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The Drell-Yan Process
S.D. Drell and T.M. Yan, PRL 25 (1970) 316
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Angular Distribution in the “Naïve” Drell-Yan



Drell-Yan Process with QCD Effect
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Quark-antiquark annihilation 

Quark-antiquark annihilation Quark-gluon Compton scattering



Angular Distributions of Lepton Pairs
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Angular Distributions of Lepton Pairs 

from 𝑍/𝛾∗
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Angular Distribution
I.R. Kenyon, Rep. Prog. Phys. 45 (1982) 1261
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Angular Distribution
CDF, PRL 77 (1996) 2616
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NA10 @ CERN: Violation of LT Relation
Z. Phys. 37 (1988) 545 
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E615 @ FNAL: Violation of LT Relation
PRD 39, 92 (1989)
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252-GeV +W

1 2 =0  

cos2  modulation at large Tp



Angular Distributions of Z Production 
CDF, PRL 106, 241801 (2011)
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Angular Distributions of Z Production 
CMS, PLB750, 154 (2015)
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Violation of Lam-Tung relation



Angular Distributions of Z Production 
ATLAS, JHEP08, 159 (2016)
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Violation of Lam-Tung relation



Observations and Interpretations 

of DY Angular Distributions
• Strong 𝑞𝑇 dependence and certain rapidity 

dependence of 𝐴𝑖 (𝜆, 𝜇, 𝜈).

• Lam-Tung Violation: (𝐴0 ≠ 𝐴2)
– Low 𝑞𝑇:

• Intrinsic partonic transverse momentum 𝑘𝑇
• Boer-Mulders functions (Boer 1999)

– Large 𝑞𝑇:
• Hard multi-gluon radiation (𝑂(𝛼𝑠

2) or higher)

• Questions:
– Is there a simple and intuitive understanding of 

the observed angular distributions?
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DY ANGULAR 

DISTRIBUTIONS WITHIN 

THE GEOMETRIC PICTURE
• J.C. Peng, W.C. Chang, R.E. McClellan, O. Teryaev

Phys. Lett. B 758, 394 (2016)

• W.C. Chang, R.E. McClellan, J.C. Peng, O. Teryaev

Phys. Rev. D 96, 054020 (2017)
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Interpretation of the CMS Z-production results
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How is the angular distribution expression derived?

Define three planes in the Collins-Soper frame

 Contains the beam  and target  momenta

 An

1) Hadron Plan
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How is the angular distribution expression derived?
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How is the angular distribution expression derived?
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How is the angular distribution expression derived?
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How is the angular distribution expression derived?
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Angular distribution coefficients A0 – A7
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Some implications of the angular distribution 

coefficients A0 – A7
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Angular Distributions of Z Production 
CMS, PLB750, 154 (2015)
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Violation of Lam-Tung relation



𝜃1 and 𝜙1 at 𝑂(𝛼𝑠
1): 𝑞ത𝑞 → 𝛾∗/𝑍𝑔
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𝜃1 and 𝜙1 at 𝑂(𝛼𝑠
1): 𝑞ത𝑞 → 𝛾∗/𝑍𝑔
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𝜃1 and 𝜙1 at 𝑂(𝛼𝑠
1): 𝑞𝑔 → 𝛾∗/𝑍𝑞
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Compare with CMS data on λ
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Compare with CMS data on ν
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Origins of the non-coplanarity
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higheror  order at   Processes1) 2
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2) Intrinsic  from interacting partonsTk



Compare with CMS data on Lam-Tung relation
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Compare with CDF data
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𝜃1 and 𝜙1 at 𝑂(𝛼𝑠
1): 𝑞ത𝑞 → 𝛾∗/𝑍𝑔
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𝜃1 and 𝜙1 at 𝑂(𝛼𝑠
1): 𝑞ത𝑞 → 𝛾∗/𝑍𝑔
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𝜃1 and 𝜙1 at 𝑂(𝛼𝑠
1): 𝑞𝑔 → 𝛾∗/𝑍𝑞
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Rapidity Dependence of 𝐴𝑖
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A cancelation effect leads to a strong rapidity (y) dependence of A1, A3 and A4.



Compare with CMS data on Lam-Tung relation
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Compare with CMS data on Lam-Tung relation
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Observations and Interpretations 

of DY Angular Distributions

• Strong 𝑞𝑇 dependence and certain rapidity 
dependence of 𝐴𝑖 (𝜆, 𝜇, 𝜈).

• Lam-Tung Violation: (𝐴0 ≠ 𝐴2)

– Low 𝑞𝑇:
• Intrinsic partonic transverse momentum 𝑘𝑇
• Boer-Mulders functions (D. Boer, PRD 60 (1999) 014012)

– Large 𝑞𝑇:
• Hard multi-gluon radiation (𝑂(𝛼𝑠

2) or higher)

• Questions:

– How well does pQCD describe the data? Is the 
geometric picture consistent with pQCD calculations?

39



FIXED-ORDER PQCD

(NLO, NNLO FROM DYNNLO)

40



pQCD NLO and NNLO Calculations
(M. Lambertsen and W.  Vogelsang, Phys. Rev. D 93, 114013 (2016))

41

1NLO ( ) : liness

2NNLO ( ) : histogramss

• NNLO pQCD calculation can describe the violation of Lam-Tung relation.

Lam-Tung relation satisfied.

Lam-Tung relation violated.



DYNNLO
http://theory.fi.infn.it/grazzini/dy.html

• Parton level Monte Carlo program that 

computes the cross sections for vector 

boson production in 𝑝𝑝 and 𝑝 ҧ𝑝 collisions 

up to NNLO in QCD perturbation theory. 

• The relative contribution and 𝐴𝑖 for each 

sub-process like 𝑞ത𝑞, 𝑞𝑔, or 𝑔𝑔 can be 

calculated at specific 𝑞𝑇 and 𝑦 bins.

42
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Component Fractions

43

qG is comparable to qqbar at large QT.qG strongly dominates except at low QT.

qG~50%, qq~50% for qT <50 GeV

qG~80%, qq~20% for qT >50 GeV

qG~20%, qq~80% for qT <50 GeV

qG~50%, qq~50% for qT >50 GeV

LHC CDF



LHC: 𝐴0, NLO vs. NNLO

44

2

0 2 2

5

5

qG T

T

q
A

Q q




2

0 2 2

qq T

T

q
A

Q q




2

0 1sinA 

0 0: ( ) ( )qq A NNLO A NLO

0 0: ( ) ( )qG A NNLO A NLO

A0 can be 

described by 

the NNLO 

calculations.

A0 can be 

described by 

the NLO 

calculations.

2 2 2 2

1 1 1 1sin sin sin sin
qG qG qq qq

NLO NNLO NNLO NLO
     



LHC: 𝐴2, NLO vs. NNLO
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2

0 2 2

5

5

qG T

T

q
A

Q q




2

0 2 2

qq T

T

q
A

Q q




2

2 1 1sin cos2A  

2 2: ( ) ( )qq A NNLO A NLO

2 2: ( ) ( )qG A NNLO A NLO

1cos2 1
NLO

 
1cos2 1

NNLO
 

A2 can be 

described by 

the NNLO 

calculations.

A2 cannot be 

described by 

the NLO 

calculations.



LHC:𝐴0 − 𝐴2, NLO vs. NNLO
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2

2 1 1sin cos2A  2

0 1sinA 

0 2: ( ) 0qq A A NNLO 

0 2: ( ) 0qG A A NNLO 

1cos2 1
NLO

  1cos2 1
NNLO

 

A2-A0 can be 

described by 

the NNLO 

calculations.

A2-A0 cannot 

be described 

by the NLO 

calculations.

The degree of L-T violation A2-A0 is 

sub-process dependent!



LHC: 𝐴0 (NLO)
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10,0 / 2y     10, / 2y     

2

0 1sinA 

0 0

Small y-dependence

( ) ( )A y A y 

True for both  and  processes.qq qg



LHC: 𝐴1 (NLO)
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10,0 / 2y     10, / 2y     
1 1 1 1sin cos cosA   

1 1

Large y-dependence

( ) ( )A y A y  

True for both  and  processes.qq qg



LHC: 𝐴2 (NLO)
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10,0 / 2y     10, / 2y     

2

2 1 1sin cos2A  

2 2

Small y-dependence

( ) ( )A y A y 

True for both  and  processes.qq qg



LHC: 𝐴3 (NLO)
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10,0 / 2y     10, / 2y     3 1 1sin cosA a  

3 3

Large y-dependence

( ) ( )A y A y 

True for both  and  processes.qq qg



LHC: 𝐴4 (NLO)
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10,0 / 2y     10, / 2y     4 1cosA a 

4 4

Large y-dependence

( ) ( )A y A y  

True for both  and  processes.qq qg



Summary

• The lepton angular coefficients 𝐴0-𝐴7 are 

described in terms of the polar and azimuthal 

angles of the q − തq axis.

• The striking 𝑞𝑇 dependence of 𝐴0 (or 𝜆) can 

be well described by the mis-alignment of the 

q − തq axis and the CS z-axis, i.e. finite 𝜽𝟏.

• Violation of the Lam-Tung relation (𝐴0 ≠ 𝐴2) 

is described by the non-coplanarity of the q −
തq axis and the hadron plane, i.e. finite 𝝓𝟏. 
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Summary

• Fixed-order pQCD calculations could 

describe quantitatively the data from 

colliders at large 𝑞𝑇.

• Many salient features of the data and 

fixed-order pQCD calculations could be 

nicely interpretated within the framework 

of geometric picture.
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