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Transverse Motion

Hamiltonian for particle motion

H =ed+c[m*c* +(P—eA)*]"

 —

P = ; +eA is the canonical momentum

—_

p Is the mechanical momentum
Hamilton's equations of motion

oH oH
X=— P = elc...

BP 0x

(nb. dot denotes derivative wrt time)

nb. For much of the early part of this lecture | follow S. Y. Lee, Accelerator Physics, Chapter 2.



In accelerator physics we ask: "What are the
particles’ generalized coordinates when they reach
a certain point in space”?”

First, we convert to ‘fFrenet-Serret’ co-ordinate system

Particle motion Is described with respect to a reference orbit in the non-
inertial frame (x, y, s). This co-ordinate system is known as Frenet-Serret



e First, we convert to ‘Frenet-Serret’ co-ordinate system

s(s) = dro(s) Tangent unit vector to closed orbit
ds
R ds(s) , .
x(s)=—p(s) y Unit vector perpendicular to tangent vector
\)

y(s)=x(s)X y(s) Third unit vector...
Particle trajectory: r(s)=ro(s)+xx(s)+ y(s)
nb. the reference frame moves WITH the particle
We perform a canonical transformation using the generating function:
Fy(P;x,5,y) = —P.[1,(s)+ x%(s)+ y5(s)]
(note: P is momentum in cartesian system)

To obtain the Hamiltonian:

—eA )
H:e¢+C[m2c2+((lljlxe/[;))2 +(px_eAx)2+(py_eAy)2]1/2




* Next, we change the independent variable from t to s

The new conjugate phase space variables are

~/

And the new Hamiltonian (s-dependent)is H =—p_

xapx;yapy; 9_H

H=-(1+x/p)

(H —ed)’

C

—mPc —(p,—eA) —(p, —eA,)

1/2

—eA

Which is time-indepéndent (ifalso ¢,A are time—independent_)

Expanding the Hamiltonian to second order in px, Py

~/

H=-p(l+x/p)+

I+x/p

2p

H—ep=FE isthe total particle energy

D= \/E2 /c? —m?c? s the total particle momentum

) ) 1/2
((p,—€A,) +(p,—eA) | —eA,




Getting to Hill's equation (1)

Hamilton’s equations of motion™ are:

. 0H . O0H v oH . O0H
X = —— - —— —_ _— e —
ap. Px 0x ap, by

With transverse magnetic fields we showed last time scaled & in (x,s,y) :

B =B, (x,y)%+B,(x,y)
Y Y

S S

(1+x/p) dy ° (1+x/p) dx

X

Betatron equations of motion become: (neglect higher order terms)

2 2
O A B p0(1+ ) Y’ =— B, p0(1+ )
p° Bppl p Bpp p

*neglecting synchrotron motion




Getting to Hill's equation (2)
So we have these equations:

2 2
x—PX 5, p°(1+£j y” = B, p0(1+£j

p° Bppl p

Expand the B field to first order in x,y:

B, =-B,+— =—
’ 0™ ox T odx g
B, 1 | _ .
_p:; ie. dipole field defines the closed orbit
x"+K (s)x=0 K =1/p*-K,(s) 1 9B,
K (s)=
YK, (s)y=0 K, =K) ~ Bpox

nb. in a quadrupole Ky = -Ky



TR :
Hill's Equation
Hill’s equation is a linearised equation of motion describing particle oscillations:

2 2
d—f+kx(s)x - () d_f
ds

+k (s)y=0
7 ,(8)y

Question: we have ended up with linear equations of motion because we took 2nd

order Hamiltonian only! What would happen if we took the full Hamiltonian?

Where k changes along the path, and  B,(s)=0B, /dx
1 B(s) B, (s)

k — 1 k — 1

(5) _p2 Bp ,(5) Bp

evaluated at the closed orbit

Focusing functions are periodic over length L , ie. K, ,(s+L)=K_ (s)

B, (s)

Bp
Following similar notation to S. Y. Lee, Accelerator Physics, pp.41
E. D. Courant and H. S. Snyder, “Theory of the alternating-gradient synchrotron,” Annals of Physics, vol. 3, no. 1, pp. 1-48, 1958.

nb. In a quadrupole: k. (s)=-



& differentiate...

x' = x/g{w’(s)cow — cjj) w(s)sin ¢}

Differentiate again...

x” =€ w”(s)cosP—

.

Sub into Hill’s...

Je {w”(s)cos¢—

o

’

w(s)

w(s)

sin @ +

¢ =0(s)+ 9,

’

w'(s)

w2 (s)

SIn¢ — —Cos @

/

1

—5 COS @
w

—0

}+ka/Ecos¢=O

| et’s check if the following solves Hill's equation...

=\ B(s)€ cos(P(s)+ ¢,)
Substitute ~ w=4+/B

1

WE

nb. we need:

'

J

gives...

x"+kx=0

impose this...
dp 1 1
ds  B(s) w(s)

w”(s)—i?)+kw:O

w

1

1
‘envelope equation’ E’B’B”_ — B +kB =1

4




Particle in AG focusing

Periodic section
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Particle in AG focusing

Periodic section (mismatched bea m)
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Particle in AG focusing

eriodic section (mismatched beam
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Particle in AG focusing

section (matched beam)
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4 single particle trajectory [mm] ————
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Solution of Hill's equation

x = | B(s)V e sin[@(s) + ¢, ]
A initial phase

phase

betatron function emittance

property of the machine (property of beam)
(not the beam)

phase advance ‘tune’

=I5 B(s)

Because transverse oscillations in accelerators were theoretically studied by Kerst anad

Serber (Physical Review, 60, 53 (1941)) for the first time in betatrons, transverse
oscillations in accelerators are known generically as betatron oscillations




ITransverse ‘phase space’ ellipse

S

. A X
Ellipse area: 5
A= JeB\Je! B = re \j@

Ellipse can change shape but not area!
Emittance is conserved. (cf. 'Louiville’s theorem’)




Transfer matrices

Express solution in matrix form...
\ x'(S) )
Where M Is the ‘transfer matrix’.

x(s)=M(s1s,)x(s,) x(s) =

do(s) 1
We already know (because we showed) =—
ds w
x =w+Ecos(@(s)+@,) reminder...
d(cos(f(x)) . df (x)
Take derivative for x'... I = —sin(f(x)) T

—

x'=w' 8cos(¢(s)+¢0)——€Sin(¢(S)+¢o)
w



( )

x(s,)

\ x'(s,) )

Trace two rays...

‘cosine like® =0

x =wA/€ cos(P(s)+@,)

x'=w!' 8COS(¢(S)+¢0)—_gSin(¢(S)+¢0)
%

o Q

b ( X(Sl) \
d \ x'(s,) )
'sine like’

Op=m/2

Yields 4 simultaneous equations so we can solve for a,b,c,d...

/

/
l+ww, wow,

w,
w

’

ww,

sin U —

’

—=COS U — W, W, sin,u

cos U

W, o
—Ccos U+ ww, SIn i
W,

,LL=¢2—¢1
!

w,w, sin U




Simplity by considering a period or ‘turn’, and w’s are equal.
( , )

cOs (L —ww sin U w? sin i

. — o) /2
period 1 +wWw .

’/ .
— ——sin{l cosy+ww sinl

\ W J

It we define the so-called “Twiss’ or ‘Courant-Snyder’ parameters:

1 1+ o
2 / =
B P B
_( cos [+ asin Psin \
period \ —ysin i COS UL—osin iU )

(sorry that we are reusing symbols again... these are NOT
the relativistic parameters)



Fvolution of beta In a lattice. ..

BBQ'BE'Eﬂ'B‘I£‘LB1'B1'BQ'E’=2—L

m
120 P 680°
&0 J0°
S —a M
LENGTH  ANGLE K(V)  ALPHA(P) BETACH)  ALPHACH)  MUH/ZPL  BETA(V) ALPHA(V)  MUV/2P] AH/2 Av/2

1 3,085000 0,000000 =,015083 |,386440104,884855 2,452160 ,004574 19,011703 «,520345 ,026871 65,715663 9,917560
2 360000 0,000000 0,000000 §,374653103,127966 2,428089  ,008522 {9,395014 =,544408 (039565 64,547813 10,017039
3 6,260000 ,008448 0,000000 1,196124 75,348859 2,00052) ,05643) 28,828710 #,962519 OPRL98 64,00497] 12,21291]
4 ,400000 ©0,000000 0,000000 {,186405 73,75194] 1,982778  ,017287 29,609417 w,G89248 024377 ¥4,7%134] 13,376828
5 6,260000 ,008445 0,000000 {,060742 51,548094 1 ,564207 (033474 44,610910 #1,40707% ,I019R8 54,174091 15,192432
6  ,390000 0,000000 0,000000 §,084559 50,338182 {,338130 ,034692 45,718585 w1,433{22 403302 45,4208681 15,379447
7 6,260000 ,00844%5 0,000000 ,961762 33,701223 1,119863 088975 66,274961 ],850527  ,{B144] 44,905056 18,517478
8  ,380000 0,000000 0,000000 ,978948 32,860081 1,094184  ,06079) 67,691002 wi, 875896 123344 36,980337 18,713705
9 6,260000 ,008445 0,000000 ,959017 21,781%569 676588 098301 D3I,787676 2,292783 134064 36,%34921 22,028267
0 2,34R700 0,000000 0,000000 981480 18,083146  ,5{8942 ,116758104,896272 v2,449038 438621 30,060327 23,295624
1 3,085000 0,000000 ,018037 1,034334 {8,983068 o, ,518916 ,143368104,901020 2,447388 443191 28,349412 23,716626
2 ,3%0000 0,000000 0,000000 1,050730 {9,334%00 =,542318 ,146275103,19861) 2,424067 143726 28,638028 23,296218
3 6,260000 ,00844% 0,000000 1,370047 28,764399 »,960870 189033 75,452122 2,007802 165027 35,08963% 23,106121

(380000 0,000000 0,000000 1,393038 29,504322 »,086287 101088 73,938822 1,982463 185836 35,546047 15,767412
5 6,260000 ,008445 0,000000 1,763219 44,472640 ], 404847  21873) 51,724004 1,565610 171978 43,75057% {9,557880
16  ,390000 0,000000 0,000000 1,28808) 45,57880% «1,430024  ,220109 50,513067 1,539589 123189 44,298587 16,390398
17 6,260000 ,008448 0,000000 2,213103 66,113699 w1,849484  ,238298 33,849177 1,122280 302377 53,470174 }6,168762
18 ,400000 0,000000 0,000000 2,241952 67,603985 w1,876220 239281 32,962034 1,008879 100283 B4,079136 {3,233307
19 6,260000 ,008445 0,000000 2,7{9868 93,714254 «2,294790  ,281700 21,889390 677943  BI6745 63,830251 13,00874)
20 2,352700 0,000000 0,000000 2,909420104,882261 »2,452099 ,255558 19,038998  ,820847 ;965140 67,892709 10,634409
25 3,08%5000 0,000000 «,015063 2,946010104,882266 2,4%52098 ,260189 {9,038106 =,520546  BO167) 68,B53088 9,924676
22 ,380000 0,000000 0,000000 2,92544310),12642f 2,428027 260080 19,421581 w, 5448579 (984603 67,668809 10,033890
23 6,260000 ,008445 0,000000 2,594240 79,347037 2,000487 271992 28,654181 =, 9062177  ¢M7P246 67,105194 12,218308
24 ,400000 0,000000 0,000000 2,574785 73,750162 1,982722 ,273846 29,634602 w,088874 4380424 B7,5469390 12,382087
25 6,260000 ,008443 0,000000 2,296428 51,546933 1,564182 289032 44,628208 »1,406185 I869H7 56,930187 15,195377
26 ,390000 0,000000 0,000000 2,280734 50,3370%7 1,838085  ,20025] 45,735180 «1,432204 38833} 47,899567 15,382238
27 6,250000  ,008445 0,000000 2,058264 33,700812 1,119525 (314534 66,2760062 »1,0849098 76466 47,388928 [8,517744
2% 380000 0,000000 0,000000 2,043182 32,889428 1,094117 316382 67,691805 =1 ,874438 377369 )9,127022 18,713847
29 6,260000 ,008445 0,000000 1,870577 21,781305 675557 35194 93,756993 2,200782 369868 38,663082 22,026838
30 2,342700 0,000000 0,000000 {,815875 $8,983101 918917  ,373318104,868002 »2,448875 (393648 31,892336 23, 290281
34 3,085000 0,000000 ,015037 1,87360) 18,98){78 =, 518943 ,308928104,662544 2,447912 I9ER220 30,027986 23,712898




How do we measure a ‘tune’”

Measure the turn-by-turn oscillations of a bunch

~>{ }1— Period of revolution (1 turn)

Envelope X, sin 2 gACH

Tune measurement example from

w \I\y Kyoto University 150 MeV proton FFAG

Signal from beam position monitor

Fpan: AEny

Main frequency = revolution frequency
'Sideband’ frequency gives the tune K




Transfer matrices

LX)

x(s)=M(s1s,)x(s,) x(s) =

Where M is the ‘transfer matrix’.

The effect of a succession of drifts & lenses can
be found by multiplying their transter matrices...

x(s ) =M (s, s ). M,(s;15,)M,(s, | s)M,(s,15,)x(s,)

We could do this for a whole ring, but usually can
exploit some symmetry (superperiod or cell)



AG focusing

Transfer matrix (x, x’) for a

M(s,s,) =+

/

.

quadrupole:

cos\/El

. Ksinx/El COS\/EZ )

|

cosh \/|?| [

\

1
—sin\/El
JK

1
0 1

\
1
inh /| K|/

\ —\/|E| sinh \/|?|l cosh \/|E|l

K <O.

Focusing quad

Drift space

Defocusing quad



Stability: an example

This solution is ‘stable’ in periodic system when there is a
real betatron phase advance or tune, such that: /
F

Tr(M) <2
So let’s test this out. ..

1.0j““““““‘anll-llln‘”

0.8

0.6

04 fo+ fi =const., 0<6< 16,

0.2 ‘ fo — f1 = const., %90 < 0 <0,.
i \

0.0 ‘ W 7 | parameterise it in terms of f, think of f as focal length
100 02 04 O6N
fo ‘stability region’

nb. no drift space & no edge focusing in this case




AG focusing: thin lens

For infinitesimally short lenses, we can recover most of the physics
K(s)=%6(s)/ f where t is the focal length.

In the ‘thin lens’ approximation, for a ‘FODO’ |attice:

P B

Focusing & defocusing with a drift between doesn'’t cancel out.
This is what gives us ‘alternating gradient’ focusing



Equating these two;

( d d2 dz \
l—-——— 2d+— - ~
o FF 7 v - cos L+ osin i Bsin u
2
\ J
We find:
d2

COS,u:(mH+m22)/2:1— 2
1+sin(u/2)

sin U
¢ ds

Phase advance u(s)= Iﬁ(s)

Beta function  Bes=2d

tune’ v=u/2rn



nb. sector magnet focusing

—— sin @, cos @

0

D e —— cos @, psinéd
° = = 1
P M, =




summary

Equations of motion in transverse co-ordinates
Check Solution of Hill's equation

Transter matrices

Stability and AG focusing

Physical meaning of tune and beta



Note: Ted Wilson’s cyclotron derivation

w=—28,
m()

Equation of motion in a cyclotron

¢ Non relativistic

d(mv)

d(mv)
= F — VXB
dr i ~v<Bl
¢ Cartesian :
d(mv,) _ d(mx) _ q[y’Bz B ]
dt dt g
d ' i
(mv)/): d(my) — th-Bx _X'BZ]
dt dt
dimv,) d(mz) . :
22 = =q|xB, — VB
dt dt 2=, =) ]
¢ Cylindrical :
d(mr)_ mrd” = q[rGBZ —z'Be]
dt
d(mr@)_I_ mi® = g|zB, — B, |
dt
d(mz)’ ,
(dt ) ZQ[rBe_reBr]

Lecture 3 - E. Wilson - 17 Oct 2012 — Slide 6 @

Cyclotron orbit equation

¢ For non-relativistic particles (m = m,) and
with an axial field B, = -B

m, (f — réz) = —qr@BZ
m, (ré + 2r9) =qrB,
myz =0

¢ The solution is a closed circular trajectory
which has radius

¢ and an angular frequency

w=-1 B,
my,
¢ Take into account special relativity by

m=myy=my -
L,

¢ And increase B with g to stay synchronous!

Lecture 3 - E. Wilson - 17 Oct 2012 — Slide 7 @



Cyclotron focusing — small deviations

¢ See earlier equation of motion

d(ZI}) +mr* + q[réBZ — Z'B9] =0

+ If all particles have the same velocity:

p9=v =z

0

2
4 md—p + 1% +ev,B. =0
dt dt P

¢ Change independent variable and substitute for small
deviations

d d
E:VO_ ) ABZ:BZ_BO9 X=pP-Py

ds
¢ Substitute

_ Py = my,
¢ To give
1 d dx x 1 AB.
——| Py F—+ =0
mv, ds ds ) p,” p, B,

Lecture 3 - E. Wilson - 17 Oct 2012 — Slide 8 @

Cyclotron focusing — field gradient

¢ From previous slide
1 d( dx) x 1AB
_|_

Dy — |+
mv, ds| "’

+ Taylor expansion of field about orbit

2
B :BO+&BZx+107 By

: & 2 &’

¢ Define field index (focusing gradient)

1 B,
(Bypy) ok

¢ To give horizontal focusing

2
D, ds ds Jo,

Lecture 3 - E. Wilson - 17 Oct 2012 — Slide 9

fe=—




Cyclotron focusing
— betatron oscillations

¢ From previous slide - horizontal focusing:

HEm
D, ds\ "~ ds Jo,
¢ Now Maxwell’ s
VxB=0
¢ Determines ( B, j B ( oB,
& ) \ &

¢ hence B =-zB pk
¢ In vertical plane

ld(podzj+k2=0

ds

¢ Simple harmonic motion with a number of
oscillations per turn:

Qx: l_ka Qz:\/%

2

¢ These are “betatron” frequencies 0., @Q,

k>12

©

¢ Note vertical plane is unstable if

Lecture 3 - E. Wilson - 17 Oct 2012 —- Slide 10




