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Standard Model Higgs Lagrangian:

EW symmetry breaking

Higgs pair production probes 
triple-Higgs coupling

Motivation

V (�) = �µ2(�†�) + �(�†�)2L � �V (�),
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SM: self-couplings 
determined by mH , v

Higgs pair production extremely 
challenging to measure at LHC due 
to           cross section and difficult 
backgrounds

O(fb)



Gluon Fusion 

Vector Boson Fusion (VBF) 
NLO [1,2] NNLO [3] 
+ non-negligible contribution 
from                     LO [6]                        

Top-Quark Associated 
NLO [2] 

Higgs-strahlung 
NLO [1,2] NNLO [1,4,5]
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Production Channels
�(pp ! HH +X) @ 14 TeV

[1] Baglio, Djouadi, Gröber, Mühlleitner, Quevillon, Spira 12; 
[2] Frederix, Frixione, Hirschi, Maltoni, Mattelaer, Torrielli, Vryonidou, Zaro 14; 
[3] Ling, Zhang, Ma, Guo, Li, Li 14; [4] Li, Wang 16; [5] Li, Li, Wang 17; 
[6] Dolan, Englert, Greiner, Nordstrom, Spannowsky 15;

gg ! HHjj

Figure from [1]
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H(iggs)EFT:                
Effective tree-level couplings between gluons and Higgs 
Lowers number of loops by 1

HEFT valid for

Born improved NLO HEFT:

HH production for

Higgs EFT

d�NLO(mT ) ⇡ d�̄NLO(mT ) ⌘
d�NLO(mT ! 1)

d�LO(mT ! 1)
d�LO(mT )

Spira et al. (HPAIR)

Small energy range in which HEFT is technically justified

mT ! 1

p
ŝ ⌧ 2mT

2mH <
p
ŝ



2. Born Improved NLO H(iggs)EFT                  +90% 

A. Including       in Real Radiation "FTapprox" -10% 

B. Including                  Terms in Virtual MEs   ±10%
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Glover, van der Bij 88

Dawson, Dittmaier, Spira 98

Maltoni, Vryonidou, Zaro 14

Grigo, Hoff, Melnikov, Steinhauser 13; Grigo, Hoff 14; Grigo, Hoff, Steinhauser 15

mT ! 1

mT

O(1/m12
T )

HH Production (Gluon Fusion)
1. LO (1-loop), Dominated by Top (Bottom <1%)

3. NLO QCD (2-loop) with Full Top Mass 

(Transverse momentum) NLL + NLO 

Parton Shower (POWHEG/MG5_aMC@NLO) 

Parton Shower (Sherpa)

Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Schubert, Zirke 16; 
Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16

Ferrera, Pires 16

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17

SPJ, Kuttimalai 17 Focus of this talk



4. Born Improved NNLO HEFT                       +20% 

Including Matching Coefficients 

Including Terms                 in Virtual MEs 

(Threshold) NNLL + NNLO Matching          +1% 

5. NNLO HEFT (Differential) 

6. NLO Improved NNLO HEFT
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De Florian, Mazzitelli 13

Grigo, Melnikov, Steinhauser 14

(SCET) Shao, Li, Li, Wang 13; de Florian, Mazzitelli 15

Grigo, Hoff, Steinhauser 15

HH Production (Gluon Fusion) (II)

de Florian, Grazzini, Hanga, Kallweit, Lindert, Maierhöfer, 
Mazzitelli, Rathlev 16

O(1/m4
T )

Grazzini, Heinrich, SPJ, Kallweit, Kerner, Lindert, Mazzitelli 18 Focus of Javier’s Talk

µR = µF =
mHH

2
With                       
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Total Cross Section @ 14 TeV

PDF4LHC15_nlo/nnlo 

Uncertainty:

µR = µF =
mHH

2

mH = 125 GeV
mT = 173 GeV

µ 2
hµ0

2
, 2µ0

i
(7� point)

de Florian, Grazzini, Hanga, Kallweit, Lindert, Maierhöfer, Mazzitelli, Rathlev 16; 
Maltoni, Vryonidou, Zaro 14 (recalculated);  
Borowka, Greiner, Heinrich, Kerner, Schlenk, Schubert, Zirke 16;  
Dawson, Dittmaier, Spira 98 (recalculated); Glover, van der Bij 88 (recalculated)

* re-weighted on total cross-section level

Comparison to Full Theory

Can do a similar exercise @ 100 TeV, differences typically larger

End of 2017:

But: we can do better 
than this! 
(see Javier’s talk)

�LO (fb) �NLO (fb) �NNLO (fb)

Basic HEFT 17.07+30.9%
�22.2% 31.93+17.6%

�15.2% 37.52+5.2%
�7.6%

B-i. HEFT 19.85+27.6%
�20.5% 38.32+18.1%

�14.9% 43.63+5.3%
�7.7%*

FTapprox 19.85+27.6%
�20.5% 34.25+14.7%

�13.2% –

Full Theory 19.85+27.6%
�20.5% 32.88+13.5%

�12.5% –

NLO-i. HEFT – 32.88+13.5%
�12.5% 38.66+5.3%

�7.7%*
<latexit sha1_base64="PblSTiZEAuYUw5qfB2gAhbO9P6g="></latexit><latexit sha1_base64="PblSTiZEAuYUw5qfB2gAhbO9P6g="></latexit><latexit sha1_base64="PblSTiZEAuYUw5qfB2gAhbO9P6g="></latexit><latexit sha1_base64="PblSTiZEAuYUw5qfB2gAhbO9P6g="></latexit>

��Full

LO
��Full

NLO

Basic HEFT �14% �2.9%
B.I. HEFT 0% +17%

FTapprox 0% +4.2%
<latexit sha1_base64="ANYE8Yt6CpPJCwCWlvTDHyF0M1s="></latexit><latexit sha1_base64="ANYE8Yt6CpPJCwCWlvTDHyF0M1s="></latexit><latexit sha1_base64="ANYE8Yt6CpPJCwCWlvTDHyF0M1s="></latexit><latexit sha1_base64="ANYE8Yt6CpPJCwCWlvTDHyF0M1s="></latexit>
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Obtaining NLO Results

Showered Results: 
MadGraph5_aMC@NLO:
Contact eleni.vryonidou@cern.ch 

POWHEG-BOX: 20/03/17: 380 min→30 min (10k Events, Stage 1/2) 
svn co --username anonymous --password anonymous svn://
powhegbox.mib.infn.it/trunk/User-Processes-V2/ggHH 

Sherpa:
Contact silvan@slac.stanford.edu

NLO Fixed Order Grid: 
https://github.com/mppmu/hhgrid

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17

SPJ, Kuttimalai 17

Borowka, Greiner, Heinrich, SPJ, Kerner, 
Luisoni, Schlenk, Schubert, Zirke 16; 
Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17

mailto:eleni.vryonidou@cern.ch
svn://powhegbox.mib.infn.it/trunk/User-Processes-V2/ggHH
svn://powhegbox.mib.infn.it/trunk/User-Processes-V2/ggHH
svn://powhegbox.mib.infn.it/trunk/User-Processes-V2/ggHH
mailto:silvan@slac.stanford.edu
https://github.com/mppmu/hhgrid
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NLO Differential Results

B-i. HEFT: Outside scale var.
mhh > 420GeV

FTapp: Outside scale var. 
mhh > 620GeV

p
s = 14TeV
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Including       in real radiation does improve over HEFT in tailsmT

Note: Ambiguous how to 
rescale HEFT real radiation by 
full LO born at event level

p
s = 14TeV

Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16



No Higgs decay or hadronization included 
Assume             (decay can be attached e.g. in narrow width approx.)
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NLO Showered Results

Shower has moderate 
impact on NLO accurate 
observables

�h = 0

POWHEG-BOX POWHEG-BOX/MG5_aMC@NLO

NLO accurate observables 
(                           ) only 
moderately sensitive to 
matching procedure
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Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17
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NLO Showered Results (II)

10 20 30 40 50 60 70 80

0.2

0.3

0.4

0.5

ds
/d

pH
H

?
[f

b/
G

eV
]

SHERPA, Dire Shower
SHERPA, CS Shower

Powheg-Box + Pythia
MadGraph5 aMC@NLO + Pythia

0 200 400 600 800 1000

1.0

1.5

2.0

2.5
Ratio to fixed-order

0 200 400 600 800 1000
pHH

? [GeV]

1.0

1.5

2.0

2.5
Ratio to fixed-order

Matching/shower has significant impact 
on LO accurate observables 
Can have large matching uncertainties

The first line of (9) corresponds to events that have Born kinematics at the level of the fixed-order
seed event with weight B̄ (S-events). They either don’t undergo any emission above the infrared
parton shower cuto↵ scale t0 (first term in the square bracket) or they undergo their hardest
emission at some scale t between µ

2
PS and t0 (second term in the square bracket). The second

line of (9) corresponds to events with real-emission kinematics at the level of the fixed-order seed
event and weight H (H-events). All events are treated further by the parton shower precisely as
in the leading order case, apart from the S-events that haven’t undergone any emission, which
are kept as they are.

Since the square bracket in (9) integrates to 1, the total cross section and any observable
that is insensitive to QCD radiation is unaltered in MC@NLO compared to the fixed-order NLO
result. In fact, it can be shown that a MC@NLO event sample will reproduce the fixed-order
NLO result event to order ↵S relative to the Born for any infrared safe observable [16]. The
parametric NLO accuracy is therefore not spoiled by the parton shower matching.

1.4 Parton Shower Matching Uncertainties

As stated in the previous section, NLO parton shower matching according to the MC@NLO
method preserves the parametric accuracy of the fixed-order NLO calculation. Deviations from
fixed-order results can numerically be nonetheless significant [31]. Such di↵erences reflect genuine
parton shower matching uncertainties, they can be particularly prominent for observables that
are sensitive to real emission configurations and thereby to the interplay between parton shower
emissions and fixed-order real emission configurations. We will therefore focus on the p

HH

?
distribution in the following section, comparing MC@NLO matched parton shower simulations
to fixed-order results with both the Dire and the CS shower.

In order to formally compare the MC@NLO result to a fixed-order prediction for this spectrum,
we first consider a generic observable O that is insensitive to kinematic Born configurations. For
such an observable we need to take into account H-events and parton shower emissions o↵ S-
events. At order ↵S relative to the Born we have

hOi =

Z
B̄(�B)�(t, µ2

PS)
D(�B ,�1)

B(�B)
⇥(µ2

PS � t)O(�R) d�B d�1

+

Z
H(�R)O(�R) d�R, (12)

where the first integral corresponds to S-events in which the parton shower has generated a non-
vanishing value of O and the second integral corresponds to H-events, where a non-vanishing
value of O is implied by the real-emission kinematics of the fixed-order seed event. In the tail of
the distribution where we can neglect the Sudakov suppression and set � = 1, we obtain after
plugging in the definition of H:

hOi =

Z ⇥
B̄(�B) � B(�B)

⇤ D(�B ,�1)

B(�B)
⇥(µ2

PS � t)O(�R) d�B d�1

+

Z
R(�R)O(�R) d�R. (13)

To order ↵s we have B̄ = B and the first integral cancels as required by the matching conditions,
thus restoring the fixed-order result. This explicitly demonstrates how variations in the parton
shower contributions induced by S-events are subtracted by the MC@NLO subtraction terms D
in the definition of H. Numerically, however, this cancellation can be severely spoiled, poten-
tially leading to sizeable deviations from the fixed order result. For this to occur, the following
conditions have to be met:

1) The NLO corrections, and therefore the term B̄ � B, must be numerically large. With an
NLO K-factor of about 1.6, this is certainly true for Higgs boson pair production.

2) The numerical value of the parton shower splitting kernels must be comparable to the
fixed-order real emission matrix elements. In combination with item 1) this leads to a
large relative impact of the first line in equation (13)

5

Cancellation spoiled if: 

• Large NLO corrections (           ) 

• Splitting kernels over Born (         ) 
numerically large compared to real 
radiation 

• Phase space accessible to the PS 
(depends on scale        and PS 
evolution variable   )

B̄ �B

SPJ, Kuttimalai 17

µPS
<latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit><latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit><latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit><latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit>

variation

D/B
<latexit sha1_base64="qLzG9K81dx/VKc0nL2i9BZ2TeMc=">AAACCXicbVDNSgMxGPy2/tX6V/XoJVgET3VXBPUiRT14rOjaQruUbDbbhmazS5ItlqVvoFd9D0/i1afwNXwC03YPtjoQGGa+L5mMn3CmtG1/WYWFxaXlleJqaW19Y3OrvL3zoOJUEuqSmMey6WNFORPU1Uxz2kwkxZHPacPvX439xoBKxWJxr4cJ9SLcFSxkBGsj3V0fXXbKFbtqT4D+EicnFchR75S/20FM0ogKTThWquXYifYyLDUjnI5K7VTRBJM+7tKWoQJHVHnZJOoIHRglQGEszREaTdTfGxmOlBpGvpmMsO6peW8s/ue1Uh2eeRkTSaqpINOHwpQjHaPxv1HAJCWaDw3BRDKTFZEelpho087MTcGAJSpP/TiNXTIlOfOV/CXucfW86tyeVGoXeVtF2IN9OAQHTqEGN1AHFwh04Rle4NV6st6sd+tjOlqw8p1dmIH1+QP2aprd</latexit><latexit sha1_base64="qLzG9K81dx/VKc0nL2i9BZ2TeMc=">AAACCXicbVDNSgMxGPy2/tX6V/XoJVgET3VXBPUiRT14rOjaQruUbDbbhmazS5ItlqVvoFd9D0/i1afwNXwC03YPtjoQGGa+L5mMn3CmtG1/WYWFxaXlleJqaW19Y3OrvL3zoOJUEuqSmMey6WNFORPU1Uxz2kwkxZHPacPvX439xoBKxWJxr4cJ9SLcFSxkBGsj3V0fXXbKFbtqT4D+EicnFchR75S/20FM0ogKTThWquXYifYyLDUjnI5K7VTRBJM+7tKWoQJHVHnZJOoIHRglQGEszREaTdTfGxmOlBpGvpmMsO6peW8s/ue1Uh2eeRkTSaqpINOHwpQjHaPxv1HAJCWaDw3BRDKTFZEelpho087MTcGAJSpP/TiNXTIlOfOV/CXucfW86tyeVGoXeVtF2IN9OAQHTqEGN1AHFwh04Rle4NV6st6sd+tjOlqw8p1dmIH1+QP2aprd</latexit><latexit sha1_base64="qLzG9K81dx/VKc0nL2i9BZ2TeMc=">AAACCXicbVDNSgMxGPy2/tX6V/XoJVgET3VXBPUiRT14rOjaQruUbDbbhmazS5ItlqVvoFd9D0/i1afwNXwC03YPtjoQGGa+L5mMn3CmtG1/WYWFxaXlleJqaW19Y3OrvL3zoOJUEuqSmMey6WNFORPU1Uxz2kwkxZHPacPvX439xoBKxWJxr4cJ9SLcFSxkBGsj3V0fXXbKFbtqT4D+EicnFchR75S/20FM0ogKTThWquXYifYyLDUjnI5K7VTRBJM+7tKWoQJHVHnZJOoIHRglQGEszREaTdTfGxmOlBpGvpmMsO6peW8s/ue1Uh2eeRkTSaqpINOHwpQjHaPxv1HAJCWaDw3BRDKTFZEelpho087MTcGAJSpP/TiNXTIlOfOV/CXucfW86tyeVGoXeVtF2IN9OAQHTqEGN1AHFwh04Rle4NV6st6sd+tjOlqw8p1dmIH1+QP2aprd</latexit><latexit sha1_base64="qLzG9K81dx/VKc0nL2i9BZ2TeMc=">AAACCXicbVDNSgMxGPy2/tX6V/XoJVgET3VXBPUiRT14rOjaQruUbDbbhmazS5ItlqVvoFd9D0/i1afwNXwC03YPtjoQGGa+L5mMn3CmtG1/WYWFxaXlleJqaW19Y3OrvL3zoOJUEuqSmMey6WNFORPU1Uxz2kwkxZHPacPvX439xoBKxWJxr4cJ9SLcFSxkBGsj3V0fXXbKFbtqT4D+EicnFchR75S/20FM0ogKTThWquXYifYyLDUjnI5K7VTRBJM+7tKWoQJHVHnZJOoIHRglQGEszREaTdTfGxmOlBpGvpmMsO6peW8s/ue1Uh2eeRkTSaqpINOHwpQjHaPxv1HAJCWaDw3BRDKTFZEelpho087MTcGAJSpP/TiNXTIlOfOV/CXucfW86tyeVGoXeVtF2IN9OAQHTqEGN1AHFwh04Rle4NV6st6sd+tjOlqw8p1dmIH1+QP2aprd</latexit>

8
<latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit>

8
<latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit><latexit sha1_base64="bNDjJ3IpedcS1qxONXwgpaTiuzA=">AAACB3icbVDLSsNAFL2pr1pfVZdugkVwVRIRrBspuHHZgrVCG8pkctMOnUzCzKRYQn9At/ofrsStn+Fv+AVO2yxs64GBwzn3zpw5fsKZ0o7zbRXW1jc2t4rbpZ3dvf2D8uHRg4pTSbFFYx7LR58o5ExgSzPN8TGRSCKfY9sf3k799gilYrG41+MEvYj0BQsZJdpIzVqvXHGqzgz2KnFzUoEcjV75pxvENI1QaMqJUh3XSbSXEakZ5TgpdVOFCaFD0seOoYJEqLxsFnRinxklsMNYmiO0PVP/bmQkUmoc+WYyInqglr2p+J/XSXVY8zImklSjoPOHwpTbOranv7YDJpFqPjaEUMlMVpsOiCRUm24WbgpGLFF56qd57JIpyV2uZJW0LqrXVbd5Wanf5G0V4QRO4RxcuII63EEDWkAB4QVe4c16tt6tD+tzPlqw8p1jWID19QvfBZpM</latexit>

µPS
<latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit><latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit><latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit><latexit sha1_base64="goMhe9lRJBe3ls/yCY3i3U4K5s8=">AAACGXicbVDNSsNAGNzUv1r/Uj16CRbBU0lEUC9S8OKxorGFNoTNZtMu3d2E3U21hLyJXvU9PIlXT76GT+CmzcG2DiwMM9/37TBBQolUtv1tVFZW19Y3qpu1re2d3T2zvv8g41Qg7KKYxqIbQIkp4dhVRFHcTQSGLKC4E4yuC78zxkKSmN+rSYI9BgecRARBpSXfrPdZ6md9BtVQsKx9l+e+2bCb9hTWMnFK0gAl2r750w9jlDLMFaJQyp5jJ8rLoFAEUZzX+qnECUQjOMA9TTlkWHrZNHpuHWsltKJY6MeVNVX/bmSQSTlhgZ4sMspFrxD/83qpii68jPAkVZij2UdRSi0VW0UPVkgERopONIFIEJ3VQkMoIFK6rblL4Zgkskz9NItd0yU5i5UsE/e0edl0bs8arauyrSo4BEfgBDjgHLTADWgDFyDwCF7AK3gzno1348P4nI1WjHLnAMzB+PoFIHSh+g==</latexit>

t
<latexit sha1_base64="zjdceLJCmLRI4i5O0yVZI3d6+9k=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoG6k4MZlC44ttEPJZDJtaOZBcqdYSn9At/ofrsStn+Fv+AWm7Sxs64HA4Zx7k5Pjp1JotO1vq7C2vrG5Vdwu7ezu7R+UD48edZIpxl2WyES1fKq5FDF3UaDkrVRxGvmSN/3B3dRvDrnSIokfcJRyL6K9WISCUTRSA7vlil21ZyCrxMlJBXLUu+WfTpCwLOIxMkm1bjt2it6YKhRM8kmpk2meUjagPd42NKYR1954FnRCzowSkDBR5sRIZurfjTGNtB5FvpmMKPb1sjcV//PaGYbX3ljEaYY8ZvOHwkwSTMj01yQQijOUI0MoU8JkJaxPFWVoulm4KRiKVOepn+axS6YkZ7mSVeJeVG+qTuOyUrvN2yrCCZzCOThwBTW4hzq4wIDDC7zCm/VsvVsf1ud8tGDlO8ewAOvrF0FImog=</latexit><latexit sha1_base64="zjdceLJCmLRI4i5O0yVZI3d6+9k=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoG6k4MZlC44ttEPJZDJtaOZBcqdYSn9At/ofrsStn+Fv+AWm7Sxs64HA4Zx7k5Pjp1JotO1vq7C2vrG5Vdwu7ezu7R+UD48edZIpxl2WyES1fKq5FDF3UaDkrVRxGvmSN/3B3dRvDrnSIokfcJRyL6K9WISCUTRSA7vlil21ZyCrxMlJBXLUu+WfTpCwLOIxMkm1bjt2it6YKhRM8kmpk2meUjagPd42NKYR1954FnRCzowSkDBR5sRIZurfjTGNtB5FvpmMKPb1sjcV//PaGYbX3ljEaYY8ZvOHwkwSTMj01yQQijOUI0MoU8JkJaxPFWVoulm4KRiKVOepn+axS6YkZ7mSVeJeVG+qTuOyUrvN2yrCCZzCOThwBTW4hzq4wIDDC7zCm/VsvVsf1ud8tGDlO8ewAOvrF0FImog=</latexit><latexit sha1_base64="zjdceLJCmLRI4i5O0yVZI3d6+9k=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoG6k4MZlC44ttEPJZDJtaOZBcqdYSn9At/ofrsStn+Fv+AWm7Sxs64HA4Zx7k5Pjp1JotO1vq7C2vrG5Vdwu7ezu7R+UD48edZIpxl2WyES1fKq5FDF3UaDkrVRxGvmSN/3B3dRvDrnSIokfcJRyL6K9WISCUTRSA7vlil21ZyCrxMlJBXLUu+WfTpCwLOIxMkm1bjt2it6YKhRM8kmpk2meUjagPd42NKYR1954FnRCzowSkDBR5sRIZurfjTGNtB5FvpmMKPb1sjcV//PaGYbX3ljEaYY8ZvOHwkwSTMj01yQQijOUI0MoU8JkJaxPFWVoulm4KRiKVOepn+axS6YkZ7mSVeJeVG+qTuOyUrvN2yrCCZzCOThwBTW4hzq4wIDDC7zCm/VsvVsf1ud8tGDlO8ewAOvrF0FImog=</latexit><latexit sha1_base64="zjdceLJCmLRI4i5O0yVZI3d6+9k=">AAACB3icbVDLSgMxFL1TX7W+qi7dBIvgqsyIoG6k4MZlC44ttEPJZDJtaOZBcqdYSn9At/ofrsStn+Fv+AWm7Sxs64HA4Zx7k5Pjp1JotO1vq7C2vrG5Vdwu7ezu7R+UD48edZIpxl2WyES1fKq5FDF3UaDkrVRxGvmSN/3B3dRvDrnSIokfcJRyL6K9WISCUTRSA7vlil21ZyCrxMlJBXLUu+WfTpCwLOIxMkm1bjt2it6YKhRM8kmpk2meUjagPd42NKYR1954FnRCzowSkDBR5sRIZurfjTGNtB5FvpmMKPb1sjcV//PaGYbX3ljEaYY8ZvOHwkwSTMj01yQQijOUI0MoU8JkJaxPFWVoulm4KRiKVOepn+axS6YkZ7mSVeJeVG+qTuOyUrvN2yrCCZzCOThwBTW4hzq4wIDDC7zCm/VsvVsf1ud8tGDlO8ewAOvrF0FImog=</latexit>
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Triple-Higgs Coupling Sensitivity
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Borowka, Greiner, Heinrich, SPJ, Kerner, Schlenk, Zirke 16
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BSM EFT
But: Just varying   : one ``direction'' in EFT parameter space 
Parametrise non-resonant new physics with EFT (5 parameters):

�

g

g h

h g

g h

h

h

g

g h

h

t

y(2)t cgg cg

Azatov, Contino, Panico, Son 15; 
Buchalla, Cata, Celis, Krause 15;  
(B.I. NLO HEFT) Gröber, Mühlleitner, Spira, Streicher 15; 
(B.I. NNLO HEFT) de Florian, Fabre, Mazzitelli 17; 
(Cluster analysis) Dall’Osso, Dorigo, Gottardo, Oliveira, Tosi, Goertz 15; 
+ Carvalho, Manzano, Dorigo, Gouzevich 16; 
Kim, Sakaki, Son 18;

g

g h

h

t

g

g h

h

t
h
��3

�yt

12 representative 
``clusters''

Work currently in progress for NLO analysis including top-quark mass
Buchalla, Capozi, Celis, Heinrich, Scyboz (To appear)



Higgs Boson Pair Production via Gluon Fusion 
• Important measurement for probing the self coupling (HL-LHC era) 
• Large (K≈2) NLO correction, deviates from Born Improved HEFT 

-14% @ 14 TeV, -24% @ 100 TeV 
• Distributions altered significantly 
• NLO result interfaced to MG5_aMC@NLO, POWHEG, and SHERPA for 

parton shower 

Thank you for listening!

15

Conclusion



Backup
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Parton shower kinematics
pa

pb

pj

H

H

Q

t̂ = (pa � pj)2

û = (pb � pj)2

ŝ = (pa + pb)2

v =
papj

papb
=

�t̂

ŝ
� 0 w =

pbpj

papb
=

�û

ŝ
� 0

ŝ + t̂ + û = Q
2 ) v + w = (1 � Q

2

ŝ
) < 1 ) vw <

1

4

t
Dire

Q2
=

(papj)(pbpj)

(papb)2
= vw t

Dire <
Q

2

4

t
CSS

Q2
=

vw

1 � (v + w)
.

Slide:  
Silvan Kuttimalai 
(HC2017)



10
�8

10
�7

10
�6

10
�5

10
�4

10
�3

d
�
/d

ph
h T
[p
b
/
G
e
V
]

r
a
t
io

1.0

2.0

3.0

4.0

0 100 200 300 400 500 600 700

d
�
/d

ph
h T
[p
b
/
G
e
V
]

r
a
t
io

Full SM
LHC 14 TeV
PDF4LHC15 NLO
µ = mhh/2

hdamp=250

NLO

NLO+PY8

phh
T [GeV]

1.0

2.0

3.0

4.0

0 100 200 300 400 500 600 700

20

Showered Results

POWHEG POWHEG
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Showered Results
POWHEG/MG5_aMC@NLO

B.I HEFT: much harder than exact 
computation 

FTapp: gives good description at 
high        (contains exact real ME)

       is sensitive to matching 

MC@NLO (2.5.3) shower scale: 

Reducing shower scale gives softer 
distributions

phhT

shower scale factor⇥ [0.1HT /2, HT /2]

phhT

MG5 aMC@NLO
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POWHEG: hdamp & matching

Rreg = R⇥ (1� F )

Rsing = R⇥ F
F =

h2
damp

(phhT )2 + h2
damp
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Similar situation for Higgs  
Without            POWHEG events look similar to NNLO 
Difference between NLO/POWHEG due to terms of 
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POWHEG: hdamp & matching (II)

following form

F =
h2

p2
T + h2

. (4.6)

The resulting transverse-momentum distribution at the LHC, for a Higgs boson mass of

400 GeV, is shown in fig. 19 for h → ∞ (standard POWHEG), h = 120 GeV and h = 400 GeV.

One can see that it is not difficult to get distributions that undershoot the MC@NLO one in

Figure 19: Comparison of the predictions of MC@NLO, standard POWHEG (h → ∞) and POWHEG with
two different values of the parameter h (h = 120 GeV and h = mH = 400 GeV) in the function F
of eq. (4.6), for the transverse-momentum distributions of a Higgs boson, at the LHC pp collider.

the intermediate range of pT. We also observe that, with this procedure, no undesired

features of other distributions appear. In particular, the distribution in the rapidity of the

hardest jet, and in the rapidity difference between the hardest jet and the Higgs boson

remain qualitatively the same, as shown in fig. 20.

4.4 Next-to-leading logarithmic resummation

As explained in section (4.4) of ref. [9], one can reach next-to-leading logarithmic (NLL)

accuracy of soft gluon resummation if the number of coloured partons involved in the hard

scattering is less or equal to three. This can be obtained by replacing the strong coupling

constant in the Sudakov exponent with [29]

αS → A
(

αS

(

k2
T

))

, A(αS) = αS

{

1 +
αS

2π

[(

67

18
−

π2

6

)

CA −
5

9
nf

]}

, (4.7)

– 24 –

Alioli, Nason, Oleari, Re 09
Figure 18: Comparison between POWHEG and fixed NLO and NNLO distributions for the transverse-
momentum of the Higgs boson. Plots are done for mH = 120 GeV at the LHC.

the large difference between the POWHEG and the NLO result at large radiation transverse

momentum, since the known NNLO result seems to support the POWHEG one. We remark,

however, that, had this not been the case, it is very easy to modify the POWHEG algorithm

so to obtain a pT spectrum that agrees with the NLO calculation at large pT. This can be

done as follows. Instead of using the full real cross section for the computation of the B̄

function and of the Sudakov form factor, we can instead use a reduced real contribution

Rred = R × F , (4.5)

where F is a function of the real phase space, with F < 1 everywhere, such that F

approaches 1 for small transverse momenta, and approaches zero for large transverse mo-

menta. We perform the POWHEG generation using Rred instead of R, and treat the remaining

R × (1 − F ) contribution to the cross section with the same method that we used for the

Rqq̄ contribution. This can be done, since R × (1 − F ) is dumped by the 1 − F factor in

the singular region. It will then follow that, for large transverse momentum, the result

would agree with the NLO calculation, since it would be dominated by the R × (1 − F )

contribution. It turned out that, in all previous implementations, it was not necessary to

use such procedure. As remarked before, thanks to the known properties of the NNLO

result, this was not necessary even in this case. We have however performed such study,

just in order to illustrate the flexibility of the POWHEG method. We have chosen for F the

– 23 –

pT

HEFT

hdamp

Difference O(↵s)

Only real part of the NLO contributes to      tail (variable is LO accurate) 
NLO corrections are large (K≈2), can expect sensitivity to matching

O(↵s)

pT

HEFT
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POWHEG: hdamp & matching (III)

                   leads to NLO+PS that agrees more with NNLO 
              gives tail closer to NLO (also in full theory) 
NNLO not known in the full theory

POWHEG POWHEG
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Radial Separation

POWHEG

Radial separation:

NLO accurate LO accurate Accordingly, matching 
scheme uncertainties larger 
for small radial separation

POWHEG/MG5_aMC@NLO

�Rhh =
p
(⌘1 � ⌘2)2 + (�1 � �2)2
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Pythia6 vs Pythia8
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Figure 14: Higgs boson pair transverse momentum distribution p
hh
T (left column with hdamp=1,

right column with hdamp=250) comparing the fixed order result with showered results from both
Pythia 6 and Pythia 8 in the basic HEFT approximation (upper row) and in the full SM (lower
row).

(a) Showered results (hdamp=250). (b) Fixed order results.

Figure 15: phT distribution comparing (a) showered results based on matrix elements in various
approximations (full, FTapprox, Born-improved HEFT) with (b) fixed order results.

also mention that the curve for hdamp= 250 in these figures is close to the NLO curves by
construction, as can be seen by comparing to the fixed order results shown in the previous
subsection.

In Fig. 19 we vary the shower starting scale Qsh in MG5_aMC@NLO by a factor of two
around the default value. In the latest version of MG5_aMC@NLO (version 2.5.3 onwards),

– 15 –
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HEFT: Showered Results
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Figure 8: Comparison of the NNLO results from Ref. [17] with default POWHEG predictions (hdamp =
1) at NLO+PS level (left) and predictions in which we set hdamp = 250 (right) for the Higgs-pair
transverse momentum p

hh
T . Pythia 8 was used to shower the events.

Fig. 7 we consider again the transverse momentum of the Higgs boson pair and compare the
NNLO results with two different LHE-level predictions from POWHEG. On the left we keep the
default setting in which hdamp = 1, on the right we set hdamp = 250 GeV. In the former
plot we observe a good agreement of the LHE-level curve with hdamp = 1 with the NNLO
predictions in the transverse momentum range between 200 GeV and 400 GeV. While the
LHE-level result flattens out around 250 GeV, the NNLO result decreases slightly for larger
p
hh
T

. The two theory uncertainty bands due to scale variation however largely overlap. The
plot on the right shows instead that, by limiting the amount of real radiation in the Sudakov
factor, the LHE-level prediction falls onto the NLO result at high pT , and therefore cannot
reproduce the NNLO behaviour.

As a further step, we can assess the impact of the parton shower, by analyzing the
same observable with NLO+PS predictions showered with Pythia 8. Figure 8 shows an
analogous comparison, where the NLO curves with and without shower are plotted against
the NNLO predictions. We observe that the shower has a large effect on the tail of the p

hh
T

distribution, such that the NNLO curve lies between the NLO+PS and the NLO fixed order
curve for hdamp = 1. On the other hand, for hdamp = 250GeV, the NLO+PS result by
construction is closer to the NLO fixed order result. We should point out however that these
considerations within the basic HEFT approximation may not carry over analogously to the
full calculation (where NNLO predictions are not available), because it is well known that
the HEFT approximation does not have the correct scaling behaviour at large transverse
momenta.

3.4 NLO plus parton shower matched results

We now compare fixed order NLO results to our default POWHEG results, where we use hdamp
=250 and the Pythia 8 shower. In Fig. 9 we show the Higgs boson pair invariant mass
distribution and the transverse momentum distribution of a randomly chosen Higgs boson
for both the fixed order and the showered calculation. As is to be expected, the invariant
mass distribution is rather insensitive to the parton shower. In Fig. 10 the pT -distributions
of the harder and softer Higgs boson are shown.

– 11 –



�LO (fb) �NLO (fb)

B.I. HEFT – 1511
+16.0%
�13.0%

FTapprox – 1220
+11.9%
�10.7%

Full Theory 731.3+20.9%
�15.9% 1149

+10.8%
�10.0%
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Results: 100TeV
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Comparison to Expansion
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Expansion converges on full

Rescaled better but 
does not describe full 
above threshold
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Grigo, Hoff, Steinhauser 15
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Lambda Variation
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Lambda Variation
p
s = 100TeV
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Lambda 0 x SM
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Lambda 2 x SM
p
s = 14TeV
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Top-quark Width Effects
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Figure 3: Top width effect on the one-loop (Born) matrix element squared for gg → HH . The
results for Γt = 0 and 1.5 GeV are shown along with the corresponding ratio.

the replacement

mt → mt

√

1− iΓt/mt (4.1)

everywhere in the computation, i.e. to modify the kinematical mass as well as the Yukawa

coupling. The effect of including a non-zero top-quark width is shown in fig. 3, where

the LO matrix element squared for gg → HH is plotted as a function of the invariant

mass of the Higgs pair for Γt = 0 and 1.5 GeV.2 A behaviour similar in size and with the

same negative sign as the single Higgs case [54] is found, with the non–zero width result

displaying a maximum decrease of ∼4% compared to the narrow width result right after

the tt̄ threshold. The results shown here have been obtained at the matrix element squared

level. The final effect on the total cross section at LO at 14 TeV LHC is shown in tab. 1

and amounts to a correction of ∼-2%. For our NLO predictions we will use a top-quark

width of 1.5 GeV.

We now consider the inclusion of the finite top mass in the NLO computation. In

what we dub NLO FTapprox, the Born and real configurations are reweighted with the

corresponding Born and real emission finite top-quark mass matrix elements and for the

virtual configurations, the HEFT result, yet rescaled by the Born in the FT, is used. We

stress again that the only approximation made in this procedure is that coming from the

absence of the exact results for the two-loop virtual terms. As a check we have applied

this method to single Higgs production in gluon-gluon fusion where all elements of the

2We note that here we assumed a 90◦ scattering for all points included in fig. 3, but as the matrix

element has an extremely weak angular dependence [19], this provides a perfectly good demonstration of

the effect also at the level of the Higgs pair invariant mass distribution.

– 8 –

Maltoni, Vryonidou, Zaro 14

Total XS @ LO: reduced by 2% by including top-quark width



Monte Carlo Interface



Amplitude is slow to evaluate: 
Accuracy goal: 3% for     , 5-20% for      (depending on           ) 
GPU Time/PS point: 80 min - 2 days  (median 2 hours) 
Can not put directly into a Monte Carlo

Monte Carlo Interface
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2

Amplitude depends on 2 form factors:

But: Virtual matrix element depends 
only on        (fixed              ) 

Can build 2D grid of our phase-space 
points and interpolate between 3741 
pre-calculated points

ŝ, t̂ mT ,mH
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Monte Carlo Interface (II)

Parametrisation:

Choose          according to cumulative distribution function of phase 
space points used in the original calculation 
Obtain nearly uniform distribution in            unit square 

Two-step interpolation procedure: 
1. Choose equidistant grid points, estimate result at each grid point 

with linear interpolation of amplitude results in vicinity 
2. Clough-Tocher interpolation (as implemented in SciPy) to 

estimate amplitude at arbitrary sampling points 

Procedure reduces sensitivity to uncertainties of input data points

f(�)

(x, c✓)

x = f(�(ŝ)), c✓ = | cos ✓ | =
����
ŝ+ 2t̂� 2m2

H

ŝ�(ŝ)

���� , � =

✓
1� 4m2

H

ŝ

◆ 1
2
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Monte Carlo Interface (III)

Grid vs grid with 50% of points Grid vs grid with 80% of points

https://github.com/mppmu/hhgrid

Grid of        (1-loop x 2-loop interference) implemented in Python  
Interfaced to FORTRAN, C, C++ via Python/C API (examples in repo)

Grid Stability:

Vfin

Heinrich, SPJ, Kerner, Luisoni, Vryonidou 17

https://github.com/mppmu/hhgrid
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Monte Carlo Interface (IV)

extern "C" {

#include "hhgrid.h"
}

#include <iostream> // std::cout
#include <string> // std::string

int main()

{

// Initialise python and grid
python_initialize();

python_printinfo();

std::string grid_name = "Virt_EFT.grid";

PyObject* pGrid = grid_initialize(grid_name.c_str());

// Evaluate point
double s = 2.56513e6;

double t = -482321.e0;

double result = grid_virt(pGrid,s,t);

std::cout << "Sent: " << s << " " << t << std::endl;

std::cout << "Received: " << result << std::endl;

// Destruct grid, terminate python
python_decref(pGrid);

python_finalize();

return 0;

};

Choose:  
EFT / full

Evaluate point using grid

Example (Calling Grid via C++):
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Grid Validation
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Details of Calculation
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Yukawa only (≤ 4-point) Self-coupling (≤3-point)

Integrals Known
gg ! H

Virtual Contribution

Non-planar

Reducible Spira, Djouadi et al. 93, 95; 
Bonciani, P. Mastrolia 03,04; 
Anastasiou, Beerli et al. 06;

Many integrals not known analytically, except:
Bonciani, Del Duca, Frellesvig et al. 15; Gehrmann, Guns, Kara 15;

Degrassi, 
Giardino, 
Gröber 16

H ! Z�
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Evaluating the Amplitude

All Integrals evaluated numerically with SecDec
(implements sector decomposition)

Borowka, Heinrich, Jahn, SPJ, 
Kerner, Schlenk, Zirke

Hepp 66; Denner, Roth 96; Binoth, Heinrich 00

Use Quasi-Monte-Carlo (QMC) integration             error scalingO(n�1)
Li, Wang, Yan, Zhao 15; (Review: Dick, Kuo, Sloan 13)

compute once
integralcoeff.

Entire 2-loop amplitude evaluated with a single code

F =
X

i

0

@
X

j

Ci,j✏
j

1

A
 
X

k

Ii,k✏
k

!
= ✏�2

h
C(L)

1,�2I
(L)
1,0 + . . .

i

+ ✏�1
h
C(L)

1,�1I
(L)
1,0 + . . .

i
+ . . .

Dynamically set target precision for each sector, minimising time

Implemented in OpenCL, evaluated on GPUs

Planar Integrals: Reduce to finite basis with REDUZE 2
von Manteuffel, Studerus 12; Panzer 14; von Manteuffel, Panzer, Schabinger 15

Non-Planar Integrals: Evaluate integrals directly
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Checks
Real Emission / Subtraction Terms
• Independence of dipole-cut         parameter  
• Agreement with literature 
• Agreement with FKS (POWHEG/MG5_amc@NLO)

Virtual Corrections
• Two calculations of amplitude up to reduction 
• Amplitude result invariant under 
• Pole cancellation 
• Mass renormalization using two methods: 

counter-term insertion vs. calculating                      numerically 
• Agreement of contributions                           with SusHi 
• Convergence of           expansion to full result  

where agreement is expected

Harlander, Liebler, 
Mantler 13,16

Maltoni, Vryonidou, Zaro 14 

Nagy 03↵cut

t $ u

dMLO/dm2

T

gg ! H ! HH

1/mT

Frixione, Kunszt, Signer 96; Nason 04; Frixione et al 07; Alioli et al. 10; J. Alwall et al. 14
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) S = 9S =
l(l + 1)

2
+ lm

D1 = p21 �m2
t

D2 = p22 �m2
t

D3 = (p1 � p2)
2

D4 = (p1 + k1)
2 �m2

t

D5 = (p2 + k1)
2 �m2

t

D6 = (p1 � k2)
2 �m2

t

D7 = (p2 � k2)
2 �m2

t

D8 = (p1 � k2 � k3)
2 �m2

t

D9 = (p2 � k2 � k3)
2 �m2

t

D5

D2

D7

D3

D4

D8

D6

k1

k2
k3

k4

p1p2
D2

D5

D3

D9

D4 D8

D6

k1

p2

k2
k3

k4

p1

⌫i 2 ZI famj
⌫1,...,⌫9

=

Z
ddp1

Z
ddp2

1

D⌫1
1 D⌫2

2 · · ·D⌫9
9

#scalar products

l = 2
m = 3

#loops
#l.i. external momenta

Integral Families
Can rewrite tensor integrals/scalar products as inverse propagators

Introduce Integral Families with 9 propagators

Planar family 1:



3 non-planar families:

Planar Families 4/5Planar Family 3Planar Family 2

Integral Families

48

Integral Families (II)
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Integrals 1-loop 2-loop

Direct 63 9865

+ Symmetries 21 1601

+ IBPs 8
~260-270 
Currently: 

327

Panzer 14; von Manteuffel, Panzer, Schabinger 15

Planar Integrals (145+83 crossed) 
Reduction with REDUZE 2

Integral Reduction

von Manteuffel, Studerus 12

Non-Planar Integrals (70+29 crossed)  
Computed mostly without reduction

For reduced integrals we choose a Finite Basis using REDUZE

Practically, 2-loop reduction with 4 scales                        and 4 inverse 
propagators is challenging

(ŝ, t̂,m2
T
,m2

H
)

Simplification: Fix mT = 173GeV,mH = 125GeV

Price: Many arbitrary precision integers in reduction (slow)  
          Can not vary masses in result
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3-point, 1 off-shell leg 
HPLs

Up to 4-point, 
4 scales   ,  ,      ,    
SecDec

Spira, Djouadi et al. 93, 95; 
Bonciani, P. Mastrolia 03,04; 
Anastasiou, Beerli et al. 06;

Gehrmann, Guns, Kara 15

3-point, 2 off-shell legs 
Generalized HPLs, 12 Letters

Known Analytically:

Numeric Evaluation:

Slide: Matthias Kerner

m2
H

m2
Tts

Master Integrals



Conventional...Finite Basis...

51

Finite Basis

(6�2✏)

(s, t) 280 s 1.00⇥ 10�3

(4�2✏)

(s, t) 214135 s 8.29⇥ 10�3

(6�2✏)

(s, t) 294 s 1.21⇥ 10�3

(4�2✏)

(s, t) 3484378 s 30.9

(4�2✏)

(s) 91 s 3.76⇥ 10�4
(4�2✏)

(s) 87 s 3.76⇥ 10�4

(6�2✏)

(s) 17 s 5.15⇥ 10�4

(4�2✏)

(s) 20 s 1.95⇥ 10�4

(6�2✏)

(s) 119 s 2.32⇥ 10�3

(4�2✏)

(s) 118 s 2.12⇥ 10�3

Total/Max: 3995 s 5.84⇥ 10�3 Total/Max: 5136862 s 30.9

Table 2: Numerical performance of finite and conventional integral bases for two-loop

mixed EW-QCD corrections to Drell-Yan lepton production in the physical region using

SecDec 3. For each integral in the above, the run time is given in seconds and the fractional

di↵erence from the analytical solution is given for the expansion coe�cient which first gives

rise to weight four multiple polylogarithms. In the final row of the table, total run times

and worst-case relative accuracies are recorded for both integral bases.

We find that, in several other cases, significantly more mileage can be squeezed out of

publicly available sector decomposition programs simply by working with a well-behaved,

finite integral basis. As a second example, we present the evaluation of three-loop form

factors in massless QCD in Appendix A. We employ the other publicly available program

under active development, FIESTA 4, and observe dramatic gains in both speed and nu-

merical convergence when using a basis of finite integrals.

5 Conclusions and Outlook

In this paper, we considered the two-loop integrals relevant to the ↵↵s corrections to Drell-

Yan production with up to a single massive vector boson exchanged. As a reference, we cal-

culated their Laurent expansion through to weight five in terms of multiple polylogarithms

using the method of di↵erential equations. Our representation in terms of real-valued func-

tions allows for fast and precise numerical evaluations over the entire physical region of the

phase space. We found it challenging to even check our analytical solutions using available

sector decomposition programs. Employing a basis of finite integrals systematically im-

proved the situation and rendered all integrals numerically accessible with SecDec 3, both

in Euclidean and physical kinematics. Order of magnitude improvements both in program

run time and integration error were also found for massless three-loop form factor integrals

using FIESTA 4 when using finite instead of conventional master integrals. For the finite

integrals, we allowed for shifts to higher numbers of spacetime dimensions and additional
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(6�2✏)

(t) 4 s 4.60⇥ 10�5

(4�2✏)

(t) 7 s 3.45⇥ 10�5

(6�2✏)

(t) 4 s 1.38⇥ 10�5

(4�2✏)

(t) 6 s 8.49⇥ 10�6

(6�2✏)

(t) 9 s 2.76⇥ 10�5

(4�2✏)

(t) 16 s 2.63⇥ 10�5

(6�2✏)

(s) 18 s 1.04⇥ 10�3

(4�2✏)

(s) 41 s 6.47⇥ 10�4

(6�2✏)

(s) 18 s 1.23⇥ 10�4

(4�2✏)

(s) 12 s 4.70⇥ 10�4

(4�2✏)

(t) 9 s 2.13⇥ 10�5

(4�2✏)

(t) 3 s 2.13⇥ 10�5

(4�2✏)

(s) 31 s 7.51⇥ 10�6

(4�2✏)

(s) 17 s 7.51⇥ 10�6

(4�2✏)

(s) 35 s 3.28⇥ 10�5

(4�2✏)

(s) 19 s 3.28⇥ 10�5

(6�2✏)

(s) 36 s 3.94⇥ 10�4

(4�2✏)

(s) 113 s 7.78⇥ 10�4

(6�2✏)

(s, t) 28 s 8.37⇥ 10�4

(4�2✏)

(s, t) 101 s 2.13⇥ 10�3

(6�2✏)

(s, t) 37 s 5.84⇥ 10�3

(4�2✏)

(s, t) 26 s 5.35⇥ 10�4

(6�2✏)

(s, t) 18 s 2.92⇥ 10�3

(4�2✏)

(s, t) 319 s 5.92⇥ 10�2

(6�2✏)

(s, t) 50 s 6.76⇥ 10�4

(4�2✏)

(s, t) 13 s 9.49⇥ 10�4

(8�2✏)

(s, t) 35 s 7.64⇥ 10�4

(4�2✏)

(s, t) 20605 s 9.87⇥ 10�4

(6�2✏)

(s, t) 1609 s 4.39⇥ 10�4
(4�2✏)

(s, t) 564 s 2.04⇥ 10�2

(6�2✏)

(s, t) 202 s 7.31⇥ 10�4

(4�2✏)

(s, t) 96 s 2.35⇥ 10�3

(6�2✏)

(s, t) 201 s 2.34⇥ 10�4

(4�2✏)

(s, t) 384 s 8.12⇥ 10�4

(6�2✏)

(s, t) 150 s 4.83⇥ 10�4

(4�2✏)

(s, t) 56538 s 1.67⇥ 10�2
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Always possible to pick finite basis of integrals, rewrite integrals using: 
• Dimension Shifts 
• Dots

von Manteuffel, 
Schabinger 17

Two-loop  
EW-QCD  
Drell-Yan

Rel. 
Err.

Panzer 14; von Manteuffel, Panzer, 
Schabinger 15

Huge decrease in time to numerically integrate and relative error

Tarasov 96; Lee 10



Generating vector    precomputed for a fixed number of lattice 
points, chosen to minimise worst-case error

             algorithm for numerical integration:

~�k

{}

Is[f ] ⌘
Z

[0,1]s
dsxf(~x)

- Random shift vec.

- Fractional part

~�1

f : Rs ! C

n - # Lattice points

- # Random shiftsm

Is[f ] ⇡ Q̄s,n,m[f ] ⌘ 1

m

mX

k=1

1

n

n�1X

i=0

f

✓⇢
i~z

n
+ ~�k

�◆
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Review: Dick, Kuo, Sloan 13O(n�1)

~z - Generating vec.

~z

n

~z

Nuyens 07

Rank 1 Shifted Lattices
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Unbiased error estimate computed from random shifts:

Var[Q̄s,n,m[f ]] ⇡ 1

m(m� 1)

mX

k=1

(Qs,n,k � Q̄s,n,m)2

4 Shifts

Typically 10-50 shifts, production run: 20 shifts

~�1

~z

n

1 Shift

Rank 1 Shifted Lattices (II)
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Example: Rel. Err. of one sector of sector decomposed loop integral
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Lattice Scaling

Monte Carlo Scaling
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See: Li, Wang, Yan, Zhao 15

6 dimensional 
numerical 
integral

R1SL: Algorithm Performance



Accuracy limited primarily by number of function evaluations 
Implemented in OpenCL 1.1 for CPU & GPU, generate points on GPU/
CPU core, sum blocks of points (reduce memory usage/transfers)

n CPU (s) GPU(s) C/G

655357 6.63 1.60 4.1
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R1SL: Implementation Performance
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Amplitude Structure

1-loop

Mass Counter-Terms

2-loop

F = aF(1) + a
2(�ZA + �Za)F

(1) + a
2
�m

2
tF

ct,(1) + a
2F(2) +O(a3)

F(1) =

✓
µ
2
R

M2

◆✏ h
b
(1)
0 + b

(1)
1 ✏+ b

(1)
2 ✏

2 +O(✏3)
i

Fct,(1) =

✓
µ
2
R

M2

◆✏ h
c
(1)
0 + c

(1)
1 ✏+O(✏2)

i
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✓
µ
2
R

M2

◆2✏
"
b
(2)
�2

✏2
+

b
(2)
�1

✏
+ b

(2)
0 +O(✏)

#

      scheme strong coupling    and       top-quark mass:MS OSa

Red terms contain integrals, computed numerically at each PS point,  
not re-evaluated for scale variations

Ir,s(ŝ, t̂,m
2
h,m

2
t ) = (M2)�L✏(M2)2L�r+sIr,s
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M2
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,
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,
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Factor dimensionful parameter       out of integrals s.t. they depend on 
dimensionless ratios:

M2

#prop. in denom. #prop. in num.
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integral value error time [s]
. . .
F1 011111110 ord0 (0.484, 4.96e-05) (4.40e-05, 4.23e-05) 11.8459
. . .
N3 111111100 k1p2k2p2 ord0 (0.0929, -0.224) (6.32e-05, 5.93e-05) 235.412
N3 111111100 1 ord0 (-0.0282, 0.179) (8.01e-05, 9.18e-05) 265.896
N3 111111100 k1p2k1p2 ord0 (0.0245, 0.0888) (5.06e-05, 5.31e-05) 282.794
N3 111111100 k1p2 ord0 (-0.00692, -0.108) (3.05e-05, 3.05e-05) 433.342

1

Contributing integrals:

k1

p2

g

H

g

H
I(s, t,m2

t ,m
2
h) = �

✓
µ2

M2

◆2"

�(3 + 2✏)M�4

✓
A�2

✏2
+

A�1

✏1
+A0 +O(✏)

◆

sector integral value error time [s] #points
5 (-1.34e-03, 2.00e-07) (2.38e-07, 2.69e-07) 0.255 1310420
6 (-1.58e-03, -9.23e-05) (7.44e-07, 5.34e-07) 0.266 1310420
. . .
41 (0.179, -0.856) (1.10e-05, 1.22e-05) 29.484 79952820
42 (0.359, -1.308) (1.40e-06, 1.58e-06) 80.24 211436900
44 (0.0752, -1.185) (5.44e-07, 6.76e-07) 99.301 282904860

1

Sector Decomposition

Amplitude Evaluation

Slide:  
Matthias Kerner 
(LL 2016)

p
ŝ = 327.25GeV,

p
�t̂ = 170.05GeV,M2 = ŝ/4
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Comparison to Expansion
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Grigo, Hoff, Steinhauser 15
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Figure 2. Left: Example of a 2-loop diagram involving a h3 vertex that in the limit mW � mh

gives rise to h ! �� at O(�). Right: A possible 2-loop graph with a h�+�� vertex. For mh = 0,
diagrams of this type do however not contribute to h ! �� at O(�). For additional explanations
see text.

does not rely on the heavy-quark expansion for what concerns the 2-loop contributions.
Such a computation is however beyond the scope of our article.

In the case of the h ! �� transition, we write

c� =
↵

⇡

✓
c(0)� +

�

(4⇡)2
c(1)�

◆
, (4.7)

where the 1-loop contribution is given by

c(0)� = AW +
X

f

2Nf

C
Q2

f
Af ' �0.82� 0.01 i . (4.8)

Here N q

C
= 3 and N `

C
= 1 are colour factors, the sum runs over all electrically charged

fermions carrying charge Qu = 2/3, Qd = �1/3 and Q` = �1, Af has been introduced
in (4.3) and

AW = �
1

8


2 + 3⌧W + 3⌧W (2� ⌧W ) arctan2

1
p

⌧W � 1

�
, (4.9)

with ⌧W = 4m2
W

/m2
h
. In order to obtain the numerical result in (4.8), we have employed

mW ' 80.4GeV and m⌧ ' 1.777GeV. Numerically, one has furthermore AW ' �1.04,
while in the limit ⌧W ! 1 (⌧W ! 0) the on-shell 1-loop form factor AW tends to the
constant value �7/8 (�1/4). In the infinite mass limit ⌧t,W ! 1, one therefore finds that
c(0)� = �47/72 ' �0.65. Notice that compared to the case of Af the heavy-mass expansion
works less well for AW , but still captures around 85% of the exact 1-loop result. We thus
believe that the hard-mass expansion is also a sufficiently accurate approximation in the
case of the 2-loop corrections to c� involving W± (�±) exchanges.

Since after EWSB the operator O6 modifies both the trilinear Higgs coupling as well as
the coupling between two Higgses and two charged would-be Goldstone bosons

�
see (B.2)

�
,

one naively has to consider 2-loop diagrams that contain both a h3 and a h2�+�� vertex.
A possible graph of each type is depicted in Figure 2. To maintain gauge invariance at the
level of off-shell Green’s functions, we use the ’t Hooft-Feynman version of the background
field gauge for the external photon fields (see e.g. [43]) when calculating these diagrams. In
this gauge there is no �W±�⌥ vertex and as a result all 2-loop graphs involving a h2�+��
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O6

g

g

t

t

t

t

h

h

h

Figure 1. Example of a 2-loop diagram with an insertion of the effective operator O6 that
contributes to the gg ! h amplitude at O(�).

to take the infinite quark-mass limit. In such a case, one arrives at the classic Shifman-
Vainshtein-Zakharov result c(0)g = 1/12 ' 0.083 derived first in [41].

The O(�) correction to the coefficient cg arises from both 2-loop Feynman diagrams
and 1-loop counterterm graphs involving a Higgs wave function renormalisation. To find the
former type of contribution, we apply EFT techniques (see for instance [42] for a non-trivial
application to Higgs production) and employ a hard-mass expansion procedure ⌧t ! 1 to
the full 2-loop diagrams involving a top-quark loop and a h3 vertex that arises from the
insertion of O6. A prototype graph of such a contribution is shown in Figure 1. After
setting mh = 0 and Taylor expanding in the external momenta, this technique reduces the
calculation to the evaluation of 2-loop vacuum bubbles with a single mass scale, which can
all be expressed in terms of Gamma functions (cf. [38]).

The correction proportional to the O(�) contribution to the Higgs wave function renor-
malisation constant

Zh = 1 +
�

(4⇡)2
Z(1)
h

, (4.4)

is instead found from the 1-loop Higgs-boson selfenergy with one and two insertions of O6.
By a straightforward calculation, we obtain the analytic result

Z(1)
h

=
⇣
9� 2

p
3⇡

⌘
c̄6 (c̄6 + 2) . (4.5)

Combining both contributions, we arrive at

c(1)g = �
1

12

✓
1

4
+ 3 ln

µ2
w

m2
t

◆
c̄6 +

Z(1)
h

2
c(0)g , (4.6)

with c(0)g given in (4.2). As a powerful cross-check of our calculation, we have extracted
the O(�) correction to the coefficient cg arising from 2-loop diagrams by matching in ad-
dition the gg ! 2h and gg ! 3h Green’s functions, obtaining in all three cases the exact
same result. Details on the renormalisation of the bare 2-loop gg ! h amplitude can be
found in Appendix C. Given the good convergence of the infinite quark-mass expansion
in the case of c(0)g , we believe that our analytic expression (4.6) should approximate the
full O(�) correction to the on-shell 2-loop form factor quite well. To make this statement
more precise would require an explicit calculation of the relevant gg ! h amplitudes that

– 6 –

59

Complementary Constraints

Several other promising ideas to obtain competitive/
complementary limits on deviation of self-coupling from SM:

Radiative corrections to 
single H production 
(also VBF, VH, ttH, tHj)

Modification of precision EW observables  
(EW oblique corrections) S, T

Gorbahn, Haisch 16;  
Bizoń, Gorbahn, Haisch, Zanderighi 16; 
Degrassi, Giardino, Maltoni, Pagani 16; 
Di Vita, Grojean, Panico, Riembau, Vantalon 17; 
Maltoni, Pagani, Shivaji, Zhao 17;

Degrassi, Fedele, Giardino 17;  
Kribs, Maier, Rzehak, Spannowsky, Waite 17; Z Z
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Figure 1: Example Feynman diagrams for the (a) ZZ, (b) WW , (c) Z� and (d) �� two-

loop self-energies. The square represents a vertex where there is a contribution from the

dimension-6 operator.

Contributions to S and T involving the dimension-6 operator O6 first appear at the

two-loop level. At this order in perturbation theory, self-energy diagrams containing both

trilinear and quartic Higgs self-interactions appear, which due to their modifications from

c̄6 outlined above, are manifest as non-zero corrections to S and T . However, as we

will see later, contributions from the quartic Higgs self-interaction exactly cancel in these

observables. It is also important to note that at this order in perturbation theory, there

are no vertex or box diagrams that depend on c̄6 involving light external fermions (i.e.,

light enough that their Yukawa coupling can be neglected). Since two-loop corrections to

vertex or box diagrams involving both c̄6 and heavy external fermions do not enter the

electroweak observables, the relevant two-loop c̄6 contributions to the self-energies must be

separately gauge-invariant.

3.1 Self-energy diagrams

To evaluate the electroweak oblique parameters S and T , all two-loop self-energy diagrams

involving corrections from c̄6 need to be calculated. From the definitions of S and T , all

SM contributions are subtracted and so only terms proportional to c̄6 and c̄
2
6 can remain.

Working in the Feynman gauge, and discarding all two-loop diagrams that do not contain

a contribution from c̄6, there are 26 diagrams for ZZ, 26 for WW , 5 for Z� and 5 for ��.
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