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Mellin-Barnes representation

» evaluation by Mellin-Barnes (MB) representation is a powerful tool
for the calculation of Feynman integrals

» after MB representation is found, various packages exist for its
computation:

>

vy vy vVYVvYyy

MB [Czakon (2005)]

MBresolve [Smirnov,Smirnov (2009)]
MBasymptotic [Czakon (2006)]

MBsums [Ochman,Riemann (2015)]
MBnumerics [Usovitsch] yesterday's talk
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Mellin-Barnes representation

» MB representation = multi-dimensional contour integral of the form

/ d21 .. dZN X1A1(217"' 7ZN7d)X2A2(Z1,"' ,2N,d) ..

omi o
M(Bi(zi, -+ s zn, d))(Ba(z1,- -, zn, d)) - - -
MGz, 5 zn, d)) (G2, - 5 20, d)) - -

> red: kinematic variables,
» blue: linear combinations,
» d =4 — 2¢: number of space-time dimensions.

» the contour of the zi-integral is chosen so that it seperates left poles
(F(--- + z)) from right poles (I'(--- — z)) of the integrand.
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Mellin-Barnes representation

constructing MB representations:

> simple cases: rewrite massive propagators into massless ones using

1 1 dz B?
A+By () | 5 g o A2,

If the resulting Feynman integral can be solve in terms of
I-functions, we are done.
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Mellin-Barnes representation

constructing MB representations:
» complicated Feynman integrals:
> loop-by-loop approach (AMBRE v2) [Gluza,Kajda,Riemann (2010)]
> global approach (AMBRE v3) [Dubovyk,Gluza,Kajda,Riemann (2014)]
(based on Feynman parameterization)
yesterday's talk
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Mellin-Barnes representation

In this talk: a new approach for the construction of MB representations.

why bother?

> a representation with a rather low dimensionality is preferrable for
the evaluation.

» different methods lead to different MB representations with a
different dimensionality.

» for planar integrals the loop-by-loop approach provides very good
representations.

» for non-planar integrals the global approach is applicable but leads
sometimes to many MB dimensions.
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Outline

The (original) Method of Brackets

Modifications to obtain MB representations

Method of Brackets for MB

Example

Conclusion
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The (original) Method of Brackets

» Method of Brackets [Gonzalez,Schmidt (2007)] = a technique to
express Feynman integrals directly in terms of multi-fold sums.

» based on Ramanujan’s master theorem:
o0

:ZG :>/dxx =T (a)G(—a).

n=0 0

» "“The Bracket”:

(o) = /dx x1
0
» Property:

n=0

+a) =T(a)G(—a).
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The (original) Method of Brackets

» generalization to multi-fold sums:

(_1)n1+~‘-+n;< . .
S G (Bt A (e i )

nl--nk

= |det(A)| r(_nl) e r(_n;()G(r_’w)7

K1 - KK nk

(master formula)
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Modifications to obtain MB representations

» similar to Ramanujan's master theorem, we have the Mellin inversion
theorem

dz

Fo) = 27r1

x*F =>/dxxalf(x) F(—a).

» for multi-dimensional MB integrals (with the bracket notation):

/d21 /dZK ) (Br+ay-2) - Bk + dk - Z)

2mi

A~1j
|detA| FEAT)

(our master formula)
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Method of Brackets for MB

starting point: the Schwinger parameterization

1 n n e_l:/U_ZiX"mi2
d 3171 . /d aNfl
M(a1)---M(an) 0/ X J XN Xy yd/2 )

U and F: Symanzik polynomials.

idea: expand the Schwinger parameterized integral in terms of MB
integrals and brackets so that the master formula can be applied

only 4 simple rules required

Conclusion
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Method of Brackets for MB - Rule A

» split exponential function into factors
e” LiM = H e
i

so that A; consists only of a monomial or a monomial divided by U.

» apply Cahen-Mellin formula to the factors

e A = / dz,: AZ T (—2z)

2mi

» arrange the powers so that every base appears only a single time, e.g.

V4 Z;
y—d/2 (@) * (ﬁ) 2 — U*d/2*zlezX121+ZzX3Z1X:z
) )
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Method of Brackets for MB - Rule B

» powers of multinomials are treated by

1 le dZ_j
A AN = — ... — -
At AN =5y | o / omi (BTt z—a)

X A AT (=z) - T(—2))

> arrange the powers so that every base appears only a single time
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Method of Brackets for MB - Rule C

» Schwinger parameter integrals are rewritten as brackets

o0
/dX, Xi/_(a:l.,-u 222,»-.)—1 — <L(al’ . ;217 L. )> .
0
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Method of Brackets for MB - Rule D

» after rules A, B and C: “presolution” of the form

dz; dz . »
Py "/27r (B1+a1-2)---(Bk +dk - 2) f(2),

» K out of the J MB integrals can be solved using the brackets (i.e.
Mellin inversion theorem) = () possibilities

» w.lo.g.
zi to besolved 7 = (z1,---,2zx)7
z; to remain 2 = (zk41, 5 2))"

MB representation:

dz dz . oL L.
/ L / J (Br+a1-2+751-2) - Bk + Ak - 21 + Tk - 2o)f(Z1, 25)

27r1 2mi

dzk1 dz, 153 Al = o
- o At o aic
|detA| 2ni /27ri (=A7 2, 22)
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Optimization

» naive application of rules

= dim = #(terms in U) + #(termsin F) HU
8e/

+ #(massive lines) — #£propagators — 1

> optimization:
> identify recursively common subexpressions in U, F and 3, m?x;
» replace common subexpressions by new variables
> treat new variables like Schwinger parameters in Rule A and B
» after Rule B, reinsert common subexpressions one-by-one and apply
Rule B again

» if a polynomial with N terms appears J times
= dimensionality is reduced by (J — 1)(N — 1)
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Example

N

@+ g

—— massless, === mass m

G=6=0, (1+q)P2=M

U = xox5 + x1X0 + XaXs + XoX4 + XoXg + X3Xg + X1 X5
+ X1X6 + X3X5 + X1X3 + XaXe + X3X4 ,
F = —M? [xax3X5 + X1X3X6 4+ X1X2X3 + XoX4X5 + XaX3Xs + X2X3Xp]

>, mix; = m? [x1 + xo + x3 + X4]

» without optimization: 15 MB dimensions
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Example - Optimization
» rearrange U, F and Z,- m?x,-

U=(xs+x6)((x1 + xa) + (x2 + x3)) + (x2 + x3)(x1 + x4),
F=—M? [(x5 + X6 )x2x3 + x1x3%6 + (X1 + x4)x2x3 + X2XaX5] ,

> m2xi = mP((x1 + xa) + (x2 + x3))
» introduce new variables:

n=x+xa, =X+ X3,
r3=n-+r, ry = Xs + X6 ,
U=rnr+nn,

2
F = —M? [nxox3 + x1x3X6 + rXxaXx3 + XoXaXs)

> 2
> imix;p = mers

» = 4 MB dimensions
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Example - Rule A
» split e-function into factors:
e—F/U—Z,.X,-m,-2 _ e—M2r4X2X3/Ue—M2X1X3X6/Ue—M2r1X2X3/U

% e—M2X2X4X5/Ue—m2r3

» apply Cahen-Mellin formula:

d d
_F/U > xim? / Zl' / Z5(M2 21234( 2)25r(_21)_._r(_25)

27i
X r Z3 f3 r4Z1 U 21234X122 X22134X3Z123 X4ZA XSZAng

o0

a;—1
/dx1 Xt

0
M(=z1)-- - T(=2)
I'(al) s I'(a6)
X 17375 % U—Z1234—d/2X122 X22134 X§123 XZ4X§4 X622

omi 27r1

dxg Xga* / d21 dZ5 _ M2 )21234 (m2 )25

:\ 0\8
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Example - Rule B

» apply Rule B to power of U:

U Z1234— d/2 (r4r3+r2r1) 21234*0'/2

d26 dZ7
I'(21234+d/2) / 27Ti/ i<2123467+ / >
X [(=z6) (—z7) "7 "7 r3% ry%®

T d21 dz;

d ai—1 | d a.—, 1/ / M2 Z1234 2\zs
/ X1 / %6 % 27 2771 (m7)*
0

X (z123467 + d/2>
T
M(a1) - T(a6)T (z1234 + d/2)

X r1237 r227 I’325° r4216 Xllz X22134 X§123 Xj‘ X§4 ng
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Example - Rule B

» apply Rule B to power of ry:
r4216 — (X5 + X6)z16

! /d28 /d29
 T(—z6) ) 27 ) 2mi

Z89 — Z16>

X T(—2zg)l(—2z0)x2° xg°
7 dz dz
ai—1 ae—1 a1 Q29 N a2\z1234( 10228
/dx1 X; /dx6 X i / 27ri( M=)#2234 (m=)
0
X (z123467 + d/2><289 — Z16)
" M(—z)--T(—2)
M(a1)---T(a6)T(z1234 + d/2)[ (—2z16)
X r1237 r2Z7 ',3255 sz X22134X§123 X4 X5248 X6229
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Example - Rule B

» apply Rule B to power of r3:

r3255 — (rl +

r )256

Method of Brackets for MB

Example

! /dza/dzbz )
C T(—z) ) 27 ) 2mi ab 26
X I'(—za)r(—zb)rl ar2
7 dzb

/dxl X L. /dx6 26~
0

X (z123467 + d/2><289 -

M(—z)

g [
Z16><Zab - Z56>
M(—zp)

2771

M2 21234(m )

X r1237a r227bX122 X22134X§123

Z48 |, 229
X4 X5 Xg

" T(a1) T (a6) (21234 + d/2) (—z10) (—256)
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Example - Rule B

» apply Rule B to power of r;:

r227b = (X2 =+ X3)Z7b

1 /dzc / dZd >
=_—— (Zeg — z
M(—z7) ) 2mi ) 2mi g

X T(=ze)T(—zq)x5°x5"

oo

dz dz,

a 1 a 1 1 d 2\z 2\ z,
1—1 d 6 — M 1234 5
/dxlx / X6 X, /27r1 /2771 (m*)*
0

X (z123467 + d/2><289 — 216)(Zab — 256) (Zed — Z7b)
y M—z)--T(—2zq)
M(a1) - T(a6)l (21234 + d/2)T(—2z16)T (—256 )T (—275)

X r1237a sz X22134c X§123dXZA X§48 ngg
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Example - Rule B

» apply Rule B to power of r:

Modifications Method of Brackets for MB Example

rlz:na — (Xl + X4)237a

o 1 /dze de Z _ >
- r _2372) ef 37a

x (-

omi | 2mi

ze )T (—26)xq"xq

0

/ dxy x*~

o0

1 ag—1
/dx6 Xg°
0

dz; dzs 5 5
- " _M Z1234 P43
2mi / 27Ti( ) (m)

X (z123467 1+ d/2) (280 — 216)(Zab — Z56) (Zcd — Z7b)(Zer — Z37a)
M(=z1) - T(=2)

X (a1) -

Z2e \,Z134c
X X177 X5

I(a6)T (21234 + d/2)[ (—z16)[ (—256)[ (—276) (—2372)

X3

Z123d  Zaf | 248

Xy X5 Xg

Z29
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Example - Rule C

> replace all Schwinger integrals with brackets, e.g.:

-1
/Xm Xf1+22e = (al + ZQe>

le de 2\Z1234
/ omi / 27i —M7) (m)

X <2123467 + d/2><289 - Zl6><zab - 256><ch - Z?b><zef - Z37a>
X (a1 + zze) (a2 + z134c) (a3 + Z123d) (a4 + Zar)(as + za8) (a6 + 220)
M(=z1) --T(=2)
F(al) s r(aﬁ)r(21234 + d/2)r(—216)r(—256)r(—27b)I_(—237a)

X

» 15 MB integrals, 11 brackets = 4 MB integrals will remain
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Example - Rule D

> (ﬁ) = 1365 possible choices of which integrations should remain
> “only” 497 lead to a non-singular matrix A

» we choose 2>, z4, zg, z4 to remain
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Example - Rule D
write the “presolution” in the form

dz dzf Y Lo . oL
71 — (1 +a1-A+T-D) (Pt A+ T
27 27

=

S
- -~
a)
~—
N
i
S

- T -
Zl:(21,Z3,Z5,Z7,Zg,Zg,Za,Zb7ZC,Ze7Zf) ; 222(22724726;Zd) )
1 1 0 1000 0O0O0O 1110
10 0 0110 0000 0010
; 0 0-10001 1000 ; 00_10
ol 0 0 0 -1000 —1100 o 00 0 1
0 -1 0 -100-10 011 e Y_-|o000
A=1: =] 0000000 0010|,C=|:]=|1000
T 1 1 0 0000 0100 T 01 00
gy 1 1 0 0000 O0O0OOO Y11 10 01
0 0 0 0000 OOO1 01 00
0 0 0 0100 O0OOO 01 00
0O 0 0 0010 O0O0O0O 10 00
2 T
sg = (d/zv 03 0) 0,07 di, d2, d3, d4, as, 36) 3
f(“ ﬁ) (—M2)21234(m2)25r(—21)"'r(—Zf)
Z1,22) =
F(al) cee F(a(,)r(21234 + d/2)r(—Zlg)r(—Z56)r(—Z7b)r(—Z37a)

Conclusion

|
~
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Example - Rule D

MB representation is given by

1 dz [dzs [ dz / dzd 1z I
TdetAl | 271 | 2 —ATC
w5 5 [ oo aca)

dz dz dz dz Ttz
_ 2\ —ai2456+d _M2 —as g2 Sea 6 d
(m”) (=M7) /27ri/27ri/27r1/27r1< )

M(—z2)M(—z4)T(—26)T (—2z4)T (81 + 22)T (22 + z2)T (35 + z4)[ (26 + 22)
M(a1) - T(a6)
o I(a1as6 — d/2 + 204)[ (@12456 — d + 24 — z4)[ (a3 — as6 — 246 + 24)
(a4 + z24) (as6 + 224)

F(32 — a3z — Zog + z4)F(32 — d/2 — z26d)
Max—as— 22424 — 2z4)T(—az3 + d/2 + z4 — zy)
M(—as+ d/2+ z46 — z4)T (ase + 2246)

I(a12456 — d + 22 — Z6a)

X

X
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Open Questions

> In some rare cases (e.g. some one-scale 4-loop integrals) Rule D
fails (A is always singular), why?

> |s there a more efficient algorithm to identify common
subexpressions than the one in the paper?

» Can we “tune” the optimization procedure in a way that Barnes’
lemmas are applicable in the end?

» The method produces not one but many different MB
representations. Are some of them in some sense better than others?
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Summary

» a novel method for construction of Mellin-Barnes representations for
Feynman integrals

» reformulation of the "Method of Brackets”
> based on the Cahen-Mellin formula and Mellin's inversion theorem
» crucial point: optimization procedure (i.e. find common
subexpressions in the Symanzik polynomials)
» good results for many non-trivial Feynman integrals with not too
many scales (even non-planar ones)



	The (original) Method of Brackets
	Modifications to obtain MB representations
	Method of Brackets for MB
	Example
	Conclusion

