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Multi-particle collisions as the next frontier

• at high energies, many particles produced

• challenge: 5-particle processes at NNLO

• Les Houches 2017 wishlist, e.g. 

• challenge to evaluate the virtual corrections

pp ! 3 jets pp ! H + 2 jets pp ! V + 2 jets

picture: Quanta Magazine



Bootstrap approach

A(~x, ✏) =
X

i,j,k

cijk
1

✏

i
rj(~x) fk(~x) +O(✏)

~x

D = 4� 2✏

kinematic dependence

dimension

• Laurent expansion in ✏

• rational/algebraic normalization factors        
controlled by leading singularities, generalized cuts

• special functions                                                        
ansatz (educated guess, information from Feynman integrals)

• unknowns: finite number of coefficients                                            
fix from physical input, e.g. soft and Regge limit, discontinuities



Bootstrap (pre)history

• 1994: ‘One loop n point gauge theory 
amplitudes, unitarity and collinear limits’

• 1960’s: determine S-matrix 
from analytic properties

• 2017: first application to multi-loop QCD 
integrals, non-planar

[Bern, Dixon, 
Dunbar, Kosower]

[Chicherin, JMH, Mitev]

• 2011: bootstrap in planar maximally 
supersymmetric Yang-Mills theory

[Dixon,  Drummond, JMH]

many further developments [Almelid, Bartels, Bargheer, Caron-Huot, Del Duca, Dixon, Druc, 
Drummond, Duhr, Dulat, Gardi, Harrington, JMH, von Hippel, Marzucca, McLeod, Paulos,Pennington, 

Parker, Papathanasiou, Scherlis, Schomerus, Sprenger, Spradlin, Trnka, Verbeek, Volovich]



Bootstrapping pentagon functions

[arXiv:1712.09610 [hep-th]] with D. Chicherin and V. Mitev 
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Table 3. The parent diagram numerators that give pure integrands for the two-loop five-

point amplitude. Each basis diagram is consistent with requiring logarithmic singularities

and no poles at infinity. The overline notation means [·] $ h·i.
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Table 3. The parent diagram numerators that give pure integrands for the two-loop five-

point amplitude. Each basis diagram is consistent with requiring logarithmic singularities

and no poles at infinity. The overline notation means [·] $ h·i.
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Many thanks to my fantastic collaborators!

Dima Vladimir
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…coming from

A(~x, ✏) =
X

i,j,k

cijk
1

✏

i
rj(~x) fk(~x) +O(✏)

Strange numbers, e.g. ⇣2 =
X

k�1

1

k2
=

⇡2

6

Li2(x) = �
Z

x

0
log(1� y)

dy

y

Li2(1) = ⇣2interesting special functions, e.g.                                ,



Multiple polylogarithms, iterated integrals, 
symbols, and all that…

• many Feynman integrals evaluate to multiple 
polylogarithms; conveniently described by ‘symbols’

[Goncharov,  Spradlin, Volovich, Vergu, 2010]

• those special functions are best thought of as 
solutions to differential equations in canonical form

[JMH, 2013]

d

~

f(~x; ✏) = ✏ d

"
X

k

Ak log↵k(~x)

#
~

f(~x; ✏)

constant matrices letters (alphabet)



Iterated integrals
• Logarithm and dilogarithm are first examples of iterated integrals 
with special ``d-log`` integration kernels

dt

t
= d log t

�dt

1� t
= d log(1� t)

• these are called harmonic polylogarithms (HPL) [Remiddi, Vermaseren]

dt

1 + t
= d log(1 + t)

e.g. H1,�1(x) =

Z
x

0

dx1

1� x1

Z
x1

0

dx2

1 + x2

• Natural generalization: multiple polylogarithms

allow kernels w = d log(t� a)

Ga1,...an(z) =

Z z

0

dt

t� a1
Ga2,...,an(t)

• Chen iterated integralsZ

C
!1!2 . . .!n C : [0, 1] �! M

Alphabet: set of differential forms !i = d log↵i

(space of kinematical variables)

[also: hyperlogarithms; 
Goncharov polylogarithms]



The kinematic invariants

For five points we have

•
s

ij

= 2p

i

· p
j

= hiji[ji] of which five are independent:

v1 = s12 v2 = s23 · · · v5 = s51

• p�
where � = det(2p

i

· p
j

)



The alphabet
The planar case AP

•
W1 = v1 = 2p1 · p2 and 4 cyclic

•
W6 = v3 + v4 = 2p4 · (p3 + p5) and 4 cyclic

•
W11 = v1 � v4 = 2p3 · (p4 + p5) and 4 cyclic

•
W16 = v1 + v2 � v4 = �2p1 · p3 and 4 cyclic

•
W21 = v3 + v4 � v1 � v2 = 2p3 · (p1 + p4) and 4 cyclic

•
W26 = v1v2�v2v3+v3v4�v1v5�v4v5�

p
�

v1v2�v2v3+v3v4�v1v5�v4v5+
p
�

and 4 cyclic

•
W31 =

p
�

Even and odd

If p

i

2 R1,3 ) p
�⇤ = �p�

Hence W

⇤
j

= W

�1
j

and log(W⇤
j

) = � log(W
j

) for j = 26, . . . , 30



The alphabet
The non-planar case ANP

•
W1 = v1 = 2p1 · p2 and 4 cyclic

•
W6 = v3 + v4 = 2p4 · (p3 + p5) and 4 cyclic

•
W11 = v1 � v4 = 2p3 · (p4 + p5) and 4 cyclic

•
W16 = v1 + v2 � v4 = �2p1 · p3 and 4 cyclic

•
W21 = v3 + v4 � v1 � v2 = 2p3 · (p1 + p4) and 4 cyclic

•
W26 = v1v2�v2v3+v3v4�v1v5�v4v5�

p
�

v1v2�v2v3+v3v4�v1v5�v4v5+
p
�

and 4 cyclic

•
W31 =

p
�

Even and odd

If p

i

2 R1,3 ) p
�⇤ = �p�

Hence W

⇤
j

= W

�1
j

and log(W⇤
j

) = � log(W
j

) for j = 26, . . . , 30



Symbols of the functions

Once we have the alphabet, we can construct
the symbol of all the functions F

At weight w, the symbol looks like

SB[F ] =
X
↵a1,...,aw

|  {z  }
constants

[W
a1 , . . . ,Wa

w

]

It’s a short form for “iterated integrals”

[W
a1 , . . . ,Wa

w

] =

Z
d log(W

a1) · · ·
Z

d log(W
a

w

)

At loop level L need symbols of weight w = 2L



‘symbols’ vs. iterated integrals

• example:

[W3/W1,W13/W1] = [v3/v1, 1� v3/v1]

Definition: boundary point                .vi = �1

=

Z v3/v1

1
d log(1� y)

Z y

1
d log(z)

= [y, 1� y]
y = v3/v1

• roughly speaking, symbols are iterated 
integrals, forgetting about integration constants

= �Li2

✓
1� v3

v1

◆

• upgrade to functions by specifying boundary point



The transcendental functions

Planar case
All planar pentagon functions F

j

are known to 2-loops from

[Gehrmann, Henn, LoPresti, 2015]

Its alphabet AP has 26 letters

Non-planar case
At the non-planar level, there is a natural generalization of the
alphabet by making it permutation invariant

The alphabet ANP has 31 letters

[related work: Papadopoulos, 
Tommasini, Wever, 2015]

[Chicherin, JMH, Mitev, 2017]



Integrability of the symbols

The function F that

SB[F ] =
X
↵a1,...,aw [W

a1 , . . . ,Wa

w

]

represents should be invariant under infinitesi-
mal deformations of the integration contour

“The rotation is zero”

This imposes

X
↵a1,...,aw [· · · bW

a

i

, bW
a

i+1 , · · · ]
(
@ log W

a

i

@v
r

@ log W

a

i+1

@v
s

� (r $ s)

)
= 0

for all r < s = 1, . . . , 5 and i = 1, . . . ,w � 1



The first and second entry conditions

First entry condition
• Planar case: s12 and 4 cyclic permutation: {W

i

}5
i=1

• Non-planar case: s12 and 9 permutation: {W
i

}5
i=1 [ {Wj

}20
i=16

Second entry condition
• Experimental fact in the planar case that some pairs
[W

i

,W
j

, · · · ] do not appear in the Feynman integrals
• In the non-planar case we close the pairs under S5

permutations



How many functions do we have?
• Weight 0: one function, the constant

• Weight 1: 10 functions due to the first entry condition

log(s
ij

) with symbols [W1], . . . , [W5], [W16], . . . , [W20]

• Weight 2: 79 functions written as products of logs and
dilogarithms in the W

i

letters

• Weight 3: 616 functions

• Weight 4: 4927 functions



Mellin-Barnes integral representation
Main identity

1
(X + Y)a

=
1

�(a)

Z
c+i1

c�i1
dz

2⇡i
�(�z)�(a + z)Xz

Y

�a�z (?)

Procedure and Properties
• Start with Feynman parametrization of I and use (?)

I =

Z
[dx]

· · ·
F

#
F = x1x3s12 + · · ·

N + 1 terms in Feynman polynomial) N-fold MB integral

• The MB representation is not unique!

• In the non-planar case beware of (�1)z

Use global Feynman parametrization



Advantages of the MB representation

Derivatives and limits are easy
Using packages such as MB, MBasymptotics, MBsum, . . .
one can easily compute limits

The limits reduce the number of integrations

Discontinuities are easy

Disc

x

f(x)
x=�y

=
1

2⇡i

h
f(ye

�i⇡) � f(ye

i⇡)
i
, y > 0 .

) Disc

x

"Z
dz x

z

g(z)

#

x=�y

= �
Z

dz y

z

g(z)

�(�z)�(1 + z)
.



Summary bootstrap strategy

A(~x, ✏) =
X

i,j,k

cijk
1

✏

i
rj(~x) fk(~x) +O(✏)

~x

D = 4� 2✏

kinematic dependence

dimension

• normalization factors: computed by leading singularities

• special functions: pentagon functions

• fix coefficients from Mellin-Barnes limits, discontinuities 
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Table 3. The parent diagram numerators that give pure integrands for the two-loop five-

point amplitude. Each basis diagram is consistent with requiring logarithmic singularities

and no poles at infinity. The overline notation means [·] $ h·i.

– 27 –

Diagram Numerators

(a)
6 71

2

3

4

5

N

(a)

1

= h13ih24i
h
[24][13]

⇣
`

7

+ [45]

[24]

�

5

e
�

2

⌘
2

⇣
`

6

� Q12·e�3
e
�1

[13]

⌘
2

�[14][23]
⇣
`

7

+ [45]

[14]

�

5

e
�

1

⌘
2

⇣
`

6

� Q12·e�3
e
�2

[23]

⌘
2

i
,

N

(a)

2

= N

(a)

1

��
1$2

4$5

, N

(a)

3

= N

(a)

1

��
2$4

1$5

, N

(a)

4

= N

(a)

1

��
1$4

2$5

,

N

(a)

5

= N

(a)

1

, N

(a)

6

= N

(a)

2

, N

(a)

7

= N

(a)

3

, N

(a)

8

= N

(a)

4

,

(b)
6 7

1

2

3
4

5

N

(b)

1

= h15i[45]h43is
45

[13]
⇣
`

6

+ Q45·e�3
e
�1

[13]

⌘
2

,

N

(b)

2

= N

(b)

1

,

(c)
6

7

1

2

3

4 5
N

(c)

1

= [13]
⇣
`

6

+ Q45·e�3
e
�1

[13]

⌘
2

h15i[54]h43i(`
6

+ k

4

)2 ,

N

(c)

2

= N

(c)

1

��
4$5

, N

(c)

3

= N

(c)

1

, N

(c)

4

= N

(c)

2

,

(d)
6

7

1

2
3

4

5

N

(d)

1

= s

34

(s
34

+ s

35

)
⇣
`

7

� k

5

+ h35i
h34i�4

e
�

5

⌘
2

,

N

(d)

2

= N

(d)

1

��
4$5

, N

(d)

3

= N

(d)

1

, N

(d)

4

= N

(d)

2

,

(e)
6 71

2
3 4

5

N

(e)

1

= s

1

15

s

2

45

,

(f)
6

7

1

2
3

4 5
N

(f)

1

= s

14

s

45

(`
6

+ k

5

)2 , N

(f)

2

= N

(f)

1

��
4$5

,

(g)
6 71

2

3

4

5

N

(g)

1

= s

12

s

45

s

24

,

(h)
6

7

1

2

3 5

4

N

(h)

1

= h15i[35]h23i[12]
⇣
`

6

� h12i
h32i�3

e
�

1

⌘
2

, N

(h)

2

= N

(h)

1

��
3$5

,

N

(h)

3

= s

12

h13i[15]h5|`
6

|3] , N

(h)

4

= s

12

[13]h15ih3|`
6

|5],

N

(h)

5

= N

(h)

1

, N

(h)

6

= N

(h)

2

,

(i)
6 � 1 7

2

4

3

1

5
N

(i)

1

= h2|4|3]h3|5|2] � h3|4|2]h2|5|3] .

Table 3. The parent diagram numerators that give pure integrands for the two-loop five-

point amplitude. Each basis diagram is consistent with requiring logarithmic singularities

and no poles at infinity. The overline notation means [·] $ h·i.
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see e.g. [Arkani-Hamed, Bourjaily, Cachazo, Trnka, 2010]

• we apply this to integrals of the topologies:



The topology (i)

I(i) = ⇡
D

�3(�✏)
�(�3✏)

Z
[dz]

(2⇡i)5

5Y

j=1

�(�z

j

)

⇥ �(2 + 2✏ + z1,2,3,4,5)�(1 + z1,4,5)

�(2 + z1,4,5)

⇥ �(�1 � 2✏ � z1,2,4)�(�1 � 2✏ � z1,3,5)

�(�2✏ � z1,2,4)�(�2✏ � z1,3,5)

⇥ (�s15)
z1 (�s12)

z2 (�s13)
z3 (�s25)

z4

⇥ (�s35)
z5 (�s23)

�2�2✏�z1,2,3,4,5

z

i1,··· ,in = z

i1 + · · ·+ z

i

n

[dz] = dz1 . . . dz5



Ansatz

I(i) =
1p
�

"P2

✏2
+
P3

✏
+ P4 + O(✏)

#

where each P
n

is an MB integral

Weight 2 3 4

# of odd symbols for the topology (i) 9 180 2730

with first entries s12, s34, . . . 1 13 143

S2 ⇥ S3 symmetry 1 4 21

second entry condition 1 3 12



Weight 2

SB[P2] =c2

✓
� [W1,W30] � [W3,W26]

+ [W4,W26] + [W4,W30] + [W5,W26]

+ [W5,W30] � [W16,W26] � [W17,W30]
◆

Discontinuities

Disc
v1⇠0 SB[P2] = �c2[W30]

���
v1⇠0 = c2

⇣
[v2 � v4] + [v3] � [v4] � [v5]

⌘
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�3
v3(v2 � v4)

!
= Disc

v5⇠0Disc
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= � c2p
�

���
v5⇠0
v1⇠0
.

Since
p
�
���
v5⇠0
v1⇠0

= v3(v2 � v4) ) c2 = 3



Results

• For SB[P2] we find

P2 = 6

Li2(W26) + Li2(W30) � Li2(W26W30)

� 1
2

log W26 log W30 � ⇡
2

6

�

• We obtained the symbols of P3 and P4

• We obtained the symbols of I(c)
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Table 3. The parent diagram numerators that give pure integrands for the two-loop five-

point amplitude. Each basis diagram is consistent with requiring logarithmic singularities

and no poles at infinity. The overline notation means [·] $ h·i.
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Conclusions

• possible applications to amplitudes where 
‘integrand’ is available,                                           
e.g. all-plus amplitude, supergravity

• first application of bootstrap method to non-
planar multi-leg integrals

• conjectural second-entry condition - relation 
to Steinmann relations?

• proposed space of pentagon functions for 
scattering amplitudes



4XDQWD�0DJD]LQH

KWWSV���ZZZ�TXDQWDPDJD]LQH�RUJ�WKH�PDWK�SUREOHP�ZLWK�SHQWDJRQV���������� 'HFHPEHU���������

7KH��0DWK��3UREOHP�:LWK�3HQWDJRQV
7ULDQJOHV�ILW�HIIRUWOHVVO\�WRJHWKHU��DV�GR�VTXDUHV��:KHQ�LW�FRPHV�WR�SHQWDJRQV��ZKDW�JLYHV"

%\�3DWULFN�+RQQHU

%,*�0287+�IRU�4XDQWD�0DJD]LQH

&KLOGUHQfV�EORFNV�OLH�VFDWWHUHG�RQ�WKH�IORRU��<RX�VWDUW�SOD\LQJ�ZLWK�WKHP�e�VTXDUHV��UHFWDQJOHV�
WULDQJOHV�DQG�KH[DJRQV�e�PRYLQJ�WKHP�DURXQG��IOLSSLQJ�WKHP�RYHU��VHHLQJ�KRZ�WKH\�ILW�WRJHWKHU��<RX
IHHO�D�SULPDO�VDWLVIDFWLRQ�IURP�DUUDQJLQJ�WKHVH�VKDSHV�LQWR�D�SHUIHFW�SDWWHUQ��DQ�H[SHULHQFH�\RXfYH
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Pentagons are full of surprises…!


