZpE="></latexit><latexit sha1_base64="UAYGZhcf1aRidvQFbMAnZfz/ZpE="></latexit><latexit sha1_base64="UAYGZhcf1aRidvQFbMAnZfz/ZpE="></latexit>

�i =
p

"i�i i 2 [x1, y1, x2, y2]
<latexit sha1_base64="+z799dzUCZ1Wvrr9TIt84/Mq2ac="></latexit><latexit sha1_base64="+z799dzUCZ1Wvrr9TIt84/Mq2ac="></latexit><latexit sha1_base64="+z799dzUCZ1Wvrr9TIt84/Mq2ac="></latexit><latexit sha1_base64="+z799dzUCZ1Wvrr9TIt84/Mq2ac="></latexit>

L =
Nb1Nb2frevkb

4⇡�̄2
<latexit sha1_base64="8SbjvFLv6FX9yS8irNt00KCZ6Vk="></latexit><latexit sha1_base64="8SbjvFLv6FX9yS8irNt00KCZ6Vk="></latexit><latexit sha1_base64="8SbjvFLv6FX9yS8irNt00KCZ6Vk="></latexit><latexit sha1_base64="8SbjvFLv6FX9yS8irNt00KCZ6Vk="></latexit>

Equal, round beams



Synchrotron light sources
• Experiment rely on diffraction of short, intense, 

spatial coherent synchrotron radiation photon 
pulses 

• This applies to both storage rings and FEL
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B =
d4N

dt d⌦ dS d�/�
<latexit sha1_base64="uSew+p/y9pD0BUMRLwyEmQclWf0=">AAACH3icbZBNS8MwGMdTX+d8q3r0EhyCB5mtDN1FGHrxpBPdC6x1pGm6haUvJKkwSr+JF7+KFw+KiLd9G9OuB918IPDL/3lJnr8TMSqkYUy0hcWl5ZXV0lp5fWNza1vf2W2LMOaYtHDIQt51kCCMBqQlqWSkG3GCfIeRjjO6yvKdJ8IFDYMHOY6I7aNBQD2KkVRSXz+7vICWxxFO3MfaTZq40jqGrnXrkwHK6D6/MjXQRfAEFpT29YpRNfKA82AWUAFFNPv6t+WGOPZJIDFDQvRMI5J2grikmJG0bMWCRAiP0ID0FAbIJ8JO8v1SeKgUF3ohVyeQMFd/dyTIF2LsO6rSR3IoZnOZ+F+uF0uvbic0iGJJAjx9yIsZlCHMzIIu5QRLNlaAMKfqrxAPkXJLKkvLygRzduV5aJ9WTaNq3tUqjXphRwnsgwNwBExwDhrgGjRBC2DwDF7BO/jQXrQ37VP7mpYuaEXPHvgT2uQH8KOhBQ==</latexit><latexit sha1_base64="uSew+p/y9pD0BUMRLwyEmQclWf0=">AAACH3icbZBNS8MwGMdTX+d8q3r0EhyCB5mtDN1FGHrxpBPdC6x1pGm6haUvJKkwSr+JF7+KFw+KiLd9G9OuB918IPDL/3lJnr8TMSqkYUy0hcWl5ZXV0lp5fWNza1vf2W2LMOaYtHDIQt51kCCMBqQlqWSkG3GCfIeRjjO6yvKdJ8IFDYMHOY6I7aNBQD2KkVRSXz+7vICWxxFO3MfaTZq40jqGrnXrkwHK6D6/MjXQRfAEFpT29YpRNfKA82AWUAFFNPv6t+WGOPZJIDFDQvRMI5J2grikmJG0bMWCRAiP0ID0FAbIJ8JO8v1SeKgUF3ohVyeQMFd/dyTIF2LsO6rSR3IoZnOZ+F+uF0uvbic0iGJJAjx9yIsZlCHMzIIu5QRLNlaAMKfqrxAPkXJLKkvLygRzduV5aJ9WTaNq3tUqjXphRwnsgwNwBExwDhrgGjRBC2DwDF7BO/jQXrQ37VP7mpYuaEXPHvgT2uQH8KOhBQ==</latexit><latexit sha1_base64="uSew+p/y9pD0BUMRLwyEmQclWf0=">AAACH3icbZBNS8MwGMdTX+d8q3r0EhyCB5mtDN1FGHrxpBPdC6x1pGm6haUvJKkwSr+JF7+KFw+KiLd9G9OuB918IPDL/3lJnr8TMSqkYUy0hcWl5ZXV0lp5fWNza1vf2W2LMOaYtHDIQt51kCCMBqQlqWSkG3GCfIeRjjO6yvKdJ8IFDYMHOY6I7aNBQD2KkVRSXz+7vICWxxFO3MfaTZq40jqGrnXrkwHK6D6/MjXQRfAEFpT29YpRNfKA82AWUAFFNPv6t+WGOPZJIDFDQvRMI5J2grikmJG0bMWCRAiP0ID0FAbIJ8JO8v1SeKgUF3ohVyeQMFd/dyTIF2LsO6rSR3IoZnOZ+F+uF0uvbic0iGJJAjx9yIsZlCHMzIIu5QRLNlaAMKfqrxAPkXJLKkvLygRzduV5aJ9WTaNq3tUqjXphRwnsgwNwBExwDhrgGjRBC2DwDF7BO/jQXrQ37VP7mpYuaEXPHvgT2uQH8KOhBQ==</latexit><latexit sha1_base64="uSew+p/y9pD0BUMRLwyEmQclWf0=">AAACH3icbZBNS8MwGMdTX+d8q3r0EhyCB5mtDN1FGHrxpBPdC6x1pGm6haUvJKkwSr+JF7+KFw+KiLd9G9OuB918IPDL/3lJnr8TMSqkYUy0hcWl5ZXV0lp5fWNza1vf2W2LMOaYtHDIQt51kCCMBqQlqWSkG3GCfIeRjjO6yvKdJ8IFDYMHOY6I7aNBQD2KkVRSXz+7vICWxxFO3MfaTZq40jqGrnXrkwHK6D6/MjXQRfAEFpT29YpRNfKA82AWUAFFNPv6t+WGOPZJIDFDQvRMI5J2grikmJG0bMWCRAiP0ID0FAbIJ8JO8v1SeKgUF3ohVyeQMFd/dyTIF2LsO6rSR3IoZnOZ+F+uF0uvbic0iGJJAjx9yIsZlCHMzIIu5QRLNlaAMKfqrxAPkXJLKkvLygRzduV5aJ9WTaNq3tUqjXphRwnsgwNwBExwDhrgGjRBC2DwDF7BO/jQXrQ37VP7mpYuaEXPHvgT2uQH8KOhBQ==</latexit>

SR Spectral brightness

B̄ =
2I

⇡2"x"y
<latexit sha1_base64="u6SOTVMfSm4ZRrPtaeKicHZKfYw=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwNNqhuIsw9KK3Ce4D1jrSLN3C0rQk6bCU/iVe/Fe8eFBE8KT/jdnWw9x8EHh57/1Ifs+LGJXKsn6Mwsrq2vpGcbO0tb2zu2fuH7RkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y2uJ357TISkIb9XSUTcAA049SlGSks989zxkEivskvo+ALhtApvs9SJ6EMVOmMkSCQp07nH+UuS9cyyVbGmgMvEzkkZ5Gj0zC+nH+I4IFxhhqTs2lak3BQJRTEjWcmJJYkQHqEB6WrKUUCkm07Xy+CJVvrQD4U+XMGpOj+RokDKJPB0MkBqKBe9ifif142VX3NTyqNYEY5nD/kxgyqEk65gnwqCFUs0QVhQ/VeIh0jXpHSjJV2CvbjyMmlVK7ZVse/OyvVaXkcRHIFjcApscAHq4AY0QBNg8ARewBt4N56NV+PD+JxFC0Y+cwj+wPj+BT+gozA=</latexit><latexit sha1_base64="u6SOTVMfSm4ZRrPtaeKicHZKfYw=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwNNqhuIsw9KK3Ce4D1jrSLN3C0rQk6bCU/iVe/Fe8eFBE8KT/jdnWw9x8EHh57/1Ifs+LGJXKsn6Mwsrq2vpGcbO0tb2zu2fuH7RkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y2uJ357TISkIb9XSUTcAA049SlGSks989zxkEivskvo+ALhtApvs9SJ6EMVOmMkSCQp07nH+UuS9cyyVbGmgMvEzkkZ5Gj0zC+nH+I4IFxhhqTs2lak3BQJRTEjWcmJJYkQHqEB6WrKUUCkm07Xy+CJVvrQD4U+XMGpOj+RokDKJPB0MkBqKBe9ifif142VX3NTyqNYEY5nD/kxgyqEk65gnwqCFUs0QVhQ/VeIh0jXpHSjJV2CvbjyMmlVK7ZVse/OyvVaXkcRHIFjcApscAHq4AY0QBNg8ARewBt4N56NV+PD+JxFC0Y+cwj+wPj+BT+gozA=</latexit><latexit sha1_base64="u6SOTVMfSm4ZRrPtaeKicHZKfYw=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwNNqhuIsw9KK3Ce4D1jrSLN3C0rQk6bCU/iVe/Fe8eFBE8KT/jdnWw9x8EHh57/1Ifs+LGJXKsn6Mwsrq2vpGcbO0tb2zu2fuH7RkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y2uJ357TISkIb9XSUTcAA049SlGSks989zxkEivskvo+ALhtApvs9SJ6EMVOmMkSCQp07nH+UuS9cyyVbGmgMvEzkkZ5Gj0zC+nH+I4IFxhhqTs2lak3BQJRTEjWcmJJYkQHqEB6WrKUUCkm07Xy+CJVvrQD4U+XMGpOj+RokDKJPB0MkBqKBe9ifif142VX3NTyqNYEY5nD/kxgyqEk65gnwqCFUs0QVhQ/VeIh0jXpHSjJV2CvbjyMmlVK7ZVse/OyvVaXkcRHIFjcApscAHq4AY0QBNg8ARewBt4N56NV+PD+JxFC0Y+cwj+wPj+BT+gozA=</latexit><latexit sha1_base64="u6SOTVMfSm4ZRrPtaeKicHZKfYw=">AAACHnicbVDNS8MwHE3n15xfVY9egkPwNNqhuIsw9KK3Ce4D1jrSLN3C0rQk6bCU/iVe/Fe8eFBE8KT/jdnWw9x8EHh57/1Ifs+LGJXKsn6Mwsrq2vpGcbO0tb2zu2fuH7RkGAtMmjhkoeh4SBJGOWkqqhjpRIKgwGOk7Y2uJ357TISkIb9XSUTcAA049SlGSks989zxkEivskvo+ALhtApvs9SJ6EMVOmMkSCQp07nH+UuS9cyyVbGmgMvEzkkZ5Gj0zC+nH+I4IFxhhqTs2lak3BQJRTEjWcmJJYkQHqEB6WrKUUCkm07Xy+CJVvrQD4U+XMGpOj+RokDKJPB0MkBqKBe9ifif142VX3NTyqNYEY5nD/kxgyqEk65gnwqCFUs0QVhQ/VeIh0jXpHSjJV2CvbjyMmlVK7ZVse/OyvVaXkcRHIFjcApscAHq4AY0QBNg8ARewBt4N56NV+PD+JxFC0Y+cwj+wPj+BT+gozA=</latexit>

Beam brightness



Measuring the emittance
• Two options 

• Sample the phase space directly 

• This is the preferred method for low energy beams (sources, 
LEBT) 

• Measure the transverse beam distributions in real space and use 
beam dynamics relations (Twiss parameters) to infer the emittance 

• Single profile measurement (rings) 

• Multiple profiles measurement (transfer lines) 

• Quadrupolar scans (transfer lines, LINACs)
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Phase space dynamics
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Time

DivergingConverging
Diverging 
Anti-waist 

Converging



Drift space

 15

i1(x, x
0)

<latexit sha1_base64="l6n3l+2VdBRagu+5gGbL2hRZeIo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxgpSNCPZY8OKxgv3AdinZNNuGZrNLkpWWpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zM82PBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byR7czv/XElOaRfDCTmHkhGUgecEqMlR55D5fHl2h8ftErltyKOwdaJTgjJchQ7xW/uv2IJiGThgqidQe7sfFSogyngk0L3USzmNARGbCOpZKETHvp/OIpOrNKHwWRsiUNmqu/J1ISaj0JfdsZEjPUy95M/M/rJCaoeimXcWKYpItFQSKQidDsfdTnilEjJpYQqri9FdEhUYQaG1LBhoCXX14lzasKdiv4/rpUq2Zx5OEETqEMGG6gBndQhwZQkPAMr/DmaOfFeXc+Fq05J5s5hj9wPn8AlZGPgQ==</latexit><latexit sha1_base64="l6n3l+2VdBRagu+5gGbL2hRZeIo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxgpSNCPZY8OKxgv3AdinZNNuGZrNLkpWWpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zM82PBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byR7czv/XElOaRfDCTmHkhGUgecEqMlR55D5fHl2h8ftErltyKOwdaJTgjJchQ7xW/uv2IJiGThgqidQe7sfFSogyngk0L3USzmNARGbCOpZKETHvp/OIpOrNKHwWRsiUNmqu/J1ISaj0JfdsZEjPUy95M/M/rJCaoeimXcWKYpItFQSKQidDsfdTnilEjJpYQqri9FdEhUYQaG1LBhoCXX14lzasKdiv4/rpUq2Zx5OEETqEMGG6gBndQhwZQkPAMr/DmaOfFeXc+Fq05J5s5hj9wPn8AlZGPgQ==</latexit><latexit sha1_base64="l6n3l+2VdBRagu+5gGbL2hRZeIo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxgpSNCPZY8OKxgv3AdinZNNuGZrNLkpWWpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zM82PBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byR7czv/XElOaRfDCTmHkhGUgecEqMlR55D5fHl2h8ftErltyKOwdaJTgjJchQ7xW/uv2IJiGThgqidQe7sfFSogyngk0L3USzmNARGbCOpZKETHvp/OIpOrNKHwWRsiUNmqu/J1ISaj0JfdsZEjPUy95M/M/rJCaoeimXcWKYpItFQSKQidDsfdTnilEjJpYQqri9FdEhUYQaG1LBhoCXX14lzasKdiv4/rpUq2Zx5OEETqEMGG6gBndQhwZQkPAMr/DmaOfFeXc+Fq05J5s5hj9wPn8AlZGPgQ==</latexit><latexit sha1_base64="l6n3l+2VdBRagu+5gGbL2hRZeIo=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRaxgpSNCPZY8OKxgv3AdinZNNuGZrNLkpWWpf/CiwdFvPpvvPlvTNs9aOuDgcd7M8zM82PBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpKFGUNGolItX2imeCSNQw3grVjxUjoC9byR7czv/XElOaRfDCTmHkhGUgecEqMlR55D5fHl2h8ftErltyKOwdaJTgjJchQ7xW/uv2IJiGThgqidQe7sfFSogyngk0L3USzmNARGbCOpZKETHvp/OIpOrNKHwWRsiUNmqu/J1ISaj0JfdsZEjPUy95M/M/rJCaoeimXcWKYpItFQSKQidDsfdTnilEjJpYQqri9FdEhUYQaG1LBhoCXX14lzasKdiv4/rpUq2Zx5OEETqEMGG6gBndQhwZQkPAMr/DmaOfFeXc+Fq05J5s5hj9wPn8AlZGPgQ==</latexit> i2(x, x
0)

<latexit sha1_base64="FkLd++y27VjphvpUUS2VhktV/NM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJWkLJbBHssePFYwX5gu5Rsmm1Ds8mSZKVl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz321lb39jc2s7t5Hf39g8OC0fHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDvzW09UaSbFg5nE1I/wQLCQEWys9Mh6ldL4Co0vLnuFolt250CrxMtIETLUe4Wvbl+SJKLCEI617nhubPwUK8MIp9N8N9E0xmSEB7RjqcAR1X46v3iKzq3SR6FUtoRBc/X3RIojrSdRYDsjbIZ62ZuJ/3mdxIRVP2UiTgwVZLEoTDgyEs3eR32mKDF8YgkmitlbERlihYmxIeVtCN7yy6ukWSl7btm7vy7WqlkcOTiFMyiBBzdQgzuoQwMICHiGV3hztPPivDsfi9Y1J5s5gT9wPn8AlxyPgg==</latexit><latexit sha1_base64="FkLd++y27VjphvpUUS2VhktV/NM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJWkLJbBHssePFYwX5gu5Rsmm1Ds8mSZKVl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz321lb39jc2s7t5Hf39g8OC0fHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDvzW09UaSbFg5nE1I/wQLCQEWys9Mh6ldL4Co0vLnuFolt250CrxMtIETLUe4Wvbl+SJKLCEI617nhubPwUK8MIp9N8N9E0xmSEB7RjqcAR1X46v3iKzq3SR6FUtoRBc/X3RIojrSdRYDsjbIZ62ZuJ/3mdxIRVP2UiTgwVZLEoTDgyEs3eR32mKDF8YgkmitlbERlihYmxIeVtCN7yy6ukWSl7btm7vy7WqlkcOTiFMyiBBzdQgzuoQwMICHiGV3hztPPivDsfi9Y1J5s5gT9wPn8AlxyPgg==</latexit><latexit sha1_base64="FkLd++y27VjphvpUUS2VhktV/NM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJWkLJbBHssePFYwX5gu5Rsmm1Ds8mSZKVl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz321lb39jc2s7t5Hf39g8OC0fHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDvzW09UaSbFg5nE1I/wQLCQEWys9Mh6ldL4Co0vLnuFolt250CrxMtIETLUe4Wvbl+SJKLCEI617nhubPwUK8MIp9N8N9E0xmSEB7RjqcAR1X46v3iKzq3SR6FUtoRBc/X3RIojrSdRYDsjbIZ62ZuJ/3mdxIRVP2UiTgwVZLEoTDgyEs3eR32mKDF8YgkmitlbERlihYmxIeVtCN7yy6ukWSl7btm7vy7WqlkcOTiFMyiBBzdQgzuoQwMICHiGV3hztPPivDsfi9Y1J5s5gT9wPn8AlxyPgg==</latexit><latexit sha1_base64="FkLd++y27VjphvpUUS2VhktV/NM=">AAAB8XicbVBNSwMxEJ31s9avqkcvwSJWkLJbBHssePFYwX5gu5Rsmm1Ds8mSZKVl6b/w4kERr/4bb/4b03YP2vpg4PHeDDPzgpgzbVz321lb39jc2s7t5Hf39g8OC0fHTS0TRWiDSC5VO8CaciZowzDDaTtWFEcBp61gdDvzW09UaSbFg5nE1I/wQLCQEWys9Mh6ldL4Co0vLnuFolt250CrxMtIETLUe4Wvbl+SJKLCEI617nhubPwUK8MIp9N8N9E0xmSEB7RjqcAR1X46v3iKzq3SR6FUtoRBc/X3RIojrSdRYDsjbIZ62ZuJ/3mdxIRVP2UiTgwVZLEoTDgyEs3eR32mKDF8YgkmitlbERlihYmxIeVtCN7yy6ukWSl7btm7vy7WqlkcOTiFMyiBBzdQgzuoQwMICHiGV3hztPPivDsfi9Y1J5s5gT9wPn8AlxyPgg==</latexit>

p2(x)
<latexit sha1_base64="GdkgxdjwObDQD5D8PhZF1irO8Lw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLTORI4sUjJi6QwIZ0Sxcq3XbTdo1kw3/w4kFjvPp/vPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjP3O49UaSbFvZkmNIjxSLCIEWys1E4G9erT5aBccWvuAmideDmpQI7WoPzVH0qSxlQYwrHWPc9NTJBhZRjhdFbqp5ommEzwiPYsFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+XmqgRZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ206zXPrXl3V5VmI4+jCGdwDlXw4BqacAst8IHAAzzDK7w50nlx3p2PZWvByWdO4Q+czx+hPo52</latexit><latexit sha1_base64="GdkgxdjwObDQD5D8PhZF1irO8Lw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLTORI4sUjJi6QwIZ0Sxcq3XbTdo1kw3/w4kFjvPp/vPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjP3O49UaSbFvZkmNIjxSLCIEWys1E4G9erT5aBccWvuAmideDmpQI7WoPzVH0qSxlQYwrHWPc9NTJBhZRjhdFbqp5ommEzwiPYsFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+XmqgRZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ206zXPrXl3V5VmI4+jCGdwDlXw4BqacAst8IHAAzzDK7w50nlx3p2PZWvByWdO4Q+czx+hPo52</latexit><latexit sha1_base64="GdkgxdjwObDQD5D8PhZF1irO8Lw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLTORI4sUjJi6QwIZ0Sxcq3XbTdo1kw3/w4kFjvPp/vPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjP3O49UaSbFvZkmNIjxSLCIEWys1E4G9erT5aBccWvuAmideDmpQI7WoPzVH0qSxlQYwrHWPc9NTJBhZRjhdFbqp5ommEzwiPYsFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+XmqgRZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ206zXPrXl3V5VmI4+jCGdwDlXw4BqacAst8IHAAzzDK7w50nlx3p2PZWvByWdO4Q+czx+hPo52</latexit><latexit sha1_base64="GdkgxdjwObDQD5D8PhZF1irO8Lw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmKCF7JLTORI4sUjJi6QwIZ0Sxcq3XbTdo1kw3/w4kFjvPp/vPlvLLAHBV8yyct7M5mZFyacaeO6305hY3Nre6e4W9rbPzg8Kh+ftLVMFaE+kVyqbog15UxQ3zDDaTdRFMchp51wcjP3O49UaSbFvZkmNIjxSLCIEWys1E4G9erT5aBccWvuAmideDmpQI7WoPzVH0qSxlQYwrHWPc9NTJBhZRjhdFbqp5ommEzwiPYsFTimOsgW187QhVWGKJLKljBoof6eyHCs9TQObWeMzVivenPxP6+XmqgRZEwkqaGCLBdFKUdGovnraMgUJYZPLcFEMXsrImOsMDE2oJINwVt9eZ206zXPrXl3V5VmI4+jCGdwDlXw4BqacAst8IHAAzzDK7w50nlx3p2PZWvByWdO4Q+czx+hPo52</latexit>p1(x)

<latexit sha1_base64="QuxBnwXhbxbmuHjyIvHa40RiNRg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMMePEYwSRCsoTZyWwyZh7LzKwYlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4krfR9hQziRtWWY5vU80xSLitBONr2d+55Fqw5S8s5OEhgIPJYsZwdZJ7aQfVJ/O++WKX/PnQKskyEkFcjT75a/eQJFUUGkJx8Z0Az+xYYa1ZYTTaamXGppgMsZD2nVUYkFNmM2vnaIzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2rocZk0lqqSSLRXHKkVVo9joaME2J5RNHMNHM3YrICGtMrAuo5EIIll9eJe2LWuDXgtvLSqOex1GEEziFKgRwBQ24gSa0gMADPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5+3jnU=</latexit><latexit sha1_base64="QuxBnwXhbxbmuHjyIvHa40RiNRg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMMePEYwSRCsoTZyWwyZh7LzKwYlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4krfR9hQziRtWWY5vU80xSLitBONr2d+55Fqw5S8s5OEhgIPJYsZwdZJ7aQfVJ/O++WKX/PnQKskyEkFcjT75a/eQJFUUGkJx8Z0Az+xYYa1ZYTTaamXGppgMsZD2nVUYkFNmM2vnaIzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2rocZk0lqqSSLRXHKkVVo9joaME2J5RNHMNHM3YrICGtMrAuo5EIIll9eJe2LWuDXgtvLSqOex1GEEziFKgRwBQ24gSa0gMADPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5+3jnU=</latexit><latexit sha1_base64="QuxBnwXhbxbmuHjyIvHa40RiNRg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMMePEYwSRCsoTZyWwyZh7LzKwYlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4krfR9hQziRtWWY5vU80xSLitBONr2d+55Fqw5S8s5OEhgIPJYsZwdZJ7aQfVJ/O++WKX/PnQKskyEkFcjT75a/eQJFUUGkJx8Z0Az+xYYa1ZYTTaamXGppgMsZD2nVUYkFNmM2vnaIzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2rocZk0lqqSSLRXHKkVVo9joaME2J5RNHMNHM3YrICGtMrAuo5EIIll9eJe2LWuDXgtvLSqOex1GEEziFKgRwBQ24gSa0gMADPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5+3jnU=</latexit><latexit sha1_base64="QuxBnwXhbxbmuHjyIvHa40RiNRg=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBHMMePEYwSRCsoTZyWwyZh7LzKwYlvyDFw+KePV/vPk3TpI9aGJBQ1HVTXdXlHBmrO9/e4W19Y3NreJ2aWd3b/+gfHjUNirVhLaI4krfR9hQziRtWWY5vU80xSLitBONr2d+55Fqw5S8s5OEhgIPJYsZwdZJ7aQfVJ/O++WKX/PnQKskyEkFcjT75a/eQJFUUGkJx8Z0Az+xYYa1ZYTTaamXGppgMsZD2nVUYkFNmM2vnaIzpwxQrLQradFc/T2RYWHMRESuU2A7MsveTPzP66Y2rocZk0lqqSSLRXHKkVVo9joaME2J5RNHMNHM3YrICGtMrAuo5EIIll9eJe2LWuDXgtvLSqOex1GEEziFKgRwBQ24gSa0gMADPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5+3jnU=</latexit>

p1(x) =

Z
i1(x, x

0)dx0
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p2(x) =

Z
i2(x, x

0)dx0 =

Z
i1(x� x0L, x0)dx0
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x2 = x1 + x0
1L
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lim
w!0

(
i1(x, x0) = �(x� x0)⇠(x0)

p2(x) = i1(x0,
x�x0
L ) = ⇠(x�x0

L )
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Slit and Grid
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Slit and Grid
• Slit must be narrow 

• Few particles go trough 

• Possible scattering on the sides of the slit 

• Slit must be tick enough to stop particles 

• Distance between slit and grid must be optimised 

• Large to increase the sensitivity 

• Beamlets should however fit in the profile 
monitor 

• Grid is often moved with the slit to reduce the 
number of channels required
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Multi Slit
• Extend the concept of the slit 

and grid 

• Why not adding many slits 
on the same blade? 

• No need to scan the slit 

• Single shot 
measurement 

• Grid replaced by screen
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Pepper Pot
• Extend the concept of the multi 

slit 

• Why not replacing the slits with 
holes? 

• Both planes (x, y) at the 
same time 

• Data analysis more 
complicated 

• High resolution on the screen 
required
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Particles transport
In a linear system, like a system composed of drift 
space and quadrupoles, the coordinates of a 
particle in phase space can be transported using a 
simple matrix notation


x1

x0
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�
= M1


x0

x0
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� 
x2

x0
2

�
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
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� 
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
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
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
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
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
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0 1

�
MQuad =


1 0
� 1

f 1

�
=

"
cos(

p
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1p
k
sin(

p
kLQ)

�
p
k sin(

p
kLQ) cos(

p
kLQ)

#
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Twiss parameters transport

If one can transport each point of the phase 
space one can also transport the ellipse and thus 
the Courant-Snyder, a.k.a. Twiss, parameters 


x1

x0
1

�
=


c s
c0 s0

� 
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0

�
)

2

4
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4
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↵0

�0

3

5
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3 profiles emittance 
measurement

• 3 Unknown (ε, α, β) (γ is calculated from α, β) 

• If we can make three measurement and write three 
linear independent equations we can solve the 
system
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3 profiles emittance
�1 =
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⇤
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p
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Quadrupole strength scan
• Instead of measuring the beam size at different 

position measure multiple times at the same position 
changing the optics upstream in a known way 

• Simplest solution is to change the strength of a 
focusing quadrupole upstream the profile monitor 

• The beam cannot be transported after the 
quadrupole (we change the optics substantially!) 

• Method cannot be used with “dangerous” beams
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Quad scan
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Quad scan
• In principle three different values of the quadrupole 

strength are sufficient (same equations as for the 3 
profiles method) 

• In practice it is very easy to acquire many 
measurement points with the quad scan (while it is 
not easy to add more than 3 profile monitors in a 
line) 

• If you have more than 3 measurements the problem 
is over constrained → use a minimisation routine (fit)

 28
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<latexit sha1_base64="fiM/OlBFSKw5Ya3JE8KB+Yfsfgc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0MMiG1Zpbd3OQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofaz/NI5ubDKiISxsiUNydXfExmNtJ5Fge2MqJnoVW8h/uf1UxM2/IzLJDUo2XJRmApiYrJ4m4y4QmbEzBLKFLe3EjahijJjw6nYELzVl9dJ56ruuXXv/rrWbBRxlOEMzuESPLiBJtxBC9rAIIRneIU3Z+q8OO/Ox7K15BQzp/AHzucPmIKNWw==</latexit><latexit sha1_base64="fiM/OlBFSKw5Ya3JE8KB+Yfsfgc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0MMiG1Zpbd3OQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofaz/NI5ubDKiISxsiUNydXfExmNtJ5Fge2MqJnoVW8h/uf1UxM2/IzLJDUo2XJRmApiYrJ4m4y4QmbEzBLKFLe3EjahijJjw6nYELzVl9dJ56ruuXXv/rrWbBRxlOEMzuESPLiBJtxBC9rAIIRneIU3Z+q8OO/Ox7K15BQzp/AHzucPmIKNWw==</latexit><latexit sha1_base64="fiM/OlBFSKw5Ya3JE8KB+Yfsfgc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0MMiG1Zpbd3OQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofaz/NI5ubDKiISxsiUNydXfExmNtJ5Fge2MqJnoVW8h/uf1UxM2/IzLJDUo2XJRmApiYrJ4m4y4QmbEzBLKFLe3EjahijJjw6nYELzVl9dJ56ruuXXv/rrWbBRxlOEMzuESPLiBJtxBC9rAIIRneIU3Z+q8OO/Ox7K15BQzp/AHzucPmIKNWw==</latexit><latexit sha1_base64="fiM/OlBFSKw5Ya3JE8KB+Yfsfgc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEsMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jNs1BWx8MPN6bYWZekAiujet+O6WNza3tnfJuZW//4PCoenzS0XGqGLZZLGLVC6hGwSW2DTcCe4lCGgUCu8H0duF3n1BpHstHM0vQj+hY8pAzaqz0MMiG1Zpbd3OQdeIVpAYFWsPq12AUszRCaZigWvc9NzF+RpXhTOC8Mkg1JpRN6Rj7lkoaofaz/NI5ubDKiISxsiUNydXfExmNtJ5Fge2MqJnoVW8h/uf1UxM2/IzLJDUo2XJRmApiYrJ4m4y4QmbEzBLKFLe3EjahijJjw6nYELzVl9dJ56ruuXXv/rrWbBRxlOEMzuESPLiBJtxBC9rAIIRneIU3Z+q8OO/Ox7K15BQzp/AHzucPmIKNWw==</latexit>



Minimisation (fit)
• Input 

• Model (parameters) 

• Measurements 

• Free parameters (unknowns) 

• Procedure 

• Vary the free parameters 
until you find a minimum 
of the Error
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Error =

sX

i

r2i
<latexit sha1_base64="sLITZ0USRID1a2pc69n3ZESVvCU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSlIEuxEKIrisYB/Q1DCZTtqhM0mcuRFLyAe48VfcuFDErR/gzr9x2mahrQcGDuecy517/FhwDbb9bS0tr6yurRc2iptb2zu7pb39lo4SRVmTRiJSHZ9oJnjImsBBsE6sGJG+YG1/dDHx2/dMaR6FNzCOWU+SQcgDTgkYySuVXWAPoGR6qVSksnPs6jsFqasT6XGsPH5bzUzKrthT4EXi5KSMcjS80pfbj2giWQhUEK27jh1DLyUKOBUsK7qJZjGhIzJgXUNDIpnupdNjMnxslD4OImVeCHiq/p5IidR6LH2TlASGet6biP953QSCWi/lYZwAC+lsUZAIDBGeNIP7XDEKYmwIoYqbv2I6JIpQMP0VTQnO/MmLpFWtOHbFuT4t12t5HQV0iI7QCXLQGaqjK9RATUTRI3pGr+jNerJerHfrYxZdsvKZA/QH1ucPjX6b3w==</latexit><latexit sha1_base64="sLITZ0USRID1a2pc69n3ZESVvCU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSlIEuxEKIrisYB/Q1DCZTtqhM0mcuRFLyAe48VfcuFDErR/gzr9x2mahrQcGDuecy517/FhwDbb9bS0tr6yurRc2iptb2zu7pb39lo4SRVmTRiJSHZ9oJnjImsBBsE6sGJG+YG1/dDHx2/dMaR6FNzCOWU+SQcgDTgkYySuVXWAPoGR6qVSksnPs6jsFqasT6XGsPH5bzUzKrthT4EXi5KSMcjS80pfbj2giWQhUEK27jh1DLyUKOBUsK7qJZjGhIzJgXUNDIpnupdNjMnxslD4OImVeCHiq/p5IidR6LH2TlASGet6biP953QSCWi/lYZwAC+lsUZAIDBGeNIP7XDEKYmwIoYqbv2I6JIpQMP0VTQnO/MmLpFWtOHbFuT4t12t5HQV0iI7QCXLQGaqjK9RATUTRI3pGr+jNerJerHfrYxZdsvKZA/QH1ucPjX6b3w==</latexit><latexit sha1_base64="sLITZ0USRID1a2pc69n3ZESVvCU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSlIEuxEKIrisYB/Q1DCZTtqhM0mcuRFLyAe48VfcuFDErR/gzr9x2mahrQcGDuecy517/FhwDbb9bS0tr6yurRc2iptb2zu7pb39lo4SRVmTRiJSHZ9oJnjImsBBsE6sGJG+YG1/dDHx2/dMaR6FNzCOWU+SQcgDTgkYySuVXWAPoGR6qVSksnPs6jsFqasT6XGsPH5bzUzKrthT4EXi5KSMcjS80pfbj2giWQhUEK27jh1DLyUKOBUsK7qJZjGhIzJgXUNDIpnupdNjMnxslD4OImVeCHiq/p5IidR6LH2TlASGet6biP953QSCWi/lYZwAC+lsUZAIDBGeNIP7XDEKYmwIoYqbv2I6JIpQMP0VTQnO/MmLpFWtOHbFuT4t12t5HQV0iI7QCXLQGaqjK9RATUTRI3pGr+jNerJerHfrYxZdsvKZA/QH1ucPjX6b3w==</latexit><latexit sha1_base64="sLITZ0USRID1a2pc69n3ZESVvCU=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSlIEuxEKIrisYB/Q1DCZTtqhM0mcuRFLyAe48VfcuFDErR/gzr9x2mahrQcGDuecy517/FhwDbb9bS0tr6yurRc2iptb2zu7pb39lo4SRVmTRiJSHZ9oJnjImsBBsE6sGJG+YG1/dDHx2/dMaR6FNzCOWU+SQcgDTgkYySuVXWAPoGR6qVSksnPs6jsFqasT6XGsPH5bzUzKrthT4EXi5KSMcjS80pfbj2giWQhUEK27jh1DLyUKOBUsK7qJZjGhIzJgXUNDIpnupdNjMnxslD4OImVeCHiq/p5IidR6LH2TlASGet6biP953QSCWi/lYZwAC+lsUZAIDBGeNIP7XDEKYmwIoYqbv2I6JIpQMP0VTQnO/MmLpFWtOHbFuT4t12t5HQV0iI7QCXLQGaqjK9RATUTRI3pGr+jNerJerHfrYxZdsvKZA/QH1ucPjX6b3w==</latexit>

ri = measurementi �model(p1, p2, · · · )i
<latexit sha1_base64="oR8RcOh40JSsoMsBcWWePk/QbNM=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIJCDLsi6EURvHiMYDSQhGV2thMHZ3aWmV4xLPkbL/6KF0FF9OifOHkgaixoKKq66e6KUiks+v6HNzE5NT0zOzdfWFhcWl4prq5dWp0ZDjWupTb1iFmQIoEaCpRQTw0wFUm4im5O+/7VLRgrdHKB3RRainUS0RacoZPC4rEJxRFtItyhUbkCZjMDChLshWL3W9YxyN52GgZlmoZ7ZdrksUa7E4qwWPIr/gB0nAQjUiIjVMPiczPWPOtv4JJZ2wj8FFs5Myi4hF6hmVlIGb9hHWg4mjAFtpUP/uzRLafEtK2NqwTpQP05kTNlbVdFrlMxvLZ/vb74n9fIsH3YykWSZggJHy5qZ5Kipv3QaCwMcJRdRxg3wt1K+TUzjKOLtuBCCP6+PE4u9yqBXwnO90snh6M45sgG2STbJCAH5ISckSqpEU7uySN5Ia/eg/fkvXnvw9YJbzSzTn7B+/wC1hmmaw==</latexit><latexit sha1_base64="oR8RcOh40JSsoMsBcWWePk/QbNM=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIJCDLsi6EURvHiMYDSQhGV2thMHZ3aWmV4xLPkbL/6KF0FF9OifOHkgaixoKKq66e6KUiks+v6HNzE5NT0zOzdfWFhcWl4prq5dWp0ZDjWupTb1iFmQIoEaCpRQTw0wFUm4im5O+/7VLRgrdHKB3RRainUS0RacoZPC4rEJxRFtItyhUbkCZjMDChLshWL3W9YxyN52GgZlmoZ7ZdrksUa7E4qwWPIr/gB0nAQjUiIjVMPiczPWPOtv4JJZ2wj8FFs5Myi4hF6hmVlIGb9hHWg4mjAFtpUP/uzRLafEtK2NqwTpQP05kTNlbVdFrlMxvLZ/vb74n9fIsH3YykWSZggJHy5qZ5Kipv3QaCwMcJRdRxg3wt1K+TUzjKOLtuBCCP6+PE4u9yqBXwnO90snh6M45sgG2STbJCAH5ISckSqpEU7uySN5Ia/eg/fkvXnvw9YJbzSzTn7B+/wC1hmmaw==</latexit><latexit sha1_base64="oR8RcOh40JSsoMsBcWWePk/QbNM=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIJCDLsi6EURvHiMYDSQhGV2thMHZ3aWmV4xLPkbL/6KF0FF9OifOHkgaixoKKq66e6KUiks+v6HNzE5NT0zOzdfWFhcWl4prq5dWp0ZDjWupTb1iFmQIoEaCpRQTw0wFUm4im5O+/7VLRgrdHKB3RRainUS0RacoZPC4rEJxRFtItyhUbkCZjMDChLshWL3W9YxyN52GgZlmoZ7ZdrksUa7E4qwWPIr/gB0nAQjUiIjVMPiczPWPOtv4JJZ2wj8FFs5Myi4hF6hmVlIGb9hHWg4mjAFtpUP/uzRLafEtK2NqwTpQP05kTNlbVdFrlMxvLZ/vb74n9fIsH3YykWSZggJHy5qZ5Kipv3QaCwMcJRdRxg3wt1K+TUzjKOLtuBCCP6+PE4u9yqBXwnO90snh6M45sgG2STbJCAH5ISckSqpEU7uySN5Ia/eg/fkvXnvw9YJbzSzTn7B+/wC1hmmaw==</latexit><latexit sha1_base64="oR8RcOh40JSsoMsBcWWePk/QbNM=">AAACJ3icbVDLSgNBEJz1bXxFPXoZDIJCDLsi6EURvHiMYDSQhGV2thMHZ3aWmV4xLPkbL/6KF0FF9OifOHkgaixoKKq66e6KUiks+v6HNzE5NT0zOzdfWFhcWl4prq5dWp0ZDjWupTb1iFmQIoEaCpRQTw0wFUm4im5O+/7VLRgrdHKB3RRainUS0RacoZPC4rEJxRFtItyhUbkCZjMDChLshWL3W9YxyN52GgZlmoZ7ZdrksUa7E4qwWPIr/gB0nAQjUiIjVMPiczPWPOtv4JJZ2wj8FFs5Myi4hF6hmVlIGb9hHWg4mjAFtpUP/uzRLafEtK2NqwTpQP05kTNlbVdFrlMxvLZ/vb74n9fIsH3YykWSZggJHy5qZ5Kipv3QaCwMcJRdRxg3wt1K+TUzjKOLtuBCCP6+PE4u9yqBXwnO90snh6M45sgG2STbJCAH5ISckSqpEU7uySN5Ia/eg/fkvXnvw9YJbzSzTn7B+/wC1hmmaw==</latexit>

Residuals

Min(Error) ) (p̄0, p̄1, · · · )
<latexit sha1_base64="i9TWEAW+KRdi+e60gvd/froyji8="></latexit><latexit sha1_base64="i9TWEAW+KRdi+e60gvd/froyji8="></latexit><latexit sha1_base64="i9TWEAW+KRdi+e60gvd/froyji8="></latexit><latexit sha1_base64="i9TWEAW+KRdi+e60gvd/froyji8="></latexit>



Fit example
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Model: y(x) = a+ b · x
<latexit sha1_base64="rfIwXq4VAoBmuOY1Z+o7wnduoAk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCRSiJCPYiFLx4rGA/oA1ls9m2SzebsDuRhtC/4sWDIl79I978N27bHLT1wcDjvRlm5vmx4Boc59sqbGxube8Ud0t7+weHR/Zxua2jRFHWopGIVNcnmgkuWQs4CNaNFSOhL1jHn9zN/c4TU5pH8hHSmHkhGUk+5JSAkQZ2Oa1OL24xwZfY79MgAjwd2BWn5iyA14mbkwrK0RzYX/0goknIJFBBtO65TgxeRhRwKtis1E80iwmdkBHrGSpJyLSXLW6f4XOjBHgYKVMS8EL9PZGRUOs09E1nSGCsV725+J/XS2BY9zIu4wSYpMtFw0RgiPA8CBxwxSiI1BBCFTe3YjomilAwcZVMCO7qy+ukfVVznZr7cF1p1PM4iugUnaEqctENaqB71EQtRNEUPaNX9GbNrBfr3fpYthasfOYE/YH1+QN7bpLA</latexit><latexit sha1_base64="rfIwXq4VAoBmuOY1Z+o7wnduoAk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCRSiJCPYiFLx4rGA/oA1ls9m2SzebsDuRhtC/4sWDIl79I978N27bHLT1wcDjvRlm5vmx4Boc59sqbGxube8Ud0t7+weHR/Zxua2jRFHWopGIVNcnmgkuWQs4CNaNFSOhL1jHn9zN/c4TU5pH8hHSmHkhGUk+5JSAkQZ2Oa1OL24xwZfY79MgAjwd2BWn5iyA14mbkwrK0RzYX/0goknIJFBBtO65TgxeRhRwKtis1E80iwmdkBHrGSpJyLSXLW6f4XOjBHgYKVMS8EL9PZGRUOs09E1nSGCsV725+J/XS2BY9zIu4wSYpMtFw0RgiPA8CBxwxSiI1BBCFTe3YjomilAwcZVMCO7qy+ukfVVznZr7cF1p1PM4iugUnaEqctENaqB71EQtRNEUPaNX9GbNrBfr3fpYthasfOYE/YH1+QN7bpLA</latexit><latexit sha1_base64="rfIwXq4VAoBmuOY1Z+o7wnduoAk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCRSiJCPYiFLx4rGA/oA1ls9m2SzebsDuRhtC/4sWDIl79I978N27bHLT1wcDjvRlm5vmx4Boc59sqbGxube8Ud0t7+weHR/Zxua2jRFHWopGIVNcnmgkuWQs4CNaNFSOhL1jHn9zN/c4TU5pH8hHSmHkhGUk+5JSAkQZ2Oa1OL24xwZfY79MgAjwd2BWn5iyA14mbkwrK0RzYX/0goknIJFBBtO65TgxeRhRwKtis1E80iwmdkBHrGSpJyLSXLW6f4XOjBHgYKVMS8EL9PZGRUOs09E1nSGCsV725+J/XS2BY9zIu4wSYpMtFw0RgiPA8CBxwxSiI1BBCFTe3YjomilAwcZVMCO7qy+ukfVVznZr7cF1p1PM4iugUnaEqctENaqB71EQtRNEUPaNX9GbNrBfr3fpYthasfOYE/YH1+QN7bpLA</latexit><latexit sha1_base64="rfIwXq4VAoBmuOY1Z+o7wnduoAk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSxCRSiJCPYiFLx4rGA/oA1ls9m2SzebsDuRhtC/4sWDIl79I978N27bHLT1wcDjvRlm5vmx4Boc59sqbGxube8Ud0t7+weHR/Zxua2jRFHWopGIVNcnmgkuWQs4CNaNFSOhL1jHn9zN/c4TU5pH8hHSmHkhGUk+5JSAkQZ2Oa1OL24xwZfY79MgAjwd2BWn5iyA14mbkwrK0RzYX/0goknIJFBBtO65TgxeRhRwKtis1E80iwmdkBHrGSpJyLSXLW6f4XOjBHgYKVMS8EL9PZGRUOs09E1nSGCsV725+J/XS2BY9zIu4wSYpMtFw0RgiPA8CBxwxSiI1BBCFTe3YjomilAwcZVMCO7qy+ukfVVznZr7cF1p1PM4iugUnaEqctENaqB71EQtRNEUPaNX9GbNrBfr3fpYthasfOYE/YH1+QN7bpLA</latexit>

Measurements: (x, y)i
<latexit sha1_base64="kKN6h3EYqKzottRmH6WyuXyzLDQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdEeyx4MVjBfsB7VKyabYNzSZrkhWXpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbmdx6p0kyKe5PG1I/wSLCQEWys1K0+XaD0fMAG5Ypbc+dAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nAEdV+Nr93is6sMkShVLaEQXP190SGI63TKLCdETZjvezNxP+8XmLCup8xESeGCrJYFCYcGYlmz6MhU5QYnlqCiWL2VkTGWGFibEQlG4K3/PIqaV/WPLfm3V1VGvU8jiKcwClUwYNraMAtNKEFBDg8wyu8OQ/Oi/PufCxaC04+cwx/4Hz+AMGxjxY=</latexit><latexit sha1_base64="kKN6h3EYqKzottRmH6WyuXyzLDQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdEeyx4MVjBfsB7VKyabYNzSZrkhWXpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbmdx6p0kyKe5PG1I/wSLCQEWys1K0+XaD0fMAG5Ypbc+dAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nAEdV+Nr93is6sMkShVLaEQXP190SGI63TKLCdETZjvezNxP+8XmLCup8xESeGCrJYFCYcGYlmz6MhU5QYnlqCiWL2VkTGWGFibEQlG4K3/PIqaV/WPLfm3V1VGvU8jiKcwClUwYNraMAtNKEFBDg8wyu8OQ/Oi/PufCxaC04+cwx/4Hz+AMGxjxY=</latexit><latexit sha1_base64="kKN6h3EYqKzottRmH6WyuXyzLDQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdEeyx4MVjBfsB7VKyabYNzSZrkhWXpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbmdx6p0kyKe5PG1I/wSLCQEWys1K0+XaD0fMAG5Ypbc+dAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nAEdV+Nr93is6sMkShVLaEQXP190SGI63TKLCdETZjvezNxP+8XmLCup8xESeGCrJYFCYcGYlmz6MhU5QYnlqCiWL2VkTGWGFibEQlG4K3/PIqaV/WPLfm3V1VGvU8jiKcwClUwYNraMAtNKEFBDg8wyu8OQ/Oi/PufCxaC04+cwx/4Hz+AMGxjxY=</latexit><latexit sha1_base64="kKN6h3EYqKzottRmH6WyuXyzLDQ=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRahgpRdEeyx4MVjBfsB7VKyabYNzSZrkhWXpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewtr6xuVXcLu3s7u0flA+P2lomitAWkVyqboA15UzQlmGG026sKI4CTjvB5Gbmdx6p0kyKe5PG1I/wSLCQEWys1K0+XaD0fMAG5Ypbc+dAq8TLSQVyNAflr/5QkiSiwhCOte55bmz8DCvDCKfTUj/RNMZkgke0Z6nAEdV+Nr93is6sMkShVLaEQXP190SGI63TKLCdETZjvezNxP+8XmLCup8xESeGCrJYFCYcGYlmz6MhU5QYnlqCiWL2VkTGWGFibEQlG4K3/PIqaV/WPLfm3V1VGvU8jiKcwClUwYNraMAtNKEFBDg8wyu8OQ/Oi/PufCxaC04+cwx/4Hz+AMGxjxY=</latexit>

Parameters: (a, b)
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Quadrupole scan
• Plot the measured beam 

sizes (Σ11) agains the strength 
of the quadrupole field (k) 

• Fit a parabola 

• Extract ε, α, β, γ from the 
parameters of the parabola
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Results	of	one	of	the	Quad	Scans

w2 = ak2 � 2abk + ab2 + c
<latexit sha1_base64="L8bnO02fYjAWIgCssTV58+wWR0c=">AAACCXicbZDLSgMxFIbPeK31NurSTbAIQrHMDILdCAU3LivYC7TTkkkzbWjmQpJRytCtG1/FjQtF3PoG7nwbM+0stPVAyMf/n0Nyfi/mTCrL+jZWVtfWNzYLW8Xtnd29ffPgsCmjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3vg681v3VEgWhXdqElM3wMOQ+YxgpaW+iR56zhXCaNxz0DlyNHlojMrZrZUyIn2zZFWsWaFlsHMoQV71vvnVHUQkCWioCMdSdmwrVm6KhWKE02mxm0gaYzLGQ9rRGOKASjedbTJFp1oZID8S+oQKzdTfEykOpJwEnu4MsBrJRS8T//M6ifKrbsrCOFE0JPOH/IQjFaEsFjRgghLFJxowEUz/FZERFpgoHV5Rh2AvrrwMTadiWxX79qJUq+ZxFOAYTuAMbLiEGtxAHRpA4BGe4RXejCfjxXg3PuatK0Y+cwR/yvj8AVSNlZo=</latexit><latexit sha1_base64="L8bnO02fYjAWIgCssTV58+wWR0c=">AAACCXicbZDLSgMxFIbPeK31NurSTbAIQrHMDILdCAU3LivYC7TTkkkzbWjmQpJRytCtG1/FjQtF3PoG7nwbM+0stPVAyMf/n0Nyfi/mTCrL+jZWVtfWNzYLW8Xtnd29ffPgsCmjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3vg681v3VEgWhXdqElM3wMOQ+YxgpaW+iR56zhXCaNxz0DlyNHlojMrZrZUyIn2zZFWsWaFlsHMoQV71vvnVHUQkCWioCMdSdmwrVm6KhWKE02mxm0gaYzLGQ9rRGOKASjedbTJFp1oZID8S+oQKzdTfEykOpJwEnu4MsBrJRS8T//M6ifKrbsrCOFE0JPOH/IQjFaEsFjRgghLFJxowEUz/FZERFpgoHV5Rh2AvrrwMTadiWxX79qJUq+ZxFOAYTuAMbLiEGtxAHRpA4BGe4RXejCfjxXg3PuatK0Y+cwR/yvj8AVSNlZo=</latexit><latexit sha1_base64="L8bnO02fYjAWIgCssTV58+wWR0c=">AAACCXicbZDLSgMxFIbPeK31NurSTbAIQrHMDILdCAU3LivYC7TTkkkzbWjmQpJRytCtG1/FjQtF3PoG7nwbM+0stPVAyMf/n0Nyfi/mTCrL+jZWVtfWNzYLW8Xtnd29ffPgsCmjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3vg681v3VEgWhXdqElM3wMOQ+YxgpaW+iR56zhXCaNxz0DlyNHlojMrZrZUyIn2zZFWsWaFlsHMoQV71vvnVHUQkCWioCMdSdmwrVm6KhWKE02mxm0gaYzLGQ9rRGOKASjedbTJFp1oZID8S+oQKzdTfEykOpJwEnu4MsBrJRS8T//M6ifKrbsrCOFE0JPOH/IQjFaEsFjRgghLFJxowEUz/FZERFpgoHV5Rh2AvrrwMTadiWxX79qJUq+ZxFOAYTuAMbLiEGtxAHRpA4BGe4RXejCfjxXg3PuatK0Y+cwR/yvj8AVSNlZo=</latexit><latexit sha1_base64="L8bnO02fYjAWIgCssTV58+wWR0c=">AAACCXicbZDLSgMxFIbPeK31NurSTbAIQrHMDILdCAU3LivYC7TTkkkzbWjmQpJRytCtG1/FjQtF3PoG7nwbM+0stPVAyMf/n0Nyfi/mTCrL+jZWVtfWNzYLW8Xtnd29ffPgsCmjRBDaIBGPRNvDknIW0oZiitN2LCgOPE5b3vg681v3VEgWhXdqElM3wMOQ+YxgpaW+iR56zhXCaNxz0DlyNHlojMrZrZUyIn2zZFWsWaFlsHMoQV71vvnVHUQkCWioCMdSdmwrVm6KhWKE02mxm0gaYzLGQ9rRGOKASjedbTJFp1oZID8S+oQKzdTfEykOpJwEnu4MsBrJRS8T//M6ifKrbsrCOFE0JPOH/IQjFaEsFjRgghLFJxowEUz/FZERFpgoHV5Rh2AvrrwMTadiWxX79qJUq+ZxFOAYTuAMbLiEGtxAHRpA4BGe4RXejCfjxXg3PuatK0Y+cwR/yvj8AVSNlZo=</latexit>Fit:

d= drift space (L), l= quadrupole length (LQ)
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Emittance measurement in 
synchrotrons

• One can calculate the value of β 
directly from this constraint (using 
the transport matrix) 

• It is possible to measure the β 
function around the ring using 
BPMs, k-modulation etc. 

• Measure the beam size and derive 
the emittance from the optics 
functions 

• Measure in a dispersion free if 
possible
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<latexit sha1_base64="+Zxoia7gu6j0TBc28BvQTNXe4UU=">AAACCXicbVA9SwNBEN3zM8avU0ubxSBYhTsRTCMEbCwjmCjkQpjbTOLi3t65OxcIR1ob/4qNhSK2/gM7/42bmMKvB8M83pthd16cKWkpCD68ufmFxaXl0kp5dW19Y9Pf2m7ZNDcCmyJVqbmKwaKSGpskSeFVZhCSWOFlfHM68S+HaKxM9QWNMuwkMNCyLwWQk7o+j6wcJHDi+q2hIoqRIBqCwcxKlepxuetXgmowBf9LwhmpsBkaXf896qUiT1CTUGBtOwwy6hRgSAqF43KUW8xA3MAA245qSNB2iuklY77vlB7vp8aVJj5Vv28UkFg7SmI3mQBd29/eRPzPa+fUr3UKqbOcUIuvh/q54pTySSy8Jw0KUiNHQBjp/srFNRgQ5MKbhBD+PvkvaR1Ww6Aanh9V6rVZHCW2y/bYAQvZMauzM9ZgTSbYHXtgT+zZu/cevRfv9Wt0zpvt7LAf8N4+AeT2mmo=</latexit><latexit sha1_base64="+Zxoia7gu6j0TBc28BvQTNXe4UU=">AAACCXicbVA9SwNBEN3zM8avU0ubxSBYhTsRTCMEbCwjmCjkQpjbTOLi3t65OxcIR1ob/4qNhSK2/gM7/42bmMKvB8M83pthd16cKWkpCD68ufmFxaXl0kp5dW19Y9Pf2m7ZNDcCmyJVqbmKwaKSGpskSeFVZhCSWOFlfHM68S+HaKxM9QWNMuwkMNCyLwWQk7o+j6wcJHDi+q2hIoqRIBqCwcxKlepxuetXgmowBf9LwhmpsBkaXf896qUiT1CTUGBtOwwy6hRgSAqF43KUW8xA3MAA245qSNB2iuklY77vlB7vp8aVJj5Vv28UkFg7SmI3mQBd29/eRPzPa+fUr3UKqbOcUIuvh/q54pTySSy8Jw0KUiNHQBjp/srFNRgQ5MKbhBD+PvkvaR1Ww6Aanh9V6rVZHCW2y/bYAQvZMauzM9ZgTSbYHXtgT+zZu/cevRfv9Wt0zpvt7LAf8N4+AeT2mmo=</latexit><latexit sha1_base64="+Zxoia7gu6j0TBc28BvQTNXe4UU=">AAACCXicbVA9SwNBEN3zM8avU0ubxSBYhTsRTCMEbCwjmCjkQpjbTOLi3t65OxcIR1ob/4qNhSK2/gM7/42bmMKvB8M83pthd16cKWkpCD68ufmFxaXl0kp5dW19Y9Pf2m7ZNDcCmyJVqbmKwaKSGpskSeFVZhCSWOFlfHM68S+HaKxM9QWNMuwkMNCyLwWQk7o+j6wcJHDi+q2hIoqRIBqCwcxKlepxuetXgmowBf9LwhmpsBkaXf896qUiT1CTUGBtOwwy6hRgSAqF43KUW8xA3MAA245qSNB2iuklY77vlB7vp8aVJj5Vv28UkFg7SmI3mQBd29/eRPzPa+fUr3UKqbOcUIuvh/q54pTySSy8Jw0KUiNHQBjp/srFNRgQ5MKbhBD+PvkvaR1Ww6Aanh9V6rVZHCW2y/bYAQvZMauzM9ZgTSbYHXtgT+zZu/cevRfv9Wt0zpvt7LAf8N4+AeT2mmo=</latexit><latexit sha1_base64="+Zxoia7gu6j0TBc28BvQTNXe4UU=">AAACCXicbVA9SwNBEN3zM8avU0ubxSBYhTsRTCMEbCwjmCjkQpjbTOLi3t65OxcIR1ob/4qNhSK2/gM7/42bmMKvB8M83pthd16cKWkpCD68ufmFxaXl0kp5dW19Y9Pf2m7ZNDcCmyJVqbmKwaKSGpskSeFVZhCSWOFlfHM68S+HaKxM9QWNMuwkMNCyLwWQk7o+j6wcJHDi+q2hIoqRIBqCwcxKlepxuetXgmowBf9LwhmpsBkaXf896qUiT1CTUGBtOwwy6hRgSAqF43KUW8xA3MAA245qSNB2iuklY77vlB7vp8aVJj5Vv28UkFg7SmI3mQBd29/eRPzPa+fUr3UKqbOcUIuvh/q54pTySSy8Jw0KUiNHQBjp/srFNRgQ5MKbhBD+PvkvaR1Ww6Aanh9V6rVZHCW2y/bYAQvZMauzM9ZgTSbYHXtgT+zZu/cevRfv9Wt0zpvt7LAf8N4+AeT2mmo=</latexit>

� =

s

�"+

✓
D
�p

p

◆2

<latexit sha1_base64="IZFtTLJZTklU155KjOdiEtuedb8="></latexit><latexit sha1_base64="IZFtTLJZTklU155KjOdiEtuedb8="></latexit><latexit sha1_base64="IZFtTLJZTklU155KjOdiEtuedb8="></latexit><latexit sha1_base64="IZFtTLJZTklU155KjOdiEtuedb8="></latexit>

Measured Optics Measured?



Various emittance definitions

• We have seen the RMS 
emittance (from phase space 
moments) 

• Different people use different 
definitions 

• ε90% the ellipse that contains 
90% of particles 

• ε95% the ellipse that contains 
95% of particles 

• ε2rms the ellipse at twice the 
rms
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x
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wrms =
p

⌃11
<latexit sha1_base64="5jrvMT7p4kyIRTXriD/DXBUMOts=">AAACDXicbVDLSsNAFJ34rPVVdelmsAquSiKC3QgFNy4r2gc0IUymk3boTBJnbtQS8gNu/BU3LhRx696df+P0sdDWAxcO59zLvfcEieAabPvbWlhcWl5ZLawV1zc2t7ZLO7tNHaeKsgaNRazaAdFM8Ig1gINg7UQxIgPBWsHgYuS37pjSPI5uYJgwT5JexENOCRjJLx3e+5kL7AGUzJTUeX6OXX2rIHOveU8SP3OcPPdLZbtij4HniTMlZTRF3S99ud2YppJFQAXRuuPYCXgZUcCpYHnRTTVLCB2QHusYGhHJtJeNv8nxkVG6OIyVqQjwWP09kRGp9VAGplMS6OtZbyT+53VSCKtexqMkBRbRyaIwFRhiPIoGd7liFMTQEEIVN7di2ieKUDABFk0IzuzL86R5UnHsinN1Wq5Vp3EU0D46QMfIQWeohi5RHTUQRY/oGb2iN+vJerHerY9J64I1ndlDf2B9/gDgAZyi</latexit><latexit sha1_base64="5jrvMT7p4kyIRTXriD/DXBUMOts=">AAACDXicbVDLSsNAFJ34rPVVdelmsAquSiKC3QgFNy4r2gc0IUymk3boTBJnbtQS8gNu/BU3LhRx696df+P0sdDWAxcO59zLvfcEieAabPvbWlhcWl5ZLawV1zc2t7ZLO7tNHaeKsgaNRazaAdFM8Ig1gINg7UQxIgPBWsHgYuS37pjSPI5uYJgwT5JexENOCRjJLx3e+5kL7AGUzJTUeX6OXX2rIHOveU8SP3OcPPdLZbtij4HniTMlZTRF3S99ud2YppJFQAXRuuPYCXgZUcCpYHnRTTVLCB2QHusYGhHJtJeNv8nxkVG6OIyVqQjwWP09kRGp9VAGplMS6OtZbyT+53VSCKtexqMkBRbRyaIwFRhiPIoGd7liFMTQEEIVN7di2ieKUDABFk0IzuzL86R5UnHsinN1Wq5Vp3EU0D46QMfIQWeohi5RHTUQRY/oGb2iN+vJerHerY9J64I1ndlDf2B9/gDgAZyi</latexit><latexit sha1_base64="5jrvMT7p4kyIRTXriD/DXBUMOts=">AAACDXicbVDLSsNAFJ34rPVVdelmsAquSiKC3QgFNy4r2gc0IUymk3boTBJnbtQS8gNu/BU3LhRx696df+P0sdDWAxcO59zLvfcEieAabPvbWlhcWl5ZLawV1zc2t7ZLO7tNHaeKsgaNRazaAdFM8Ig1gINg7UQxIgPBWsHgYuS37pjSPI5uYJgwT5JexENOCRjJLx3e+5kL7AGUzJTUeX6OXX2rIHOveU8SP3OcPPdLZbtij4HniTMlZTRF3S99ud2YppJFQAXRuuPYCXgZUcCpYHnRTTVLCB2QHusYGhHJtJeNv8nxkVG6OIyVqQjwWP09kRGp9VAGplMS6OtZbyT+53VSCKtexqMkBRbRyaIwFRhiPIoGd7liFMTQEEIVN7di2ieKUDABFk0IzuzL86R5UnHsinN1Wq5Vp3EU0D46QMfIQWeohi5RHTUQRY/oGb2iN+vJerHerY9J64I1ndlDf2B9/gDgAZyi</latexit><latexit sha1_base64="5jrvMT7p4kyIRTXriD/DXBUMOts=">AAACDXicbVDLSsNAFJ34rPVVdelmsAquSiKC3QgFNy4r2gc0IUymk3boTBJnbtQS8gNu/BU3LhRx696df+P0sdDWAxcO59zLvfcEieAabPvbWlhcWl5ZLawV1zc2t7ZLO7tNHaeKsgaNRazaAdFM8Ig1gINg7UQxIgPBWsHgYuS37pjSPI5uYJgwT5JexENOCRjJLx3e+5kL7AGUzJTUeX6OXX2rIHOveU8SP3OcPPdLZbtij4HniTMlZTRF3S99ud2YppJFQAXRuuPYCXgZUcCpYHnRTTVLCB2QHusYGhHJtJeNv8nxkVG6OIyVqQjwWP09kRGp9VAGplMS6OtZbyT+53VSCKtexqMkBRbRyaIwFRhiPIoGd7liFMTQEEIVN7di2ieKUDABFk0IzuzL86R5UnHsinN1Wq5Vp3EU0D46QMfIQWeohi5RHTUQRY/oGb2iN+vJerHerY9J64I1ndlDf2B9/gDgAZyi</latexit>

x

x’

w2rms = 2wrms
<latexit sha1_base64="dTgHNubQd6teXQv/aRXoT2UJ/hU=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCq5IUwW6EghuXFewF2hAm02k7dCYJMydqCXkBN76KGxeKuHXvzrdxmnZRW38Y+PnOOZw5fxALrsFxfqyV1bX1jc3CVnF7Z3dv3z44bOooUZQ1aCQi1Q6IZoKHrAEcBGvHihEZCNYKRteTeuueKc2j8A7GMfMkGYS8zykBg3z79MFPu8AeQcm0oqTOsitcmWM58u2SU3Zy4WXjzkwJzVT37e9uL6KJZCFQQbTuuE4MXkoUcCpYVuwmmsWEjsiAdYwNiWTaS/NrMnxmSA/3I2VeCDin8xMpkVqPZWA6JYGhXqxN4H+1TgL9qpfyME6AhXS6qJ8IDBGeRIN7XDEKYmwMoYqbv2I6JIpQMAEWTQju4snLplkpu07Zvb0o1aqzOAroGJ2gc+SiS1RDN6iOGoiiJ/SC3tC79Wy9Wh/W57R1xZrNHKE/sr5+AWA4nPo=</latexit><latexit sha1_base64="dTgHNubQd6teXQv/aRXoT2UJ/hU=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCq5IUwW6EghuXFewF2hAm02k7dCYJMydqCXkBN76KGxeKuHXvzrdxmnZRW38Y+PnOOZw5fxALrsFxfqyV1bX1jc3CVnF7Z3dv3z44bOooUZQ1aCQi1Q6IZoKHrAEcBGvHihEZCNYKRteTeuueKc2j8A7GMfMkGYS8zykBg3z79MFPu8AeQcm0oqTOsitcmWM58u2SU3Zy4WXjzkwJzVT37e9uL6KJZCFQQbTuuE4MXkoUcCpYVuwmmsWEjsiAdYwNiWTaS/NrMnxmSA/3I2VeCDin8xMpkVqPZWA6JYGhXqxN4H+1TgL9qpfyME6AhXS6qJ8IDBGeRIN7XDEKYmwMoYqbv2I6JIpQMAEWTQju4snLplkpu07Zvb0o1aqzOAroGJ2gc+SiS1RDN6iOGoiiJ/SC3tC79Wy9Wh/W57R1xZrNHKE/sr5+AWA4nPo=</latexit><latexit sha1_base64="dTgHNubQd6teXQv/aRXoT2UJ/hU=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCq5IUwW6EghuXFewF2hAm02k7dCYJMydqCXkBN76KGxeKuHXvzrdxmnZRW38Y+PnOOZw5fxALrsFxfqyV1bX1jc3CVnF7Z3dv3z44bOooUZQ1aCQi1Q6IZoKHrAEcBGvHihEZCNYKRteTeuueKc2j8A7GMfMkGYS8zykBg3z79MFPu8AeQcm0oqTOsitcmWM58u2SU3Zy4WXjzkwJzVT37e9uL6KJZCFQQbTuuE4MXkoUcCpYVuwmmsWEjsiAdYwNiWTaS/NrMnxmSA/3I2VeCDin8xMpkVqPZWA6JYGhXqxN4H+1TgL9qpfyME6AhXS6qJ8IDBGeRIN7XDEKYmwMoYqbv2I6JIpQMAEWTQju4snLplkpu07Zvb0o1aqzOAroGJ2gc+SiS1RDN6iOGoiiJ/SC3tC79Wy9Wh/W57R1xZrNHKE/sr5+AWA4nPo=</latexit><latexit sha1_base64="dTgHNubQd6teXQv/aRXoT2UJ/hU=">AAACDXicbZDLSsNAFIYnXmu9RV26GayCq5IUwW6EghuXFewF2hAm02k7dCYJMydqCXkBN76KGxeKuHXvzrdxmnZRW38Y+PnOOZw5fxALrsFxfqyV1bX1jc3CVnF7Z3dv3z44bOooUZQ1aCQi1Q6IZoKHrAEcBGvHihEZCNYKRteTeuueKc2j8A7GMfMkGYS8zykBg3z79MFPu8AeQcm0oqTOsitcmWM58u2SU3Zy4WXjzkwJzVT37e9uL6KJZCFQQbTuuE4MXkoUcCpYVuwmmsWEjsiAdYwNiWTaS/NrMnxmSA/3I2VeCDin8xMpkVqPZWA6JYGhXqxN4H+1TgL9qpfyME6AhXS6qJ8IDBGeRIN7XDEKYmwMoYqbv2I6JIpQMAEWTQju4snLplkpu07Zvb0o1aqzOAroGJ2gc+SiS1RDN6iOGoiiJ/SC3tC79Wy9Wh/W57R1xZrNHKE/sr5+AWA4nPo=</latexit>

A

A2rms

"2rms = 4"rms
<latexit sha1_base64="lbNTdCg04bL2+Xa2mbn+9tEjKBM=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QMBch4MVjBPOAJITZSScZMrO7zPQGw7K/4sVf8eJBkdzEn3HyOGiSgoaaqm6mu/xICoOu++1sbe/s7u1nDrKHR8cnp7mz87oJY82hxkMZ6qbPDEgRQA0FSmhGGpjyJTT80f3Mb4xBGxEGTziJoKPYIBB9wRlaqZsrt8dMQ2SEtK+kjfCMWiVFrUya3tHSRndudnN5t+DOQdeJtyR5skS1m5u2eyGPFQTIJTOm5bkRdhKmUXAJabYdG4gYH7EBtCwNmALTSeYXpvTaKj3aD7WtAOlc/TuRMGXMRPm2UzEcmlVvJm7yWjH2y51EBFGMEPDFR/1YUgzpLC7aExo4yokljGthd6V8yDTjaEPN2hC81ZPXSb1Y8NyC91jKV8rLODLkklyRG+KRW1IhD6RKaoSTF/JGPsin8+q8O1/OdNG65SxnLsg/OD+/Xj2mFA==</latexit><latexit sha1_base64="lbNTdCg04bL2+Xa2mbn+9tEjKBM=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QMBch4MVjBPOAJITZSScZMrO7zPQGw7K/4sVf8eJBkdzEn3HyOGiSgoaaqm6mu/xICoOu++1sbe/s7u1nDrKHR8cnp7mz87oJY82hxkMZ6qbPDEgRQA0FSmhGGpjyJTT80f3Mb4xBGxEGTziJoKPYIBB9wRlaqZsrt8dMQ2SEtK+kjfCMWiVFrUya3tHSRndudnN5t+DOQdeJtyR5skS1m5u2eyGPFQTIJTOm5bkRdhKmUXAJabYdG4gYH7EBtCwNmALTSeYXpvTaKj3aD7WtAOlc/TuRMGXMRPm2UzEcmlVvJm7yWjH2y51EBFGMEPDFR/1YUgzpLC7aExo4yokljGthd6V8yDTjaEPN2hC81ZPXSb1Y8NyC91jKV8rLODLkklyRG+KRW1IhD6RKaoSTF/JGPsin8+q8O1/OdNG65SxnLsg/OD+/Xj2mFA==</latexit><latexit sha1_base64="lbNTdCg04bL2+Xa2mbn+9tEjKBM=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QMBch4MVjBPOAJITZSScZMrO7zPQGw7K/4sVf8eJBkdzEn3HyOGiSgoaaqm6mu/xICoOu++1sbe/s7u1nDrKHR8cnp7mz87oJY82hxkMZ6qbPDEgRQA0FSmhGGpjyJTT80f3Mb4xBGxEGTziJoKPYIBB9wRlaqZsrt8dMQ2SEtK+kjfCMWiVFrUya3tHSRndudnN5t+DOQdeJtyR5skS1m5u2eyGPFQTIJTOm5bkRdhKmUXAJabYdG4gYH7EBtCwNmALTSeYXpvTaKj3aD7WtAOlc/TuRMGXMRPm2UzEcmlVvJm7yWjH2y51EBFGMEPDFR/1YUgzpLC7aExo4yokljGthd6V8yDTjaEPN2hC81ZPXSb1Y8NyC91jKV8rLODLkklyRG+KRW1IhD6RKaoSTF/JGPsin8+q8O1/OdNG65SxnLsg/OD+/Xj2mFA==</latexit><latexit sha1_base64="lbNTdCg04bL2+Xa2mbn+9tEjKBM=">AAACIXicbVDLSgNBEJz1GeMr6tHLYBA8hd0QMBch4MVjBPOAJITZSScZMrO7zPQGw7K/4sVf8eJBkdzEn3HyOGiSgoaaqm6mu/xICoOu++1sbe/s7u1nDrKHR8cnp7mz87oJY82hxkMZ6qbPDEgRQA0FSmhGGpjyJTT80f3Mb4xBGxEGTziJoKPYIBB9wRlaqZsrt8dMQ2SEtK+kjfCMWiVFrUya3tHSRndudnN5t+DOQdeJtyR5skS1m5u2eyGPFQTIJTOm5bkRdhKmUXAJabYdG4gYH7EBtCwNmALTSeYXpvTaKj3aD7WtAOlc/TuRMGXMRPm2UzEcmlVvJm7yWjH2y51EBFGMEPDFR/1YUgzpLC7aExo4yokljGthd6V8yDTjaEPN2hC81ZPXSb1Y8NyC91jKV8rLODLkklyRG+KRW1IhD6RKaoSTF/JGPsin8+q8O1/OdNG65SxnLsg/OD+/Xj2mFA==</latexit>

"rms =
A

⇡
<latexit sha1_base64="wI44+FpvpvxXL82STx5/vuf3SRU=">AAACEnicbVBNS8NAEN3Ur1q/oh69LBZBLyURwV4ExYvHClaFppTNdtIu3U3C7kQsIb/Bi3/FiwdFvHry5r9xW3Pw68HA2/dm2JkXplIY9LwPpzIzOze/UF2sLS2vrK656xuXJsk0hzZPZKKvQ2ZAihjaKFDCdaqBqVDCVTg6nfhXN6CNSOILHKfQVWwQi0hwhlbquXvBDdOQGiHtKw8QblGrXCtTFEc0iDTj+UmRB6koem7da3hT0L/EL0mdlGj13Pegn/BMQYxcMmM6vpdiN2caBZdQ1ILMQMr4iA2gY2nMFJhuPj2poDtW6dMo0bZipFP1+0TOlDFjFdpOxXBofnsT8T+vk2HU7OYiTjOEmH99FGWSYkIn+dC+0MBRji1hXAu7K+VDZnNAm2LNhuD/Pvkvudxv+F7DPz+oHzfLOKpki2yTXeKTQ3JMzkiLtAknd+SBPJFn5955dF6c16/WilPObJIfcN4+AYZcnzY=</latexit><latexit sha1_base64="wI44+FpvpvxXL82STx5/vuf3SRU=">AAACEnicbVBNS8NAEN3Ur1q/oh69LBZBLyURwV4ExYvHClaFppTNdtIu3U3C7kQsIb/Bi3/FiwdFvHry5r9xW3Pw68HA2/dm2JkXplIY9LwPpzIzOze/UF2sLS2vrK656xuXJsk0hzZPZKKvQ2ZAihjaKFDCdaqBqVDCVTg6nfhXN6CNSOILHKfQVWwQi0hwhlbquXvBDdOQGiHtKw8QblGrXCtTFEc0iDTj+UmRB6koem7da3hT0L/EL0mdlGj13Pegn/BMQYxcMmM6vpdiN2caBZdQ1ILMQMr4iA2gY2nMFJhuPj2poDtW6dMo0bZipFP1+0TOlDFjFdpOxXBofnsT8T+vk2HU7OYiTjOEmH99FGWSYkIn+dC+0MBRji1hXAu7K+VDZnNAm2LNhuD/Pvkvudxv+F7DPz+oHzfLOKpki2yTXeKTQ3JMzkiLtAknd+SBPJFn5955dF6c16/WilPObJIfcN4+AYZcnzY=</latexit><latexit sha1_base64="wI44+FpvpvxXL82STx5/vuf3SRU=">AAACEnicbVBNS8NAEN3Ur1q/oh69LBZBLyURwV4ExYvHClaFppTNdtIu3U3C7kQsIb/Bi3/FiwdFvHry5r9xW3Pw68HA2/dm2JkXplIY9LwPpzIzOze/UF2sLS2vrK656xuXJsk0hzZPZKKvQ2ZAihjaKFDCdaqBqVDCVTg6nfhXN6CNSOILHKfQVWwQi0hwhlbquXvBDdOQGiHtKw8QblGrXCtTFEc0iDTj+UmRB6koem7da3hT0L/EL0mdlGj13Pegn/BMQYxcMmM6vpdiN2caBZdQ1ILMQMr4iA2gY2nMFJhuPj2poDtW6dMo0bZipFP1+0TOlDFjFdpOxXBofnsT8T+vk2HU7OYiTjOEmH99FGWSYkIn+dC+0MBRji1hXAu7K+VDZnNAm2LNhuD/Pvkvudxv+F7DPz+oHzfLOKpki2yTXeKTQ3JMzkiLtAknd+SBPJFn5955dF6c16/WilPObJIfcN4+AYZcnzY=</latexit><latexit sha1_base64="wI44+FpvpvxXL82STx5/vuf3SRU=">AAACEnicbVBNS8NAEN3Ur1q/oh69LBZBLyURwV4ExYvHClaFppTNdtIu3U3C7kQsIb/Bi3/FiwdFvHry5r9xW3Pw68HA2/dm2JkXplIY9LwPpzIzOze/UF2sLS2vrK656xuXJsk0hzZPZKKvQ2ZAihjaKFDCdaqBqVDCVTg6nfhXN6CNSOILHKfQVWwQi0hwhlbquXvBDdOQGiHtKw8QblGrXCtTFEc0iDTj+UmRB6koem7da3hT0L/EL0mdlGj13Pegn/BMQYxcMmM6vpdiN2caBZdQ1ILMQMr4iA2gY2nMFJhuPj2poDtW6dMo0bZipFP1+0TOlDFjFdpOxXBofnsT8T+vk2HU7OYiTjOEmH99FGWSYkIn+dC+0MBRji1hXAu7K+VDZnNAm2LNhuD/Pvkvudxv+F7DPz+oHzfLOKpki2yTXeKTQ3JMzkiLtAknd+SBPJFn5955dF6c16/WilPObJIfcN4+AYZcnzY=</latexit>

"2rms =
A2rms

⇡
<latexit sha1_base64="m4MbcVb4ALiPLmCZH+pAj7nmf74=">AAACI3icbVBNS8NAEN34WetX1KOXxSJ4KokIFkFQvHisYLXQlLLZTnRxNwm7E7GE/Bcv/hUvHpTixYP/xW2bg7Y+GHj73gw788JUCoOe9+XMzS8sLi1XVqqra+sbm+7W9o1JMs2hxROZ6HbIDEgRQwsFSminGpgKJdyGDxcj//YRtBFJfI2DFLqK3cUiEpyhlXruSfDINKRGSPvKA4Qn1Co/1MoUxSkNIs14fj5tFHmQiqLn1ry6NwadJX5JaqREs+cOg37CMwUxcsmM6fheit2caRRcQlENMgMp4w/sDjqWxkyB6ebjGwu6b5U+jRJtK0Y6Vn9P5EwZM1Ch7VQM7820NxL/8zoZRo1uLuI0Q4j55KMokxQTOgqM9oUGjnJgCeNa2F0pv2c2F7SxVm0I/vTJs+TmsO57df/qqHbWKOOokF2yRw6IT47JGbkkTdIinDyTV/JOPpwX580ZOp+T1jmnnNkhf+B8/wD2rqbl</latexit><latexit sha1_base64="m4MbcVb4ALiPLmCZH+pAj7nmf74=">AAACI3icbVBNS8NAEN34WetX1KOXxSJ4KokIFkFQvHisYLXQlLLZTnRxNwm7E7GE/Bcv/hUvHpTixYP/xW2bg7Y+GHj73gw788JUCoOe9+XMzS8sLi1XVqqra+sbm+7W9o1JMs2hxROZ6HbIDEgRQwsFSminGpgKJdyGDxcj//YRtBFJfI2DFLqK3cUiEpyhlXruSfDINKRGSPvKA4Qn1Co/1MoUxSkNIs14fj5tFHmQiqLn1ry6NwadJX5JaqREs+cOg37CMwUxcsmM6fheit2caRRcQlENMgMp4w/sDjqWxkyB6ebjGwu6b5U+jRJtK0Y6Vn9P5EwZM1Ch7VQM7820NxL/8zoZRo1uLuI0Q4j55KMokxQTOgqM9oUGjnJgCeNa2F0pv2c2F7SxVm0I/vTJs+TmsO57df/qqHbWKOOokF2yRw6IT47JGbkkTdIinDyTV/JOPpwX580ZOp+T1jmnnNkhf+B8/wD2rqbl</latexit><latexit sha1_base64="m4MbcVb4ALiPLmCZH+pAj7nmf74=">AAACI3icbVBNS8NAEN34WetX1KOXxSJ4KokIFkFQvHisYLXQlLLZTnRxNwm7E7GE/Bcv/hUvHpTixYP/xW2bg7Y+GHj73gw788JUCoOe9+XMzS8sLi1XVqqra+sbm+7W9o1JMs2hxROZ6HbIDEgRQwsFSminGpgKJdyGDxcj//YRtBFJfI2DFLqK3cUiEpyhlXruSfDINKRGSPvKA4Qn1Co/1MoUxSkNIs14fj5tFHmQiqLn1ry6NwadJX5JaqREs+cOg37CMwUxcsmM6fheit2caRRcQlENMgMp4w/sDjqWxkyB6ebjGwu6b5U+jRJtK0Y6Vn9P5EwZM1Ch7VQM7820NxL/8zoZRo1uLuI0Q4j55KMokxQTOgqM9oUGjnJgCeNa2F0pv2c2F7SxVm0I/vTJs+TmsO57df/qqHbWKOOokF2yRw6IT47JGbkkTdIinDyTV/JOPpwX580ZOp+T1jmnnNkhf+B8/wD2rqbl</latexit><latexit sha1_base64="m4MbcVb4ALiPLmCZH+pAj7nmf74=">AAACI3icbVBNS8NAEN34WetX1KOXxSJ4KokIFkFQvHisYLXQlLLZTnRxNwm7E7GE/Bcv/hUvHpTixYP/xW2bg7Y+GHj73gw788JUCoOe9+XMzS8sLi1XVqqra+sbm+7W9o1JMs2hxROZ6HbIDEgRQwsFSminGpgKJdyGDxcj//YRtBFJfI2DFLqK3cUiEpyhlXruSfDINKRGSPvKA4Qn1Co/1MoUxSkNIs14fj5tFHmQiqLn1ry6NwadJX5JaqREs+cOg37CMwUxcsmM6fheit2caRRcQlENMgMp4w/sDjqWxkyB6ebjGwu6b5U+jRJtK0Y6Vn9P5EwZM1Ch7VQM7820NxL/8zoZRo1uLuI0Q4j55KMokxQTOgqM9oUGjnJgCeNa2F0pv2c2F7SxVm0I/vTJs+TmsO57df/qqHbWKOOokF2yRw6IT47JGbkkTdIinDyTV/JOPpwX580ZOp+T1jmnnNkhf+B8/wD2rqbl</latexit>

x

x’ A90%

w90%
<latexit sha1_base64="c9A9EJ8FZaYlw7gOt2gTPZ5Vo0o=">AAAB73icbVBNS8NAEJ34WetX1aOXxVLwVBIRrLeCF48V7Ae0oWy2m3bpZhN3J0oJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKnad+du32KtN+qexW3TnIKvFyUoYcjX7pqzeIWRpxhUxSY7qem6CfUY2CST4t9lLDE8rGdMi7lioaceNn83unpGKVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVQ9t+rdXZbrtTyOApzCGZyDB1dQh1toQBMYSHiGV3hzHpwX5935WLSuOfnMCfyB8/kDWRuPeA==</latexit><latexit sha1_base64="c9A9EJ8FZaYlw7gOt2gTPZ5Vo0o=">AAAB73icbVBNS8NAEJ34WetX1aOXxVLwVBIRrLeCF48V7Ae0oWy2m3bpZhN3J0oJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKnad+du32KtN+qexW3TnIKvFyUoYcjX7pqzeIWRpxhUxSY7qem6CfUY2CST4t9lLDE8rGdMi7lioaceNn83unpGKVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVQ9t+rdXZbrtTyOApzCGZyDB1dQh1toQBMYSHiGV3hzHpwX5935WLSuOfnMCfyB8/kDWRuPeA==</latexit><latexit sha1_base64="c9A9EJ8FZaYlw7gOt2gTPZ5Vo0o=">AAAB73icbVBNS8NAEJ34WetX1aOXxVLwVBIRrLeCF48V7Ae0oWy2m3bpZhN3J0oJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKnad+du32KtN+qexW3TnIKvFyUoYcjX7pqzeIWRpxhUxSY7qem6CfUY2CST4t9lLDE8rGdMi7lioaceNn83unpGKVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVQ9t+rdXZbrtTyOApzCGZyDB1dQh1toQBMYSHiGV3hzHpwX5935WLSuOfnMCfyB8/kDWRuPeA==</latexit><latexit sha1_base64="c9A9EJ8FZaYlw7gOt2gTPZ5Vo0o=">AAAB73icbVBNS8NAEJ34WetX1aOXxVLwVBIRrLeCF48V7Ae0oWy2m3bpZhN3J0oJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/nbX1jc2t7cJOcXdv/+CwdHTcMnGqGW+yWMa6E1DDpVC8iQIl7ySa0yiQvB2Mb2Z++5FrI2J1j5OE+xEdKhEKRtFKnad+du32KtN+qexW3TnIKvFyUoYcjX7pqzeIWRpxhUxSY7qem6CfUY2CST4t9lLDE8rGdMi7lioaceNn83unpGKVAQljbUshmau/JzIaGTOJAtsZURyZZW8m/ud1UwxrfiZUkiJXbLEoTCXBmMyeJwOhOUM5sYQyLeythI2opgxtREUbgrf88ippXVQ9t+rdXZbrtTyOApzCGZyDB1dQh1toQBMYSHiGV3hzHpwX5935WLSuOfnMCfyB8/kDWRuPeA==</latexit>

A90% � 90% of particles
<latexit sha1_base64="tvdAV7eTftLGnYlyKCNHd4lVeeA=">AAACE3icbVC7SgNBFJ2NrxhfUUubwRAQi7ArgrGL2FhGMA/IhjA7uZsMmX0wc1cMS/7Bxl+xsVDE1sbOv3GSbKGJBy4czrl35t7jxVJotO1vK7eyura+kd8sbG3v7O4V9w+aOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y2up37rHpQWUXiH4xi6ARuEwhecoZF6xdOrXnppu+WJq5NYA1IX4QFVMBNp5NOYKRRcgp70iiW7Ys9Al4mTkRLJUO8Vv9x+xJMAQuSSad1x7Bi7afbgpOAmGmLGR2wAHUNDFoDuprObJrRslD71I2UqRDpTf0+kLNB6HHimM2A41IveVPzP6yToV7upCOMEIeTzj/xEUozoNCDaFwo4yrEhjCthdqV8yBTjaGIsmBCcxZOXSfOs4tgV5/a8VKtmceTJETkmJ8QhF6RGbkidNAgnj+SZvJI368l6sd6tj3lrzspmDskfWJ8/GZqdpQ==</latexit><latexit sha1_base64="tvdAV7eTftLGnYlyKCNHd4lVeeA=">AAACE3icbVC7SgNBFJ2NrxhfUUubwRAQi7ArgrGL2FhGMA/IhjA7uZsMmX0wc1cMS/7Bxl+xsVDE1sbOv3GSbKGJBy4czrl35t7jxVJotO1vK7eyura+kd8sbG3v7O4V9w+aOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y2up37rHpQWUXiH4xi6ARuEwhecoZF6xdOrXnppu+WJq5NYA1IX4QFVMBNp5NOYKRRcgp70iiW7Ys9Al4mTkRLJUO8Vv9x+xJMAQuSSad1x7Bi7afbgpOAmGmLGR2wAHUNDFoDuprObJrRslD71I2UqRDpTf0+kLNB6HHimM2A41IveVPzP6yToV7upCOMEIeTzj/xEUozoNCDaFwo4yrEhjCthdqV8yBTjaGIsmBCcxZOXSfOs4tgV5/a8VKtmceTJETkmJ8QhF6RGbkidNAgnj+SZvJI368l6sd6tj3lrzspmDskfWJ8/GZqdpQ==</latexit><latexit sha1_base64="tvdAV7eTftLGnYlyKCNHd4lVeeA=">AAACE3icbVC7SgNBFJ2NrxhfUUubwRAQi7ArgrGL2FhGMA/IhjA7uZsMmX0wc1cMS/7Bxl+xsVDE1sbOv3GSbKGJBy4czrl35t7jxVJotO1vK7eyura+kd8sbG3v7O4V9w+aOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y2up37rHpQWUXiH4xi6ARuEwhecoZF6xdOrXnppu+WJq5NYA1IX4QFVMBNp5NOYKRRcgp70iiW7Ys9Al4mTkRLJUO8Vv9x+xJMAQuSSad1x7Bi7afbgpOAmGmLGR2wAHUNDFoDuprObJrRslD71I2UqRDpTf0+kLNB6HHimM2A41IveVPzP6yToV7upCOMEIeTzj/xEUozoNCDaFwo4yrEhjCthdqV8yBTjaGIsmBCcxZOXSfOs4tgV5/a8VKtmceTJETkmJ8QhF6RGbkidNAgnj+SZvJI368l6sd6tj3lrzspmDskfWJ8/GZqdpQ==</latexit><latexit sha1_base64="tvdAV7eTftLGnYlyKCNHd4lVeeA=">AAACE3icbVC7SgNBFJ2NrxhfUUubwRAQi7ArgrGL2FhGMA/IhjA7uZsMmX0wc1cMS/7Bxl+xsVDE1sbOv3GSbKGJBy4czrl35t7jxVJotO1vK7eyura+kd8sbG3v7O4V9w+aOkoUhwaPZKTaHtMgRQgNFCihHStggSeh5Y2up37rHpQWUXiH4xi6ARuEwhecoZF6xdOrXnppu+WJq5NYA1IX4QFVMBNp5NOYKRRcgp70iiW7Ys9Al4mTkRLJUO8Vv9x+xJMAQuSSad1x7Bi7afbgpOAmGmLGR2wAHUNDFoDuprObJrRslD71I2UqRDpTf0+kLNB6HHimM2A41IveVPzP6yToV7upCOMEIeTzj/xEUozoNCDaFwo4yrEhjCthdqV8yBTjaGIsmBCcxZOXSfOs4tgV5/a8VKtmceTJETkmJ8QhF6RGbkidNAgnj+SZvJI368l6sd6tj3lrzspmDskfWJ8/GZqdpQ==</latexit>

"90% =
A90%

⇡
<latexit sha1_base64="QYScCGnxjtY7jzUnDcfqjtUibZY=">AAACI3icbVBNS8NAEN34bf2KevSyWAqeSiKCVRAULx4r2Co0oWy2k7q4+WB3Uiwh/8WLf8WLB6V48eB/cdvmoNUHA2/fm2FnXpBKodFxPq25+YXFpeWV1cra+sbmlr2909ZJpji0eCITdRcwDVLE0EKBEu5SBSwKJNwGD5dj/3YASoskvsFhCn7E+rEIBWdopK596g2YglQLaV65h/CIKspPHK9WFGfUCxXj+cWsUeReKoquXXXqzgT0L3FLUiUlml175PUSnkUQI5dM647rpOjnTKHgEoqKl2lIGX9gfegYGrMItJ9PbixozSg9GibKVIx0ov6cyFmk9TAKTGfE8F7PemPxP6+TYdjwcxGnGULMpx+FmaSY0HFgtCcUcJRDQxhXwuxK+T0zuaCJtWJCcGdP/kvah3XXqbvXR9XzRhnHCtkj++SAuOSYnJMr0iQtwskTeSFv5N16tl6tkfUxbZ2zypld8gvW1zcKJaWx</latexit><latexit sha1_base64="QYScCGnxjtY7jzUnDcfqjtUibZY=">AAACI3icbVBNS8NAEN34bf2KevSyWAqeSiKCVRAULx4r2Co0oWy2k7q4+WB3Uiwh/8WLf8WLB6V48eB/cdvmoNUHA2/fm2FnXpBKodFxPq25+YXFpeWV1cra+sbmlr2909ZJpji0eCITdRcwDVLE0EKBEu5SBSwKJNwGD5dj/3YASoskvsFhCn7E+rEIBWdopK596g2YglQLaV65h/CIKspPHK9WFGfUCxXj+cWsUeReKoquXXXqzgT0L3FLUiUlml175PUSnkUQI5dM647rpOjnTKHgEoqKl2lIGX9gfegYGrMItJ9PbixozSg9GibKVIx0ov6cyFmk9TAKTGfE8F7PemPxP6+TYdjwcxGnGULMpx+FmaSY0HFgtCcUcJRDQxhXwuxK+T0zuaCJtWJCcGdP/kvah3XXqbvXR9XzRhnHCtkj++SAuOSYnJMr0iQtwskTeSFv5N16tl6tkfUxbZ2zypld8gvW1zcKJaWx</latexit><latexit sha1_base64="QYScCGnxjtY7jzUnDcfqjtUibZY=">AAACI3icbVBNS8NAEN34bf2KevSyWAqeSiKCVRAULx4r2Co0oWy2k7q4+WB3Uiwh/8WLf8WLB6V48eB/cdvmoNUHA2/fm2FnXpBKodFxPq25+YXFpeWV1cra+sbmlr2909ZJpji0eCITdRcwDVLE0EKBEu5SBSwKJNwGD5dj/3YASoskvsFhCn7E+rEIBWdopK596g2YglQLaV65h/CIKspPHK9WFGfUCxXj+cWsUeReKoquXXXqzgT0L3FLUiUlml175PUSnkUQI5dM647rpOjnTKHgEoqKl2lIGX9gfegYGrMItJ9PbixozSg9GibKVIx0ov6cyFmk9TAKTGfE8F7PemPxP6+TYdjwcxGnGULMpx+FmaSY0HFgtCcUcJRDQxhXwuxK+T0zuaCJtWJCcGdP/kvah3XXqbvXR9XzRhnHCtkj++SAuOSYnJMr0iQtwskTeSFv5N16tl6tkfUxbZ2zypld8gvW1zcKJaWx</latexit><latexit sha1_base64="QYScCGnxjtY7jzUnDcfqjtUibZY=">AAACI3icbVBNS8NAEN34bf2KevSyWAqeSiKCVRAULx4r2Co0oWy2k7q4+WB3Uiwh/8WLf8WLB6V48eB/cdvmoNUHA2/fm2FnXpBKodFxPq25+YXFpeWV1cra+sbmlr2909ZJpji0eCITdRcwDVLE0EKBEu5SBSwKJNwGD5dj/3YASoskvsFhCn7E+rEIBWdopK596g2YglQLaV65h/CIKspPHK9WFGfUCxXj+cWsUeReKoquXXXqzgT0L3FLUiUlml175PUSnkUQI5dM647rpOjnTKHgEoqKl2lIGX9gfegYGrMItJ9PbixozSg9GibKVIx0ov6cyFmk9TAKTGfE8F7PemPxP6+TYdjwcxGnGULMpx+FmaSY0HFgtCcUcJRDQxhXwuxK+T0zuaCJtWJCcGdP/kvah3XXqbvXR9XzRhnHCtkj++SAuOSYnJMr0iQtwskTeSFv5N16tl6tkfUxbZ2zypld8gvW1zcKJaWx</latexit>



Gaussian phase space

• A=πεrms contains ~40% of particles w= σ 

• A=πε2rms contains ~86% of particles  w= 2σ 

• A=πε90% contains 90% of particles  w= 2.15σ 

• A=πε95% contains 95% of particles  w= 2.45σ
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Slice emittance
• In electron LINACs 

emittance may 
change along the 
bunch 

• Need for a time 
resolved profile 
measurement 

• Streak camera 

• Deflecting cavity
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Slice emittance
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Example of set-up at 
FLASH in DESY



That’s all folks! 

Thank you for your attention


