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QCD

• SU(3) gauge symmetry and 1 + nf + 1 parameters: 	
	
	
	
	
	
	
	
	  

• Ultraviolet regulator necessary; use spacetime lattice. 

• Infrared regulator helpful; use finite lattice ⇒ # d.o.f. is finite ⇒ computer. 

• Compute M(L,  a(g2);  {msea};  {mvsl};   p).

LQCD =
1
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0
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ȳ f (/D+m f )y f

+
iq
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M(L,a(g2
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QCD

• SU(3) gauge symmetry and 1 + nf + 1 parameters: 	
	
	
	
	
	
	
	
	  

• Ultraviolet regulator necessary; use spacetime lattice. 

• Infrared regulator helpful; use finite lattice ⇒ # d.o.f. is finite ⇒ computer. 

• Compute M(L,  a(g2);  {msea};  {mvsl};   p).

LQCD =
1
g2

0
tr[FµnFµn]

� Â
f

ȳ f (/D+m f )y f

+
iq

32p2 eµnrs tr[FµnFrs]

fp4s & fπ, or w0 & MΩ, or ....

Mπ, MK, MDs, MBs, ....

θ = 0 ⇐ neutron EDM.

M(L,a(g2
0);{msea};{mval};p)
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Effective Field Theory

M(L,a(g2
0);{msea};{mval};p)
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Effective Field Theory

M(L,a(g2
0);{msea};{mval};p)

RG trajectory: 

O(a2) ⇐ Symanzik EFT
a�1e�2p/b0g2

0 = Llat µ LMS
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Effective Field Theory

M(L,a(g2
0);{msea};{mval};p)

RG trajectory: 

O(a2) ⇐ Symanzik EFT
a�1e�2p/b0g2

0 = Llat µ LMS

sea quarks: 
{mĺ, mĺ, mś} = 2+1 

mĺ → ml ⇐ χPT
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Effective Field Theory

M(L,a(g2
0);{msea};{mval};p)

RG trajectory: 

O(a2) ⇐ Symanzik EFT
a�1e�2p/b0g2

0 = Llat µ LMS valence quarks, e.g., 
{mQ, mq} for meson

sea quarks: 
{mĺ, mĺ, mś} = 2+1 

mĺ → ml ⇐ χPT
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Effective Field Theory

M(L,a(g2
0);{msea};{mval};p)

nonzero 2πn/L for, e.g., 
form factors

RG trajectory: 

O(a2) ⇐ Symanzik EFT
a�1e�2p/b0g2

0 = Llat µ LMS valence quarks, e.g., 
{mQ, mq} for meson

sea quarks: 
{mĺ, mĺ, mś} = 2+1 

mĺ → ml ⇐ χPT
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Effective Field Theory

M(L,a(g2
0);{msea};{mval};p)

often exponential, but 
can be power-law, e.g., 
scattering or frozen Q

nonzero 2πn/L for, e.g., 
form factors

RG trajectory: 

O(a2) ⇐ Symanzik EFT
a�1e�2p/b0g2

0 = Llat µ LMS valence quarks, e.g., 
{mQ, mq} for meson

sea quarks: 
{mĺ, mĺ, mś} = 2+1 

mĺ → ml ⇐ χPT
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Effective Field Theory

M(L,a(g2
0);{msea};{mval};p)

often exponential, but 
can be power-law, e.g., 
scattering or frozen Q

nonzero 2πn/L for, e.g., 
form factors

RG trajectory: 

O(a2) ⇐ Symanzik EFT
a�1e�2p/b0g2

0 = Llat µ LMS valence quarks, e.g., 
{mQ, mq} for meson

sea quarks: 
{mĺ, mĺ, mś, mć} = 2+1+1
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QCD Hadron Spectrum
π…Ω: BMW, MILC, PACS-CS, QCDSF; ETM (2+1+1);

η-ηʹ: RBC, UKQCD, Hadron Spectrum (ω); 
D, B: Fermilab, HPQCD, Mohler&Woloshyn

numerous 
quarkonium 
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© 2012−2014 Andreas Kronfeld/Fermi Natl Accelerator Lab.

B mesons offset by −4000 MeV

compilation updated from arXiv:1203.1204
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http://arXiv.org/abs/1203.1204/


Neutron-Proton Mass Difference 
Science 347 (2015) 1452
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Inverse β decay region

Mn = Mp

5

stars need different fuel

p → n+e+νe

region of inverse beta-decay: 1H → n+νe

Budapest-Marseille-Wuppertal Collaboration

https://inspirehep.net/record/1300659
https://inspirehep.net/record/1300659
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Predictions
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Outline

• Lattice QCD 

• What is it? 

• What has it done to make America great again? 

• Selected Calculations 

• FCNC & B-Bbar0Mixing	 One constraint to kill them all! 

• Charged-current anomalies: R(D) and R(D*);  B → τν (new!). 

• Quark masses (brand new!)

B0
(s)-B̄

0
(s)
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https://inspirehep.net/record/1643879


QCD for Neutral-Current Anomalies



Flavor-Changing Neutral Currents

• Rare processes are sensitive to non-Standard physics: leptoquarks, Zʹ, 4th 
generation, non-Standard Higgs bosons, supersymmetry. 

• Several “tensions”: 

• deficits in B → K(*)μμ; 

• B-Bbar0mixing; 

• excess in B → D(*)τν (even if it is a charged current). 

• Experimental results available; more on the way, e.g., B → K(*)ee. 

• Nonperturbative hadronic matrix elements available (with full error budgets).

B0
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0
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Basic Formulas for B → πl+l–, Kl+l– 
cf., arXiv:1510.02349, Sec. 2 & Appendix B

• One-loop effective Hamiltonian contains many operators (q = d, s): 

• Matrix elements of Q7, Q9, Q10 yield form factors, including tensor fT.

10

Qu
1 = (q̄Lgµ T auL)(ūLgµ T abL) Qu

2 = (q̄Lgµ uL)(ūLgµ bL)

Q1 = (q̄Lgµ T acL)(c̄Lgµ T abL) Q2 = (q̄Lgµ cL)(c̄Lgµ bL)

Q3 = (q̄Lgµ bL)Â
q0
(q̄0gµ q0) Q4 = (q̄Lgµ T abL)Â

q0
(q̄0gµ T aq0)

Q5 = (q̄Lgµ1gµ2gµ3bL)Â
q0
(q̄0gµ1gµ2gµ3q0) Q6 = (q̄Lgµ1gµ2gµ3T abL)Â

q0
(q̄0gµ1gµ2gµ3T aq0)

Q7 =
e

16p2 mb(q̄Ls µn bR)Fµn Q8 =
g

16p2 mb(q̄Ls µn T abR)Ga
µn

Q9 = (q̄Lgµ bL)Ầ( ¯̀gµ`) Q10 = (q̄Lgµ bL)Ầ( ¯̀gµ g5`)

http://arxiv.org/abs/1510.02349


Semileptonic B → Kll, πll 
arXiv:1509.06235, arXiv:1306.2384

• Compute f(k, ms, ml, a). 

• Combine data with 
Symanzik EFT & χPT: 

• ml → ½(mu+md); 

• a → 0. 

• Limited range: |k|a ≪ 1. 

• Extend range with z 
expansion |z| < 0.3.
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• Form factors expressed as polynomial in z

Coefficients and Correlations: B → Kl+l– 
arXiv:1509.06235

• Correlations for B → πl+l– in arXiv:1503.07839 and arXiv:1507.01618.
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• Form factors expressed as polynomial in zz =
p

tcut �q2 �
p

tcut � t0p
tcut �q2 +

p
tcut � t0

http://arxiv.org/abs/1509.06235
http://arxiv.org/abs/1503.07839
http://arxiv.org/abs/1507.01618


Kinematic Distributions

• Experimental data from LHCb [arXiv:1403.8044, arXiv:1509.00414] and 
earlier experiments; right plot’s theory preceded measurement: 

	 arXiv:1510.02349	 arXiv:1507.01618
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Kinematic Distributions

• Experimental data from LHCb [arXiv:1403.8044, arXiv:1509.00414] and 
earlier experiments; right plot’s theory preceded measurement: 
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Neutral-Meson Mixing

• In the Standard Model, neutral mesons can oscillate into their antiparticles: 

• In extensions of the SM, other particles 

• could appear in the boxes; 

• could appear at the tree level: flavor-changing neutral current. 

• Observed for all neutral mesons: K0, D0, B0, Bs.
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Basic Observables

• The particle and antiparticle evolve in time via 	
	
	
	
	
where M and Γ are 2×2 Hermitian matrices, with M11 = M22, Γ11 = Γ22. 

• Mass difference: ΔM ≈ 2|M12|. 

• Width difference: ΔΓ ≈ 2|Γ12| cos φ. 

• CP asymmetry of flavor-specific decays:

16

i
d
dt

����
B0

B̄0

�
=

✓
M� i

G
2

◆����
B0

B̄0

�

afs =
|G12|
|M12|

sinf

DG ⇡ 2|G
12

|cosf , f = arg[�M
12

/G
12

]



Effective Hamiltonian

• After integrating out heavy particles: 	
	
	  

• For ΔF = 2 processes, discrete symmetries and Fierz rearrangement reduces 
the list of all possible operators to 8 = 5 + 3: 	
	
	
	
	
	
	
	
	
	
By parity in QCD: 

17

L = Lkin[`,q,g,g]+Â
i

Ci(a,as,GF ,sin2 q ,m`,mq,V ;NP)Li[`,q,g,g]

O1 = b̄gµ Lqb̄gµ Lq Õ1 = b̄gµ Rqb̄gµ Rq

O2 = b̄Lq b̄Lq Õ2 = b̄Rq b̄Rq

O3 = b̄a Lqb b̄b Lqa Õ3 = b̄a Rqb b̄b Rqa

O4 = b̄Lq b̄Rq

O5 = b̄a Lqb b̄b Rqa

hB̄0|Oi|B0i= hB̄0|Õi|B0i



• The off-diagonal terms in the mass and width matrices are related to 
the	 .  

• In the Standard Model, the mass difference (aka oscillation frequency)	
	
	
	
	
where S0 comes from the box diagrams, η2B from pQCD corrections. 

• The product 	 is scheme and scale independent. 

• In extensions of the Standard Model, any or all of the 5+3 operators 
could appear. 

• arXiv:1602.03560 has first unquenched lattice QCD calculation of all 
five matrix elements: dominate FLAG average of November 2017.

DMq =
G2

F m2
W

4p2MBq

��V ⇤
tqVtb

��2 S0(m2
t /m2

W )h2BhB̄q|O1|Bqi, q = d,s

h2BhB̄q|O1|Bqi

hB̄q|Oi|Bqi
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http://arxiv.org/abs/1602.03560
http://flag.unibe.ch/Media?action=AttachFile&do=get&target=FLAG_HQB_webupdate.pdf


Oscillation Frequencies

• Taking CKM from tree-only inputs 
(from CKMfitter): 

• Contrast with the measured 
frequencies:

19

DMexpt

d = (0.5055±0.0020) ps

�1

DMexpt

s = (17.757±0.021) ps

�1

DMSM
d = 0.639(50)(36)(5)(13) ps�1

DMSM
s = 19.8(1.1)(1.0)(0.2)(0.4) ps�1

DMSM
d

DMSM
s

= 0.0323(9)(9)(0)(3)

• These amount to discrepancies of 2.1σ, 1.3σ, and 2.9σ, respectively. 

• Examine these tensions with those in other FCNC processes, casting 
each one as a “CKM determination”.



• CKM from FCNC are lower than determinations from trees and unitarity.

2.0σ, 2.9σ

2.0σ, 1.2σ 2.1σ

expt
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3

|Vts |  × 10
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   |Vtd  / Vts |  

0.18 0.19 0.20 0.21 0.22 0.23      

CKM Comparison
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Wilson Coefficients

• It’s sad to assume no new physics: 

• take the CKM matrix from a 
global fit; 

• determine best fit to Wilson 
coefficients C9 and C10. 

• From the observables considered 
here, the SM is 2σ away from the 
best fit. 

• Comparable but complementary to 
angular observables in B → K*μμ.
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Wilson Coefficients 2

• Add Bs → μμ, which also relies 
on lattice QCD—    . 

• (Decay constant of 2015.) 

• Favored region shrinks but only 
away from SM point. 

• NB: assuming no new CPV and 
avoiding b → sγ constraints.
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QCD for Charged-Current Anomalies



R(D)
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New Physics in B → D(*)τν? 
BaBar, arXiv:1205.5442; Belle, arXiv:1507.03233; LHCb, arXiv:1506.08614

• BaBar presented evidence for an excess in both channels: 

•  2.0σ for R(D);  2.7σ for R(D*);  3.4σ combined. 

• With Belle & LHCb: 

• 3.9σ combined. 

• Estimated form factors w/ 

• HQET; 

• quenched QCD.

24

http://www.slac.stanford.edu/xorg/hflav/semi/fpcp17/RDRDs.html
http://arxiv.org/abs/arXiv:1205.5442
http://arxiv.org/abs/arXiv:1507.03233
http://arxiv.org/abs/arXiv:1506.08614


Form Factors for B → D(*)τν 
Fermilab/MILC, arXiv:1206.4992, arXiv:1503.07237; HPQCD, arXiv:1505.03925

• R(D) values: 

• 0.297 ± 0.017 (est.); 

• 0.316 ± 0.014 (F/M ’12); 

• 0.299 ± 0.011 (F/M ’15); 

• 0.300 ± 0.008 (HPQCD). 

• Lattice QCD work for R(D*) 
underway (see below).
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see also arXiv:1206.4977.
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New Physics in B → πτν? 
arXiv:1510.02349

• A charged Higgs boson mediating b → c could also mediate b → u. 

• SM prediction, including term 
mm	 . 

• With the Fermilab/MILC form 
factors, we find 

• Awaits LHCb, Belle 2
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see also arXiv:1501.05373

http://arxiv.org/abs/1510.02349
http://inspirehep.net/record/1340702


Progress Report on R(D*) 
arXiv:1710.09817

• Fermilab/MILC B → D*: 

• all four form factors; 

• MILC’s asqtad 
ensembles; 

•  2+1 sea quarks; 

• (same as previous 
slides). 

• Lattice 2017 proceedings: 
Alejandro Vaquero
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Form Factors Defined

• Electroweak charged current (w = vB⋅vD): 

• Linear combination of A2 & A3 appears in dΓ/dw suppressed by ml2; 

• charged Higgs Aoooml, which could thus alter the w distribution for τν.

hD⇤(pD⇤ ,en)|V µ |B̄(pB)ip
MB MD⇤

= e⇤n eµn
rs vr

Bvs
D⇤hV (w)

hD⇤(pD⇤ ,en)|A µ |B̄(pB)ip
MB MD⇤

= ie⇤n
�

gµn (1+w)hA1(w)� vn
B
⇥
vµ

BhA2(w)+ vµ
D⇤hA3(w)

⇤ 

hA2 hA3

A µ ml
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A. Vaquero Avilés-Casco et alia (Fermilab/MILC), PRELIMINARY
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Leptonic Decays: B → τν, Ds → lν; Bs → μ+μ−

• Simplest flavor-physics for lattice QCD. 

• Amplitude(B → τν) ∝ |Vub|fB and, so far 
“yields”  that is too high. 

• Amplitude(B → μ+μ−) ∝ |Vts||Vtb|fB×box, so 
could have BSM loop too. 

• New calculation from Fermilab Lattice & 
MILC Collaborations [arXiv:1712.09262]. 

• 20 (2+1+1) HISQ ensembles. 

• Huge slab in parameter space.
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Results for Decay Constants

• Fermilab Lattice & MILC [arXiv:1712.09262]: 

• Overall uncertainty:	 ~0.2% for D mesons, 	
	 ~0.7% for B mesons.
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u, d, s, c sea

u, d, s sea
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fD0 = 211.5(0.3)stat(0.3)syst(0.2) fp,PDG MeV

fD+ = 212.6(0.3)stat(0.3)syst(0.2) fp,PDG MeV

fDs = 249.8(0.3)stat(0.3)syst(0.2) fp,PDG MeV

fB+ = 189.4(0.8)stat(1.1)syst(0.3) fp,PDG MeV

fB0 = 190.5(0.8)stat(1.0)syst(0.3) fp,PDG MeV

fBs = 230.7(0.8)stat(0.8)syst(0.2) fp,PDG MeV

http://inspirehep.net/record/1644910
http://inspirehep.net/record/1306303


Archaeology
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Quark Masses New



Heavy-light Meson Masses in HQET

• From HQET (or other approaches to the 1/mh expansion):	
	
	
	
	
	
	
	
	
	
	  

• For ~20 years, I’ve wanted to vary mh and use this formula to determine 
M, Mj, and MG(mh) from lattice QCD [arXiv:hep-ph/0006345].

MHJ = mh + L̄+
µ2

p
2mh

�dJ
µ2

G(mh)

2mh

L̄ µ2
p µ2

G(mb)
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m
b,pole

/m̄b = (1,1.093,1.143,1.183,1.224)

What’s a Quark Mass?

• You can’t put a quark on a scale and weigh it. 

• Need definition, preferably regularization-independent, in QFT. 

• Natural candidate is the “perturbative pole mass.”  Alas, ambiguous: 

• physics—infrared gluons need to find a sink; 

• mathematics—obstruction to Borel summation of the perturbative 
series; 

• jargon—infrared renormalon; 

• numbers—	 .
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Short-Distance Definitions

• Usual work-around is to use a “short-distance” mass. 

• The MS mass in dimensional regularization, mhMS(m); 	 : 

• spoils HQET power counting: m	 j. 

• Other definitions subtract out infrared part: 

• “kinetic mass” (Uraltsev) via a Wilsonian renormalization; 

• “renormalon subtracted mass” (Pineda) subtracts out renormalon; 

• “MSR mass” (Hoang, Jain, Scimemi, Stewart) similarly 

• all need another scale 1 GeV < νf < mh, or yet another αs(μ).

mh,MS(µ) m̄h ⌘ mh,MS(m̄h)

m
pole

� m̄h µ as(m̄h)m̄h
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Renormalon-a-Ding-Dong

• The nth coefficient in the relation between mpole and m grows like n!: 

• Theory of asymptotic series leads to (αg is αs with simpler algebra): 	
	
	
	
	
	
and note that the integration is ill-defined for z > 1. 

• Break the integral into an unambiguous part z ∈ [0,1] and a totally 
ambiguous part z ∈ [1,∞].

rn ⇠ Rn = R0(2b0)
n G(n+1+b)

G(1+b)
, n � 0, b =

b1

2b 2
0
=

231
645

for (n f = 4)

µ
•

Â
n=0

Rnag(µ) =
R0

2b0
µ
Z •

0
dz

e�z/(2b0ag(µ))

(1� z)1+b

⌘ J (µ)
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• Splitting the integral (Brambilla, Komijani, ASK, Vairo): 

• Minimal renormalon-subtracted (MRS) mass:

Minimal Renormalon Subtraction 
arXiv:1712.04983

J (µ) = JMRS(µ)+dm

JMRS(µ) =
R0

2b0
µ
Z 1

0
dz

e�z/[2b0ag(µ)]

(1� z)1+b

dm =
R0

2b0
µ
Z •

1
dz

e�z/[2b0ag(µ)]

(1� z)1+b =�(�1)b R0

21+bb0
G(�b)LMS

m
MRS

⌘ m
pole

�dm

= m̄

 
1+

•

Â
n=0

[rn �Rn]an+1

g

(m̄)

!
+J

MRS

(m̄)
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• MRS mass is a short-distance mass: subtract off long-range δm. 

• No new scale: trim long-range field at 1/mh, not 1/νf. 

• Numerically very stable: m	 . 

• Use new formula [Kojimani, arXiv:1701.00347] for R0 to evaluate Rnnnn. 

• Makes HQET formula unambiguous (to order 1/mh): 

• Next step: fit this formula to lattice-QCD data!

Remarks

mb,MRS/m̄b = (1.157,1.133,1.131,1.132,1.132)

MHJ = mh,MRS + L̄MRS +
µ2

p
2mh

�dJ
µ2

G(mh)

2mh
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• Same 
correlators   
as decay 
constants. 

• 20 ensembles 

• 0.005–0.12% 
on meson M 

• 5 (6) lattice 
spacings 

• Snapshot at 
right ☛

HQET Fit ⊕ Symanzik EFT ⊕ χPT

0.2 0.3 0.4 0.5 0.6 0.7 0.8

1/mh,MRS [GeV�1]

0.58

0.60

0.62

0.64

0.66

0.68

0.70

M
H

s
�

m
h
,M

R
S

[G
eV

]

a ⇡ 0.12fm
a ⇡ 0.09fm
a ⇡ 0.06fm
a ⇡ 0.042fm
Continuum

40



• Not quite finished, so these preliminary results are indicative: 

• To our knowledge, first results w/ order-αs5 running & order-αs4 matching. 

• Precision: 0.3% for bottom to 0.5% for charm.

Results & Comparisons
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• With mass ratios from light pseudoscalar meson: 

• Most precise strange and “light” quark masses to date. 

• Most precise quark masses for all quarks except top (mu > 50σ).

Results & Comparisons 2
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Outlook



Outlook

• Pressing issue is R(D*).  Perhaps in time for CKM 2018? 

• Decay constants are done? 

• The “all HISQ” technology can be extended to vector & axial-vector form 
factors, i.e., absolutely normalized currents: 

• good news for |Vcb|4 and |Vub|. 

• Neutral meson mixing still falls short of experimental precision: matrix 
elements have anomalous dimensions ⇒ perturbative QCD to get to MS. 

• Omitted here: theoretical and computational progress in B → K*(Kπ)μμ.
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Merci vielmals!


