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PARTON MODEL�������������������Elasti
 s
attering : ele
tron � proton���> proton (hadron) is NOT point-likeDeep inelasti
 s
attering : ele
tron � proton���> proton (hadron) 
onsists of point-like parti
les-partons��������������������Cross se
tion (hadron) = Σ 
ross se
tion (parton) × weightsWeights � probabilities in the system of in�nite momentum(Bjorken, Feynman)



WHY is a proton (hadron) NOT point-like ?Elasti
 ep-s
attering is des
ribed by the same Feynman diagram as eµ+-s
attering:

Mfi = ū′
eγ

µue

e2

q2
〈p′|Jµ(q)|p〉.

(BUT the hadron 
urrent Jµ(q) 
an't be presented in the �QED form�:
J
µ
h = eψh(x)γµψh(x) � CONTRADICTS the experiment).



Relativisti
 + gauge invarian
e � >

〈p′|Jµ(q)|p〉 
an be parametrized over 2 form fa
tors:

〈p′|Jµ(q)|p〉 = ū′
p
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up,where M is the proton mass and
Fm = F1 + F2, Fe = F1 + F2

q2

4M 2
, P = p + p′.Then the di�erential 
ross se
tion in the proton rest frame
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,where b = −q2

4M2, θ is the s
attering angle of ele
tron.



Cross se
tion (normalized) as a fun
tion of tan2 θ
2

Slope + interse
tion �� > form fa
tors



Proton: at q2 → 0

F p
e (0) = 1, F p

m(0) = 2.79.Neutron:
F n

e (0) = 0, F n
m(0) = −1.91.From SLAC experiment (1964):

F p
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F p
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,with m2
g =0.71 GeV2 and F n

e (q2) = 0.



In the Breit frame(where ~P = ~p + ~p′ = 0 (q0 = 0, ~q = 2~p′ = −2~p)):

eρ(~r) = e
1

(2π)3

∫

F (−~q2)ei~q~rd3qis the spatial distribution of 
harge density.In the 
ase:
F = const �� > ρ(~r) = δ(~r) � > point-likeThus from SLAC experiment:1. Proton and neutron are not point-like( the form fa
tors are dependent of q2)2. The Fourier of form fa
tors are well approximated by:

ρ(r) = ρ(0) exp (−r/a)with

a = 0.23 fm
〈r2

E〉p = 〈r2
M〉p = 〈r2

M〉n ≈ 0.7 fm2as the proton size



Why does a proton (hadron) 
onsist of point-like parti
les-partons ?

For deep inelasti
 ep-s
attering at

√

−q2 ≫ Mp ≃ 1 GeV

the measured probability of in
lusive pro
ess is propotional to :



|M |2 =
(

ū′
eγνue

)∗
(ūeγµue)
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X
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·2πδ
(

(p + q)2 − M 2
X

)

,where
Wµν =

∑

X
〈p|Jν(−q)|X〉〈X|Jµ(q)|p〉2πδ

(

(p + q)2 − M 2
X

)is the subje
t of study.Again, Relativisti
 + gauge invarian
e � >
M
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where x = −
q2

2(pq)
=

|q2|

2Mν

, ν is the energy loss in the rest frame of theproton with mass M .



The in
lusive 
ross se
tion of this pro
ess:

dσ

dνdΩ
=


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 W2(x, q2) + 2W1(x, q2) tan2 θ
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These stru
ture fun
tions νW2(q
2, x) and W1(q

2, x) at −q2 ≥ 1 GeV2 
an berelated with the nu
leon form fa
tors F 2
e , F 2

m and δ(x− 1) sin
e for elasti
s
attering

p′ − p = q, p′ = p + q, p′2 = p2 + 2pq + q2, q2 = −2pq =⇒ − q2

2pq = x = 1.

From �rst experiment:
νW2(q

2, x) and W1(q
2, x) at −q2 ≥ 1 GeV2were independent of s
ale q2 (SCALING)

����> elasti
 s
attering on point-like partons



Parton model = impulse approximation = 
onstituents as free���� > VALID at
τ ∼

1

∆E
∼

|~p|

k2
⊥max� the relaxation time is 
onsiderably larger than the 
ollision time

τ
ollision ∼
1

|q|
.Thus

|q| ≫
k2

⊥max

|~p|and in the �frame� |~p| → ∞ the assumption, that k⊥max is restri
ted, isquite ENOUGH :



������Toy model: proton 
onsists of 2 massless partons with

x~P + ~k⊥ is the momentum of one parton

(1 − x)~P − ~k⊥ is the momentum of other partonThen:
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PQuantum me
hani
s tea
hes us: the �life time� of su
h 
on�guration:

τ =
1

∆E
≈

P

k2
⊥

≫
1

|q|
= t
ollision.������



������More realisti
 model (Drell, Yan, Phys. Rev. Lett. 24, 181 (1970) ):proton 
onsists of in�nite number of massless nonintera
ting partons:

|n〉 = a+
1

(

~k1

)

. . . a+
n

(

~kn
)

|0〉 � n-parton Fo
k state

〈n|p〉 = fp(k1 . . . kn) is the probability amplitude to �nd the n-parton
on�guration with the given momenta in the proton.Then the hadron matrix element squared 
an be written over partoni
variables:

|Mh|2 =
∑

n,m,l
〈p|n〉〈n|Jµ(−q)|m〉〈m|Jν(q)|l〉〈l|p〉·

·2πδ
[

(Pn + q)2 − M 2
m

]

.The transition

∑

X
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(p + q)2 − M 2
x

)

=
∑

m
|m〉〈m|δ

[

(p + q)2 − M 2
m

]due to the 
ompleteness theorem of state.Asssumption: photon intera
ts elasti
ally only with one parton of type iin n-parton 
on�guration �->|n〉 = |n− 1〉|1i〉



|Mh|2 =
∑

n,m,l,i
〈p|n − 1〉|1i〉〈n − 1|〈1i|Jµ(−q)|1′

i|m − 1〉·

·2πδ
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(
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=
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∑

i
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22πδ
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The matrix element squared for the i-parton with spin 1/2 and ξ as thefra
tion of the longitudinal proton momentum 
an be 
al
ulated:

|Mi|
2 =

e2
i

2
Sp [(ξp)γµ(ξp + q)γν] 2πδ

(

(ξp + q)2 − M 2
ξ

)

≈

≈ e2
i2 [(ξp)µ(ξp + q)ν + (ξp)ν(ξp + q)µ − gµν(ξp)(ξp + q)] ·

·2πδ
[

2ξ(pq) + q2
]

≈ e2
i2

[

2ξ2pµpν − gµνξ(pq)
] 2π

2(pq)
δ(ξ − x) =

= 4πe2
i

[

2ξ2pµpν − ξ(pq)gµν

]

·
δ(ξ − x)

2(pq)
.In a

ordan
e with the previous parametrization:

|Mh|2 =
4π

M
W2(pµpν) − 4πMW1gµν =

∑

i

∫ f i(ξ)dξ

ξ
· 4πe2

i

[

2ξ2pµpν − gµνξ(pq)
] δ(ξ − x)

2(pq)
.



Finally (after 
omparison):

pq

M
W2 = νW2 = x

∑

e2
if

i(x),

2MW1 =
∑

e2
if

i(x) =
(pq)

xM
W2The in
lusive 
ross se
tion in this parton (Bjorken-Feynman) model:

d2σ

dxdQ2
=

∑

a









dσ

dQ2


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

elasti
 fa
h(x), Q2 = −q2.

(Partons with other spins give results 
ontradi
ted experiment.)



PARTON MODEL IN QCDLet us 
onsider ele
tron s
attering on a quark with a 
harge ei in perturbativeQCD1-order:
� Hadron tensor�

Wµν =
e2

i

2
Sp [p̂γµ(p + q)γν] 2πδ

(

(p + q)2
)

.At 2(pq) ≫ p2 (x = − q2

2pq

)

δ
(

(p + q)2
)

≈ δ(1 − x)
1

2(pq)
.



Further 
al
ulating Sp and 
omparing with a general form of Wµν, weobtain
2MW1 = e2

iδ(1 − x) =
pq

xM
W2(x, q2),This is, in fa
t, in
luded in 
ommon parton model.����������������������LLA : leading logarithm approximation (Gribov-Lipatov approximation)���- >to take into a

ount diagrams only with enhan
ement:

∼
(

α ln |q2|
)n

.���- > parton pi
ture (+ due to physi
al gauge)Dokshitzer, Dyakonov, Troyan, Phys. Rep. 58, N5, 269 (1980), ...



2-order: (quark radiates gluon before hard s
attering)

� Hadron tensor�

Wµν = e2
ig

2N
2 − 1

2N

∫ d4k

(2π)4
2πδ

(

(k + q)2
)

2πδ
(

(p − k)2
)

·

·
1

k4
·
1

2
Sp

[

p̂γρk̂γµ(k + q)γνk̂γσ

]

dσρ(p − k).



N2−1
2N

= 1
N
taijt

a
ji = C2 is the 
olour fa
tor (averaging +summing)

Sudakov te
hnique:
k = αq′ + βp′ + k⊥,

q′ = q + xp, q′2 = p′2 = 0,

p′ = p +
µ2

2(pq)
q′, p2 = −µ2 < 0,

2(pq) = −
q2

x

,

(k⊥p′) = (k⊥q′) = 0

k2 = αβ2(p′q′) − k̄2
⊥ = −βµ2 −

k2
⊥

1 − β

∫

d4k =⇒
+∞
∫

−∞
dα

+∞
∫

−∞
dβπ(pq)

∞
∫

0
dk2

⊥,



α- and β-integrations are taken with δ-fun
tions, then:

Wµν =
e2

ig
2

16π

1

(pq)

2(pq)
∫

µ2x

d|k2|

|k2|

1

x
C2

1 + x2

1 − x + |k2|
2(pq)

β
A

· Sp [xp̂γµ(xp̂ + q)γν] .In the pro
ess the gluon propagator is 
hosen to be (planar gauge, physi
algauge)
dµν(k) = gµν −

kµnν + kνnµ

(kn)
, n = Aq′ + Bp′With a logarithmi
 a

ura
y:

2(pq)(1−x)
∫

µ2x

d|k2|

|k2|
= ln

|q2|(1 − x)

µ2x2
+ 0(1) = ln

|q2|

µ2
+ 0(1),

(x and (1 − x) are not parametri
ally small, otherwise ln
1

x

, ln
1

1 − x

should be
olle
ted)Thus, the one-rung 
ontribution to the stru
ture fun
tions:
(pq)

xM
W2(x, q2) = 2MW1(x, q2) = e2

i

α

4π
ln

|q2|

µ2
ΦF

F (x),

ΦF
F (x) = 2C2

1 + x

1 − x
− DGLAP kernel, α = g2/4π.



Further one 
an show that1) Contribution of quark ladder with n-rung

is proportional to

∼
1

n!











α

4π
ln

|q2|

µ2











n

.



2) Non-ladder diagrams (without probability interpretation)are NOT strenghtened by large ln
|q2|

µ2due to planar gauge, physi
al gaugeIn Feynman gauge, for instan
e,
dµν(k) = gµνthe interferen
e 
ontributions are strenghtened by large ln

|q2|

µ2

ALSO.



Imaginary part of



3) The 
orre
tions to the propogators and vertex fun
tions in ladderkinemati
s:Dokshitzer, Dyakonov, Troyan, Phys. Rep. 58, N5, 269 (1980), ...
α ��> αs(k

2).



Thus, one 
an introdu
e quantities whi
h in
orporate 
ommon featuresof all partonometry pro
esses but do not depend on their spe
i�
 form.These foundamental quantities are 
alled by parton distributions.At s
attering on parton of type a the stru
ture fun
tions are:

(pq)

Mx
W2a(x, q2) = 2MW1a(x, q2) =

∑

F=q,q̄
e2

FDF
a (x, µ2, q2).

a = q, q̄, g.(in improved parton model there is 
ontributions from g !)For the ladder-type diagrams one 
an write an integral equations forparton distributions, treating 2-parti
le irredu
ible blo
k as Bethe-Salpeterkernels



��> DGLAP equations:
dDb

a(x, t)

dt
=

∑

c

1
∫

x

dz

z
P b

c (z)Dc
a







x

z
, t





 ,with
t =

|q2|
∫

µ2

αs(k
2)

4π

dk2

k2

Db
a(x, 0) = δbaδ(1 − x) (at q2 = µ2) are initial 
onditions.The kernels P b

c (z) in
lude the δ-fun
tion virtual term at a = b unlikekernels Φb
c(z) 
al
ulated above (2-order).Now 
omes the day of re
koning: in fa
t, leptons are s
attered on hadronsand we must relate the observed stru
ture fun
tions of hadrons to thestru
ture fun
tions of q and g above.In the ladder kinemati
s the large logarithms ln

|q2|

µ2

is made by the broadrange of integration with respe
t to virtualnesses:
|q2| ≫ . . . |k2

i | ≫ . . . µ2.



Thus the time of ladder formation

τladder ∼
1

|q2|is 
lose to the intera
tions time in 
ommon parton model, i.e.

τladder ≪ τrelax. ∼
1

µ2is the time of formation of hadrons from q and g.Therefore the pro
ess of �ladder formation� and the pro
ess of �hadronformation� are NOT interfered and



Da
h(x, t) =

∑

c

1
∫

x

dz

z
f c

h(z)Da
c







x

z
, t





 ,where
Da
h(x, t) are the parton distribution fun
tions in hadron

Da
c





x

z
, t



 is the distribution fun
tions at parton level

f ch(z) are unknown phenomenologi
al fun
tions = initial 
onditions for thedistribution fun
tions at hadron level:
Da

h(x, t)|t=0 = fa
h(x).and

dDb
h(x, t)

dt
=

∑

c

1
∫

x

dz

z
P b

c (z)Dc
h







x

z
, t





 ,



Eqs. are expli
itly solved by introdu
ing the Mellin transforms

Ma
h(n, t) =

1
∫

0
dx xn Da

h(x, t), Pb→a(n) =
1
∫

0
xnPb→a(x)dx,whi
h lead to a system of ordinary linear-di�erential equations at the�rst order:

dMa
h(n, t)/dt =

∑

b
M b

h(n, t)Pb→a(n).The exa
t solution for single distributions in the moments representation
an be written symboli
ally in a matrix form (at parton level):

M b
a(n, t) = (exp P (n)t)b

a.In order to obtain the distributions in x representation an inverse Mellintransformation must be performed
xDb

h(x, t) =
∫ dn

2πi
x−n M b

h(n, t),where the integration runs along the imaginary axis to the right fromall n singularities. This 
an be done in a general 
ase only numeri
ally.
a, b, c = q, q̄, g.



e+e−-annihilation into q, q̄, g

dσ(e+e− → q(g) + X)

dx
=

4πα2

3q2
3

2nf
∑

F=q,q̄
e2

FD
q(g)
F (x, µ2, q2)With D

q(g)
F as the probability to fragment a bare parton F with thevirtuality up q2 into a dressed parton q(g) having a longitudinal momentumfra
tion x.Gribov-Lipatov relation at parton level:

Db
a(x, µ2, q2) = D

b
a(x, µ2, q2)



h1 + h2 → h +X

σ =
∑

a1a2c

∫

dx1dx2D
a1
h1

(x1, q2)Da2
h2

(x2, q2)σa1a2→cdD
h
c







x

z
, q2





AND ..............................


