
Conformally Coupled General Relativity

Andrej Arbuzov1, Boris Latosh2

“Advances High Energy Physics and Cosmology”
Southampton, March 2018

1Joint Institute for Nuclear Research
2University of Sussex



1 Motivation

2 Ogievetsky theorem

3 Nonlinear symmetry realization

4 Conformal coupling

5 Time parametrisation

6 CCGR

7 Quantum CCGR

8 Conclusions



• Arbuzov, A.B.; Barbashov, B.M.; Borowiec, A.;
Pervushin, V.N.; Shuvalov, S.A.; Zakharov, A.F.; Grav.
Cosmol. 2009, 15, 199–212.

• Arbuzov, A.B.; Barbashov, B.M.; Nazmitdinov, R.G.;
Pervushin, V.N.; Borowiec, A.; Pichugin, K.N.; Phys.
Lett. 2010, B691, 230–233.

• Pervushin, V.N.; Arbuzov, A.B.; Barbashov, B.M.;
Nazmitdinov, R.G.; Borowiec, A.; Pichugin, K.N.; Gen.
Rel. Grav. 2012, 44, 2745–2783.

• Arbuzov, A.B.; Latosn B.N.; Universe 2018, 4(2), 38.



Motivation

• New symmetry due to Ogievetsky

theorem

• Conformal coupling due to the large

number hypothesis

• ADM formalism due to necessity of time

parametrization



Ogievetsky theorem

General coordinate transformations

xµ = xµ(x ′0, x
′
1, x
′
2, x
′
3)

Ln1,n2,n3,n4
k = −i xn1

1 xn2
2 xn3

3 xn4
4 ∂k

Ogievetsky, V.I. Lett. Nuovo Cim. 1973, 8, 988–990.



“Any generator of the general covariant

group Ln1,n2,n3,n4
k is representable as some

linear combination of the commutators of

generators of the special linear and conformal

groups”

SL(4,R)︷ ︸︸ ︷
Rµν, Lµν,Pµ,Kµ,D︸ ︷︷ ︸

C (1,3)

→ Ln1,n2,n3,n4
k



Nonlinear symmetry realization

• Group G with algebra G
• Subgroup H with algebra H = 〈{Vk}〉
• G = H⊕ 〈{Ak}〉

Group G is covered by the exponential map:

g = eζkAkeφlVl

It spawn the nonlinear group realization:

geζkAk = eζ
′
kAkeulVl

Coleman, Wess, Zumino, Phys. Rev. 1969, 177, 2239–2250.



Nonlinear realization of SL(4,R) o 〈Pµ〉 on L:

G (x , h) = exp[ix(µ)P(µ)] exp

[
i

2
h(µ)(ν)R(µ)(ν)

]
G−1dG = i

(
ω(µ)P(µ) + ωL

(µ)(ν)L(µ)(ν) + ωR
(µ)(ν)R(µ)(ν)

)
ω(µ) = ω(µ)νdx

ν

ωR/L = 1/2
(
ωσ(µ)dω(ν)σ ± ωσ(ν)dω(µ)σp

)



Nonlinear realization of SL(4,R) and C (1, 3)

∇(µ)Ψ = ωσ(µ)∂σΨ +
i

2
V(µ),(α)(β)L

Ψ
(α)(β)Ψ

[∇(µ),∇(ν)] =
i

2
R(µ)(ν)(α)(β)L

Ψ
(µ)(ν)Ψ



Large Number Hypothesis

“All dimensionless numbers of this order that
turn up in nature are connected. One of
these large numbers is the epoch t, the
present time reckoned from the time of
creation as zero, and this increases with the
passage of time”

Dirac, Naturwiss. 1973, 60, 529–531.
Dirac, Proc. Roy. Soc. Lond. 1973, A333, 403–418.



• g is governed by Einstein equation;

describes gravitational field self-dynamic

• g̃ is coupled to matter;

defines particles’ motion

† Metrics g and g̃ are related by a

conformal factor



Conformal metric and the conformal factor

are related to the physical metric

gµν = e−2D g̃µν

The action reads

SGR →SCCGR =

∫
d4χ

√
−g̃

[
M̃2

P

16π
R̃ +

3M̃2
P

8π
g̃µν∂µD∂νD

]
+ gauge



3 + 1 Decomposition

Four-dimensional spacetime is foliated in a

series of three-layers

g =− (Ndt)⊗ (Ndt)

+ γab(dxa + Nadt)⊗ (dxb + Nbdt)



Lapse function and shift vector



Three-layer mean value

〈·〉 =
1

V

∫
d3V ·

The conformal factor admits the following

decomposition:

D(x0, x1, x2, x3) = 〈D〉(x0) + D̄(x0, x1, x2, x3).



Conformally Coupled General Relativity

SCCGR = SGlobal + SLocal + SConformal

SGlobal = −V
3M̃2

P

8π

∫
dt

(
d

dt
〈D〉

)2

SLocal = −
3M̃2

P

8π

∫
dtd3χ D̄∆D̄

SConformal =
M̃2

P

16π

∫
dtd3χ R̃



Nonlinear Pane Wave

The model admits a nonlinear plane wave

solution

g =− dχ0 ⊗ dχ0 + dχ3 ⊗ dχ3

eΣ
[
eσdχ1 ⊗ dχ1 + e−σdχ2 ⊗ dχ2

]
SConformal →

∫
dχ0d3χ

1

2

( dσ

dχ0

)2

−

(
dσ

dχ3

)2


−e−Σ

(
e−σ

∂2Σ

(∂χ1)2

)
+ eσ

∂2Σ

(∂χ2)2

}



Nonlinear plane wave solution in terms of
ω-forms

ω(0)0 = 1 ω(3)3 = 1 ω(1)1 = e1/2σ ω(2)2 = e−1/2σ

ω0
(0) = −1 ω3

(3) = 1 ω1
(1) = e−1/2σ ω2

(2) = e1/2σ

ωR
(µ)(ν)(∂α) =

1

2
∂ασ

(
δ(µ)(1)δ(ν)(1) + δ(µ)(2)δ(ν)(2)

)



The model admits the following nonlinear
plane wave expansion

ωR
(a)(b)(∂(c)) =

∫
d3k

(2π)3

1
√

2ωk

ikc
[
εR(a)(b)(k)g+

k e
ik·x + h.c

]

SConformal →
∫

d3k

(2π)3

1

2
ε(k)

[
g+(k)g−(k) + g−(k)g+(k)

]



Conclusions

SCCGR = SGlobal + SLocal + SConformal

SConformal =
M̃2

P

16π

∫
dtd3χR̃ →

∫
d3k

(2π)3
εg+g−

SGlobal = −V
3M̃2

P

8π

∫
dt

(
∂〈D〉
∂t

)2

SLocal = −
M̃2

P

16π

∫
dtd3χD̄∆D̄



Conclusions

† New symmetry decouples global and local

dynamics

† New symmetry points on quantisation of

nonlinear plane waves

• Quantum features of the model requires

further study

• Renormalization behaviour is still unclear
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