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Jn tis pap e things arc donc. () It s shown bt & con- - and presmably onsisent, ‘method is therefore available for the
sideable simplifaton can be acained i wridng down matix - calclaton of l proceses ivolving dlactrons and potos.
ements for complex procescs In eletrodynamies. Furthe, & the expressions results from an
physical point of view is available which permits them to be -all space-time view resulting from a study

en down directly for any specific problem. Being simply a  of the solution of the equations of electrodynamics, The relation

D. More Complex Problems

Matrix elements for complex problems can be set up in &
manner analogous to that used for the simpler cases. We give
{hres Shustrations; higher order corections to the Mylle scatier-

Fio. 1. The fundamental interaction Eq. (4). Exchange of one
intum between two clectrons.
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BEST TODAY

C. G. Papadopoulos, D. Tommasini and C. Wever, JHEP 1604, 078 (2016) [arXiv:1511.09404 [hep-ph]].
T. Gehrmann, J. M. Henn and N. A. Lo Presti, Phys. Rev. Lett. 116 (2016) no.6, 062001 Erratum: [Phys. Rev. Lett. 116

(2016) no.18, 189903] [arXiv:1511.05409 [hep-ph]].

Iy T J T2

Figure 1. The three planar pentaboxes of the families Py (left), Py (middle) and P (right) with
one external massive leg.
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Figure 2. The five non-planar families with one external massive leg.
G = e (3 GMabi? + i)
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+ 3 Gu MM + 3 GaMLb+b() (36)
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BEST TODAY

et e? €2 e! €

AP0 112.5(27.7526 |-23.773| -168.117 | -175.207+0.004
PO 112.5|27.7526 |-23.773 | -168.116 —
APl 112.5]27.7526 | 2.5029 |-35.8094 | 69.66120.009
PP 112.5|27.7526 | 2.5028 | -35.8086 —

TABLE II. The numerical evaluation of A®(1,2,3,4,5)
using {z1 = —1,z2 = 79/90,z3 = 16/61,24 = 37/78,25 =
83/102} in Eq.(6). The comparison with the universal pole
structure, P, is shown. The +++++ and -++++ amplitudes
vanish to O(e) for this (ds — 2)° component.

S. Badger, C. Brynnum-Hansen, H. B. Hartanto and T. Peraro, "A first look at two-loop five-gluon scattering in QCD,”

arXiv:1712.02229 [hep-ph].
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BEST TODAY

AR /A© et 3 2 1 0

(17,27,3%,4%,57) [ 12.5000000 | 25.46246919 | -1152.843107 | -4072.938337 | -3637.249567

(17,2%,37,4%,57) [ 12.5000000 | 25.46246919 | -6.121629624 | -90.22184215 | -115.7836685

TABLE II. Numeric results truncated to 10 significant figures for the two-loop split and alternating

MHV amplitudes, normalized to the tree level, at the kinematic point of eq. QIVJD.

S. Abreu, F. Febres Cordero, H. Ita, B. Page and M. Zeng, “Planar Two-Loop Five-Gluon Amplitudes from Numerical

Unitarity,” arXiv:1712.03946 [hep-ph].
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A REMARK

At the end of the day everything is about numerical applications,
but we need efficiency and reliability
and not only better computing machines
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PERTURBATIVE QCD AT NNLO

What do we need for an NNLO calculation ? )

P1, P2 — P3, .-+ Pm+2

T X =
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PERTURBATIVE QCD AT NNLO

What do we need for an NNLO calculation ? )

P1, P2 — P3; s Pm+2

2
ONNLO — / do <2Re M( ) M,(,%))—‘r ‘Mr(r:,l)‘ )Jm((b) vV

+ / do m+1 2Re (Mfr?j—*er(r}j—l))J’"‘f‘l(q)) RV
m+1

+ / d¢m+2’Mm+2‘ Im2(®) RR
m+2

RV + RR — Antenna-S, Colorfull-S, Sector-improved-RS, g1, N-jetiness
A. Gehrmann-De Ridder, T. Gehrmann and M. Ritzmann, JHEP 1210 (2012) 047
P. Bolzoni, G. Somogyi and Z. Trocsanyi, JHEP 1101 (2011) 059
M. Czakon and D. Heymes, Nucl. Phys. B 890 (2014) 152
S. Catani and M. Grazzini, Phys. Rev. Lett. 98 (2007) 222002
R. Boughezal, C. Focke, X. Liu and F. Petriello, Phys. Rev. Lett. 115 (2015) no.6, 062002
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OPP AT TWO LOOPS

coefficients of MI @ spurious terms

N(q)

DoD1 -+ D1

~1 o ~
ni: d(ioiriniz) + d(q; ol iaf3)
h<h i< DioDi1 Do Di>

—1 ... ~ ...
mz: c(ioiriz) + €(q; ioi1iz)

oraity DioDj1Dio
1, .
ni: b(ioi1) + b(q; i)
hort DioDjy
-1, L
mz: a(io) +3(q; io)
- Dio
0

rational terms

G. Ossola, C. G. Papadopoulos and R. Pittau, Nucl. Phys. B 763, 147 (2007)
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OPP AT TWO LOOPS

e Write the "OPP-type" equation at two loops

8)
N(l17l2 {P/ ml% Z 1112 m I17/2 {P:})

Dl D2 I . D/

m

m=1 " Spmin

— spurious @ ISP — irreducible integrals

Z Diviy i (hy ki {pi})
D;.D; ... D;

m
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OPP AT TWO LOOPS

e Write the "OPP-type” equation at two loops

in(n,8)
M mz”: Z 1112 lm I13/2 {P,})
DiD, .. Dy, - Di,

m=1 Sp.,

ADjy..im (hy 23 APi : . s
Z 12D T)( L 2D{P ) — spurious @ ISP — irreducible integrals

im
ISP-irreducible integrals — use IBPI to Master Integrals

Libraries in the future: QCD2LOOP, TwOLOop J

P. Mastrolia, T. Peraro and A. Primo, arXiv:1605.03157 [hep-ph].
J. Gluza, K. Kajda and D. A. Kosower, Phys. Rev. D 83 (2011) 045012

H. Ita, arXiv:1510.05626 [hep-th].

C. G. Papadopoulos, R. H. P. Kleiss and |. Malamos, PoS Corfu 2012 (2013) 019.
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TWO-LOOP GRAPH
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IBPI: THE CURRENT APPROACH

e m independent momenta / loops, N = /(/ + 1)/2 + Im scalar products
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IBPI: THE CURRENT APPROACH

e m independent momenta / loops, N = /(/ + 1)/2 + Im scalar products
@ basis composed by D; ... Dy, allows to express all scalar products
Di = ({k, I} + pi)* — M?

1
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IBPI: THE CURRENT APPROACH

e m independent momenta / loops, N = /(/ + 1)/2 + Im scalar products
@ basis composed by D; ... Dy, allows to express all scalar products
D = ({k I} + pi)? = M?

1

1
d d
F[al,...,aN]:/d kd IW

0 {kH, IF vP}
dygd s -
/d kd™l 0 {kwr, In} (Dfl...D,i,N) =0

F. V. Tkachov, Phys. Lett. B 100 (1981) 65.

K. G. Chetyrkin and F. V. Tkachov, Nucl. Phys. B 192 (1981) 159.
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IBPI: THE CURRENT APPROACH

e m independent momenta / loops, N = /(] + 1)/2 + Im scalar products
@ basis composed by D; ... Dy, allows to express all scalar products

Di = ({k,1} + pi)? = M?
°

1
— dy qd
F[al,...,a/\/]—/d kd /W

0 {kH, IF vH}
dkd?| A =0
/ o {km, In} (Dfﬁ..D,‘i’,"’)
o IBP Laporta: FIRE, AIR, Reduze reduce these to Ml

S. Laporta, Int. J. Mod. Phys. A 15 (2000) 5087

C. Anastasiou and A. Lazopoulos, JHEP 0407 (2004) 046
C. Studerus, Comput. Phys. Commun. 181 (2010) 1293

A. V. Smirnov, Comput. Phys. Commun. 189 (2014) 182
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IBPI: THE CURRENT APPROACH

e m independent momenta / loops, N = /(/ + 1)/2 + Im scalar products
@ basis composed by D; ... Dy, allows to express all scalar products
Dy = ({k.1} + pi)? — M?
° 1
dy 4d
F[a]_,...,aN] :/d kd IW
0 {kH, IF vH}
dkd9! > =0
/ O {km, In} (Dfﬁ..D,‘i’,"’)
o IBP Laporta: FIRE, AIR, Reduze reduce these to Ml
@ MI computed, Feynman parameters, Mellin-Barnes, Differential

Equations
Z. Bern, L. J. Dixon and D. A. Kosower, Phys. Lett. B 302 (1993) 299.
V. A. Smirnov, Phys. Lett. B 460 (1999) 397

T. Gehrmann and E. Remiddi, Nucl. Phys. B 580 (2000) 485 [hep-ph/9912329].

J. M. Henn, Phys. Rev. Lett. 110 (2013) 25, 251601 [arXiv:1304.1806 [hep-th]].
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IBPI: THE CURRENT APPROACH

m independent momenta / loops, N = /(/ 4+ 1)/2 + Im scalar products

basis composed by D; ... Dy, allows to express all scalar products
D; = ({k, I} + pi)* — M?

1
d d
F[al,...,a/\/]:/d kd /m

0 {kH, IF vH}
d9kd9 A =0
/ o {km, In} (Dfﬁ..D,‘i’,"’)
o IBP Laporta: FIRE, AIR, Reduze reduce these to Ml

@ MI computed, Feynman parameters, Mellin-Barnes, Differential
Equations

@ Or numerical: SecDec, Weinzierl
S. Borowka, G. Heinrich, S. P. Jones, M. Kerner, J. Schlenk and T. Zirke, Comput. Phys. Commun. 196 (2015) 470

S. Becker, C. Reuschle and S. Weinzierl, JHEP 1012 (2010) 013
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IBPI: THE CURRENT APPROACH

o Find a better IBP algorithm ... Generating function technique, Baikov ?
P. Maierhoefer, J. Usovitsch and P. Uwer, “Kira - A Feynman Integral Reduction Program,” arXiv:1705.05610 [hep-ph].
P. A. Baikov, Nucl. Instrum. Meth. A 389 (1997) 347

V. A. Smirnov and M. Steinhauser, Nucl. Phys. B 672 (2003) 199

Fal...aN = z Ce(;Q..aN Gi

i=masters
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IBPI: THE CURRENT APPROACH

o Find a better IBP algorithm ... Generating function technique, Baikov ?

P. Maierhoefer, J. Usovitsch and P. Uwer, “Kira - A Feynman Integral Reduction Program,” arXiv:1705.05610 [hep-ph].

Fal...aN = Z Ce(;Q..aN Gi

i=masters
e Baikov polynomial <+ LZ construction
K. J. Larsen and Y. Zhang, Phys. Rev. D 93 (2016) no.4, 041701

A. Georgoudis, K. J. Larsen and Y. Zhang, arXiv:1612.04252 [hep-th].
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IBPI: THE CURRENT APPROACH

e Find a better IBP algorithm ... Generating function technique, Baikov ?

P. Maierhoefer, J. Usovitsch and P. Uwer, “Kira - A Feynman Integral Reduction Program,” arXiv:1705.05610 [hep-ph].

Fal...aN = Z Cagi?.,aN Gi

i=masters
e Baikov polynomial <> LZ construction

@ Sector « cut

(5((k+p)2—m2> “ %dz 171

zn=
z=0
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IBPI: THE CURRENT APPROACH

e Find a better IBP algorithm ... Generating function technique, Baikov ?
P. Maierhoefer, J. Usovitsch and P. Uwer, “Kira - A Feynman Integral Reduction Program,” arXiv:1705.05610 [hep-ph].
i
Fal...aN = Z Cagl?.,aN Gi
i=masters
e Baikov polynomial <> LZ construction
@ Sector +» cut
S((k+p)?—m?) & ¢ dz 1
Zn:l
z=0
e Cut with higher powers in denominator
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IBPI: THE CURRENT APPROACH

o Find a better IBP algorithm ... Generating function technique, Baikov ?

P. Maierhoefer, J. Usovitsch and P. Uwer, “Kira - A Feynman Integral Reduction Program,” arXiv:1705.05610 [hep-ph].

Fal...aN = Z Cz(;Q..aN Gi

i=masters
@ Baikov polynomial +» LZ construction
@ Sector <> cut

1

2

) ((k—i— p)° — m2> YRS % dzzn:1
z=0

@ Cut with higher powers in denominator

WTEE 00

(3d —10)(3d —8) (3d —10) (3d — 8)
(d—aypy

Forio1 — 2 (d=3)

(d— 47527 d—a)p e

Fiin =
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DIFFERENTIAL EQUATIONS APPROACH

The integral is a function of external momenta, so one can set-up
differential equations by differentiating and using IBP

0
pfaT);iG[alv cey a,,] — Z Cbl,._.7an[b1, cey b,,] — Z Ca/l,i..,aﬁ,G[alla ey a’n]
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DIFFERENTIAL EQUATIONS APPROACH

The integral is a function of external momenta, so one can set-up
differential equations by differentiating and using IBP

0
pfai[);iG[alv cey a,,] — Z Cbl,._.7an[b1, cey b,,] — Z Ca/l,i..,aﬁ,G[alla ey a’n]

o Find the proper parametrization; Bring the system of equations in a
form suitable to express the MI in terms of GPs

Omf (,{xi}) = eAm ({xi}) f (. {xi})
OmAn — OpAm =0 [Am, As] =0

* f not M II J. M. Henn, Phys. Rev. Lett. 110 (2013) 25, 251601 [arXiv:1304.1806 [hep-th]].
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DIFFERENTIAL EQUATIONS APPROACH

The integral is a function of external momenta, so one can set-up
differential equations by differentiating and using IBP

0
pfai[);iG[alv cey a,,] — Z Cbl,._.7an[b1, cey b,,] — Z Ca/l,i..,aﬁ,G[alla ey a’n]

o Find the proper parametrization; Bring the system of equations in a
form suitable to express the MI in terms of GPs

Omf (,{xi}) = eAm ({xi}) f (. {xi})
OmAn — OpAm =0 [Am, As] =0

* f not M II J. M. Henn, Phys. Rev. Lett. 110 (2013) 25, 251601 [arXiv:1304.1806 [hep-th]].

e Boundary conditions: expansion by regions or regularity conditions.

B. Jantzen, A. V. Smirnov and V. A. Smirnov, Eur. Phys. J. C 72 (2012) 2139 [arXiv:1206.0546 [hep-ph]].
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DIFFERENTIAL EQUATIONS APPROACH

[ Iterated |ntegra|s K. T. Chen, lterated path integrals, Bull. Amer. Math. Soc. 83 (1977) 831
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DIFFERENTIAL EQUATIONS APPROACH

e |terated Integrals
e Multiple Polylogarithms, Symbol algebra
A. B. Goncharov, M. Spradlin, C. Vergu and A. Volovich, Phys. Rev. Lett. 105 (2010) 151605.
C. Duhr, H. Gangl and J. R. Rhodes, JHEP 1210 (2012) 075 [arXiv:1110.0458 [math-ph]].

C. Bogner and F. Brown
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DIFFERENTIAL EQUATIONS APPROACH

e |terated Integrals
e Multiple Polylogarithms, Symbol algebra
e Goncharov Polylogarithms
x
g(an,...,al,x):/dt

0

P ang(an—la"‘7al7t)

with the special cases, G(x) =1 and

1
G10,...0,x | =—log" (x)
~—— n

e Shuffle algebra
G (a1,a2;x)G (b1;x) = G (a1, a2, b1; x) + G (a1, by, ax; x) + G (b1, a1, a2; x)
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

C. G. Papadopoulos, JHEP 1407 (2014) 088

Making the whole procedure systematic (algorithmic) and straightforwardly expressible in terms J
of GPs.

@ Introduce one parameter

d9k 1
Gu.a() = [ g5 2 2 2
w2 (k2) (k+xp1)" (k+pr+p2)° ... (k+pr+p2+...4 pn)
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

C. G. Papadopoulos, JHEP 1407 (2014) 088

Making the whole procedure systematic (algorithmic) and straightforwardly expressible in terms J
of GPs.

@ Introduce one parameter

d9k 1
Gu.a() = [ g5 2 2 2
w2 (k2) (k+xp1)" (k+pr+p2)° ... (k+pr+p2+...4 pn)

@ Factorizing external momenta dependence:

x:(q1=xp1,q2 = p12 — xp1,...) =+ x@(q1 = p1,q2 = p2, ...
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THE SIMPLIFIED DIFFERENTIAL EQUATIONS

APPROACH

C. G. Papadopoulos, JHEP 1407 (2014) 088

Making the whole procedure systematic (algorithmic) and straightforwardly expressible in terms J
of GPs.

@ Introduce one parameter

d9k 1
Gu.a() = [ g5 2 2 2
w2 (k2) (k+xp1)" (k+pr+p2)° ... (k+pr+p2+...4 pn)

@ Factorizing external momenta dependence:

x:(q1=xp1,q2 = p12 — xp1,...) =+ x@(q1 = p1,q2 = p2, ...

@ Now the integral as a function of x, allows to define a differential equation with respect to
x, schematically given by

16] 1 1
—Gi1..1(x) = —=Gi1..1 (x) +xp?Gi2..1 + —Goz..1
ox X X
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5BOX - ONE LEG OFF-SHELL: ALL FAMILIES

C. G. Papadopoulos, D. Tommasini and C. Wever, arXiv:1511.09404 [hep-ph].

] N X
|1 /F

FIGURE : The three planar pentaboxes of the families P; (left), P> (middle) and
P5 (right) with one external massive leg.

/’/ T \‘{ %//:l\\\): :I\/ Ve

|

FI1GURE : The five non-planar families with one external massive leg.
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HBOX - ONE LEG OFF-SHELL: P1

p(q1)P'(g2) = V(g3)j1(ga)2(a5), ¢

Tp1
—P1234

P4

Tp2 P23 — IP12

FIGURE : The parametrization of external momenta in terms of x for the planar
pentabox of the family P;. All external momenta are incoming.

2 2 2 S 2 2
S12 '= P12, 523 '= P23, 534 = P3g, 545 1= Py5 = P23, S51 1= P15 = Pazas

=g=0q=q=0 g5 = (sa5—512%)(1—x)

Gia = s12¢° 3 = su5 (1 — x) + s23x 34 = (53 — 512 (1 — X)) X Q45 = 545 qa; = Ss1X
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LEG OFF-SHELL: P1

P —P1234 e P
P —P1234 s
ps Pios — Tp1 s Piog — TP12 D1 apy P —Tp2 Pt
py —Pi2: p1 —pi2 D,
1234 Pa P1234 P p -
2t
\ '
Tp2 P123 — TP12 Trp2 P123 — P12 xTpo D123 — TP12
FIGURE : The five-point Feynman diagrams, besides the pentabox itself in Figure

1, that are contained in the family P;. All external momenta are incoming.

padopoulos (INPP)
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HBOX - ONE LEG OFF-SHELL: P1

d9; dk, 1
imd/2 imd/2 3 (kg 4 xpy)222 (ki + xp12)?%3 (ki + p123)2®
« 1
(K1 + p1234)225 k2% (ko — xp1)2%7 (ko — xp12)2%8 (ko — p123)2 (ko — p1234)210 (ki + kp)2211

Py 22
Golapy (x,5,€) = e ’YEG/

P1(74) - {10000000101, 01000000101, 00100000101, 10000001001, 01000000011, 00100000011, 10100001100,
10100001010, 10100101000, 01000101001, 10100100100, 10100000102, 10100000101, 10100000011,
10000001102, 10000001101, 10000001011, 01000100101, 01000001101, 01000001011, 00100100102,
00100100101, 11100000101, 11100000011, 11000001102, 11000001101, 11000001012, 11000001011,
11000000111, 10100000112, 10000001111, 01100100102, 01100100101, 01100100011, 01100000111,
01000101102, 01000101101, 01000101011, 01000100111, 01000001111, 00100100111, 10100101100,
10100100101, 10100001101, 10100001011, 10100000111, 111m0000111, 110000m1111, 11000001111,
10100101110, 10100100111, 10100001111, 011001m0111, 01100100111, 010m0101111, 01000101111,
11100100101, 11100001101, 11100001011, 11100000111, 111m0101101, 111001m1101, 11100101101,

1110m101011, 11100101011, 111m0100111, 11100100111, 111000m1111, 111m0001111, 11100001111,
111001m0111, 11100101111, 111001m1111, 111m0101111},
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5BOX P1 - DE

0xG =M ({s;j},s,x)G

&G =MG M =TMT '+ (BT T! G =TG
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5BOX P1 - DE

0xG =M ({s;j},s,x)G
G =M'G' M =TMT '+ (BT)T! G =TG

(Mp),=8uMy(e=0),1,J=1...74
G—S7!G S=exp([dxMp) and M — S~ (M—Mp)S.
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5BOX P1 - DE

0xG =M ({s;j},s,x)G
&G =MG M =TMT '+ (BT T! G =TG

(Mp),=8uMy(e=0),1,J=1...74
G—S7!G S=exp([dxMp) and M — S~ (M—Mp)S.

101
My = Ny (= ZZZ CIJuke)J +ZZ C'ija v

i=1 j=1 k= 0 Jj=0 k=0
Letters (20):
0. 1 $45 545 1 34 14 23
T ss—s3” s 512’ 512’
1 34—9%1 %4573  _ 51 545 45
s12 s12 s12’  —s3tsastss’ s34tsas

512523 —2512545 — 512551 — 23534 +534 545 — 545551 /A 512523 —S12545 — 512551 — 523534 +534 545 — 545551 £ /B
2512(523 =545 —551) 2s12(523 —s45— 551
$12523 —S12551 — 23534 +534545 — 545551 /A1 s1osa5 VA3 45
2s12(s23+534 —s51) ’ S12534+512545 s12+523
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5BOX P1 - DE

0xG =M ({s;j},s,x)G
&G =MG M =TMT '+ (BT T! G =TG

(Mp),=8uMy(e=0),1,J=1...74
G—S7!G S=exp([dxMp) and M — S~ (M—Mp)S.

101
My = Ny (= ZZZ CIJuke)J +ZZ C'ija v

i=1 j=1 k= 0 Jj=0 k=0
Letters (20):
0. 1 $45 545 1 34 14 23
T ss—s3” s 512’ 512’
1 34—9%1 %4573  _ 51 545 45
s12 s12 s12’  —s3tsastss’ s34tsas

512523 —2512545 — 512551 — 23534 +534 545 — 545551 /A 512523 —S12545 — 512551 — 523534 +534 545 — 545551 £ /B
2512(523 =545 —551) 2s12(523 —s45— 551
$12523 —S12551 — 23534 +534545 — 545551 /A1 s1osa5 VA3 45
2s12(s23+534 —s51) ’ S12534+512545 s12+523
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5BOX P1 - DE

Cmek e
My = Ny (e Hidk D Cupet |
i=1 j= 1k0

’)j Jj=0 k=0

X

1 X
/dtizg(an_l,...,al,t) /dt t" G(an—1,...,a1,t)
0 (£ = an) 0
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5BOX P1 - DE

Fuchsian
Ny (e) = ny(e) /ni (€), G — ny(g) G

1

2 1 1
M= <Z > Z . Uke S>> @J;jkekxj) .

i=1 j= lkO ’ Jj=0 k=0
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5BOX P1 - DE

Fuchsian
Ny (e) = ny(g) /ni (€), G — ny(e) G

20 2 1 Cuyinek 11 _
My = ' ZZ(X'_JII)j+ZZC1J;jk5kXJ .

G- (1-K)G, M= (M-8K -—KM(U-K)? i=123

M (¢ = 0) contains (x — /;)~2 and x°

(Ki)y = { f o (08 =0)y [,J#69,74

1,J=69,74

(kz), = { HME=0 L I2 T

(Ka)y = [ dx(M (= =0)),

M.A. Barkatou and E.Pfliigel, Journal of Symbolic Computation, 44 (2009),1017
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5BOX P1 - DE

Fuchsian
Ny (e) = ny(e) /ni (€), G — ny(g) G

i=1 j oo (k=Y j=0 k=0

2 1 101
My, = <ZZZ Ci; ukE +ZZ EIJ;jkEka) )

G- (1-K)G, M= (M-8K —KM(U0-K)? i=123

axc—<z( —/;)
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5BOX P1 - SOLUTION

@ Solution:
. I O DA N e
+ &% (3 GapMaMpbl 4+ 37 GMabl Y + b("))
+ (Z GabcMaMMcbi™) 1+ 57 G MaMbE™) 1 5™ G, M,b{ )+b(1))
+ e (Z GabeaMaMpM M gb{ 2 + > GapeMaMpMcbl ™Y
+ 3 GapMaMpb{) + 37 GMob( 457
bgk), k = —2, ..., 2 representing the x-independent boundary terms in the limit x = 0 at order ek
k+2
x~>0 Z Z b Iog (x) + subleading terms.
k=—2 n=0
Gab =G (I, Ip,...;x)witha,b,c,d =1,...,19.

sby..

padopoulos (INPP) Baikov FCC 2018 20 / 40



5BOX P1 - SOLUTION

@ Solution:
. I O DA N e
+ (32 GasMaMyb§ 2 + 3 GMabl Y b(o))
+ (Z GabcMaMMcbi™) 1+ 57 G MaMbE™) 1 5™ G, M,b{ )+b(1))
+ e (Z GabeaMaMpM M gb{ 2 + > GapeMaMpMcbl ™Y
+ 3 GapMaMpb{) + 37 GMob( 457
bgk), k = —2, ..., 2 representing the x-independent boundary terms in the limit x = 0 at order ek
k+2
x~>0 Z Z b Iog (x) + subleading terms.
k=—2 n=0
Gab,... =G (laylpy .. .;x) with a, b,c,d =1,...,19.

@ Uniform transcendental: UT multi- vs one-parameter DE

M, depend on kinematics, but eigenvalues not: (x — /) ~"2%, n, positive integers, x — /5.
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BAIKOV REPRESENTATION

Baikov, P. A., Phys. Lett. B385 (1996)

L
d?k; 1
Fo,... :/ [1=% | 5o
LN (1:1 md/z)D‘;‘...D;';"

‘Jst,+faszA% k]+z Z APki-pjr+ fa a=1...,N

i=1 j=i i=1 j=L+1

5’
Mb
HME

. dzy..dz M-
For.an = CR(G (1)) D2 [ 22l Pi(an = oy = ) M0
FEa

—L(L-1)/4-LE/2

k= det (A%
W= T v (e )

I

Py (21,22, ..., xN5) = G (k1, ... kL, P1, .-, PE) ~

e,,-:El Aliza & sji=sij
=
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BAIKOV REPRESENTATION

dherdhey - dlhp = d“‘[’lkmd‘l"”“kud“‘[’zkg"d‘l"‘”zku .. _([JLI?L](,LHanIﬂ\IJrL,‘,LL

sy
G2k,

d‘”’lk.u _

MLy, - Bbieidsiiee s dsiy
! C'V2(py, ..., pE)

1 (@-M-12
d—M+1
ATy, = 594—.\1 ot

2)
E

dsiy,

)
(d=M)/2
;) ds,

S

- PR
Ploeees PE

5 1
M2y = 5514 M2

1 G(kg,
[ TN 5947 ML (7( L G

Gl

)\ @-ML-2/2
) dsy,, .
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BAIKOV REPRESENTATION — IBP

P. A. Baikov, Nucl. Instrum. Meth. A 389, 347 (1997) [hep-ph/9611449].

0Pk =0 (2.5)
with the operators Oj; given by (i =1,...,L)

) i F
FELwk)  Oym syt 35 S0 A AL, (1 6 Mg @8

a=1b=1 m=1

and

N (L N M 8
i>Lg=pi-) Oy=) (Z S ATAL (U4 @ fr)+ Y AZ”SW) 9oa

a=1 \m=1 b= m=L+1
@7

C.G.Papadopoulos (INPP) Baikov FCC 2018 23 / 40



BAIKOV REPRESENTATION — INTEGRATION LIMITS

H. Frellesvig and C. G. Papadopoulos, arXiv:1701.07356 [hep-ph].

=k
_ day...dzy— N
Foyay_10 = CxGlo1,...,on-1) d)/z/z‘,lliuw/dmlp&r( R
1Ty J

oy
—1- dzy..dzy_ d—(N-1)-1)/2
— C}v,lG(m,---,pwfz)(N 1-d)/2 ﬁpﬁl—l( (N=1)-1)/
R
(2.10)
where Py (z) = P (zy) =0 and
o
N orl/2 (d=N+1 . -
/dzNP}v( R WG(MVWPNA)“ MG (..., pn-g) V1D
oy
Py =1G (p ) (2% — 2n) (an — zy) and (2} —z’)z =16.8(1-mpr-1) pl
N =zG (P1,...,pN-2) (T —2N) (N — T}y N~y Corpn 2P L N1

J. Bosma, M. Sogaard and Y. Zhang, arXiv:1704.04255 [hep-th].
M. Harley, F. Moriello and R. M. Schabinger, arXiv:1705.03478 [hep-ph].

S. Abreu, R. Britto, C. Duhr and E. Gardi, arXiv:1702.03163 [hep-th].
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DIFFERENTIAL EQUATIONS

) —d+E+1 109G
Dy = (S (209, wn

dzN
al\

+ Chat- a+1:+1)/2/ dzy..
(9P oP%
N an N _

7d+E+1) 1 8GF

)
ox Fon- "”*< 2 Gax

4 cLol-d+B+1/2 / dz;.. dwN ( Z - 61
3

—-d+E+1) 106G
GoX

1]

+ Cﬁ'G(’“E*“/Z/dzl...dzNI{f,("’M’I)/z {28% (C_“
o

syzygy equation: equivalent to standard determinant equations

(d—Mfl)/2 d—-M-1 LZ)P,{,
2 Pf 0X

al..an

(d—M—l) /2)

b z7
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CuTs

Definition:

Fay _axlnxew= CR(G)THED/2 (

a=n+1

I [ (T  ane) rtsgpie
@ pole? ] 2Ty N
Te=0

1 ) ! ]
9 ) o Filuxeu= Y M R
— F,=S MYF ~Filnxcut i Lilnxcut
axj ; il 6X] = “

cut-integrals satisfy the same DE.

A. Primo and L. Tancredi, Nucl. Phys. B 916 (2017) 94 [arXiv:1610.08397 [hep-ph]].
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CANONICAL BASIS

I, = eR12F11210 Iy = (SF1221—1 — e} —p3 — S)Fnzw)
24=3¢ cos(me)" (e + 5 -2 _ — —
Iy laxeut = ngz)(ﬁ) ‘z “(+1)7(y—1)(zy+1)~°
2
X oFi(1—€e+1;2—261—y)
£t 2\~2 ¢ —¢ —e
Iy jaxcut = ﬁ(}h) o7z + 1) (ay + 1) 2F1(—€, 6 —26,1 — y)
al (7 - e)

Nolijaxen = clog(u) + € (~2Lia(1 — y) ~1og*(w)) + ¢~ 4Lia(1 ~ 3) — 2Lin(y)

~ Lia)logs) + 31o8(s) - 3os(1 1) log?s) +2¢(3)) + O(e) (B:29)

1 1 1 . .
Ney et = 1= elog(y) + ¢ (log’(y) = %) + 3¢ (36 Lis(y) + 18 Liz(1 — y) log(y)
— 4log®(y) + 181log(1 — y) log?(y) — 372 log(y) — 92((3)) +0(e*) (B.30)

with N, = e275(p?)z(z + 1)(zy + 1)°.
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CANONICAL BASIS

R. Bonciani, V. Del Duca, H. Frellesvig, J. M. Henn, F. Moriello and V. A. Smirnov, JHEP 1612 (2016) 096 [arXiv:1609.06685

[hep-ph]].

(k2+p1)?

U miai

dky dky 1

(in/2)? T122T3T4T5T6

Fhoxtriangle =
with

7y =k —m? @3 = (ky +p1)* —m®

x4 = (k2 — pa)? —m? 25 = k3 — m? 26 = (k1 — kn)?

z7 = (k1 — pa)?

Fi(z) = m* — 2m?p} + p} — 2m?2 — 2p2z + 2
Fy(2) = s(m*s + 2m?(2tu + s(t — 2)) + s(t — 2)?)

T+ dz
Funesangoon = C || e 40
box-triangle|6x cut . JR@BG) (€)
. a2
2iC K( 16m X\/ pzstu) +0()

Fhox-trian =
- gle|6x cut \/—
X

X = s(p? —t)? — 4m? (p?ls —tu+ 21/—p§stu)

z3= (k1 +p1+p2)* —

(B.31)

2

m’

(B.32)
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CANONICAL BASIS

(k2+p1)? (k1—p3)? (k2+p1)?(k1—ps)*

]ﬂ]ﬂ]ﬂ]ﬂ

dky dy 1
Fan. dowble-box = [~ —— B.4
1. double-t / 2 T (B.10)
=k —m® 2y = (k1 +p1)? —m? ry = (ki +p1+p2)® —m?
.,,( A ptpe)t —mt ws= (k- )= m® ag = k3 —m?
= (k1 = k2)* ag = (ki = pa)* (B.41)
— 73 dot(A! 1 AR
T, double-box = =573 ( - ) — = N d¥x (B.42)
(5% V=G, ) o =
5 B c [+ de o B3
ell. double-box|7xcut = ﬁ . W +0(e) (B.43)
J(z) = s(mPtu + s(t = 2)%) re = tF 2V -mistu/s

Fall. double-box|7xcut =
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ONE LOOP

S. Abreu, R. Britto, C. Duhr and E. Gardi, JHEP 1706 (2017) 114

N 1 Yo
CoI, = (2mi)le/2! < n .,
ol = B e (g Vi VG )

D—n

et 2D=2n+1ypel (R=ntl Y, B
Gyl = 27 2 T () ( o )
AT T(D—n+1) /Y \Gramp,_y

1 D—n D—n+2 GrampY},
2F 2Ty T o Gram Vo)
sramy, )Yy

/ 40
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BOX-TRIANGLE

J. Bosma, M. Sogaard and Y. Zhang, arXiv:1704.04255 [hep-th].

(k2+p1)?
dk1 dky 1
Fhox-triangle = (i) Py ———— (B.31)
with
o =k —m? z9 = (ky +p1)? —m? z3 = (k1 +p1 + p2)? — m®
24 = (kg — pa)* —m® z5 =k —m® 76 = (k1 — k2)?
z7 = (k1 —pa)’ (B.32)

Fi(z) = m* — 2m?p} + p} — 2m?2 — 2p2z + 2
Fy(2) = s(m*s + 2m?(2tu + s(t — 2)) + s(t — 2)?)

T+ dz
Fiyox-trianglel6 :C/ ——— 1+ O
box-triangle|6x cut . VRO (€)
] a2
2iC K( 16m X\/ szL‘u) +0()

Fyox-trian, =
- gle|6x cut \/—
X

X = s(p? —t)? — 4m? (pﬁs —tu+ 21/7p§stu)
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DOUBLE-BOX

D-10 w =
m o 2 S
Ja, ]| T 9+f)/ £2 / dzgl

=8 8
T (2- 2) T (a £ L 9)T (b4 L — 9) satbrD-TyatbDs
16740(D — 4)

x oF) (u+D—th+D—4:u+b+%—6;—)() ,

oo™ = (-1 (2~ 2)T(~a— D+ 51T (h D _g) gotbt DTy B8y g )28
la. 8, = 670D~ 1)

><Qﬁl(—u—D+5.b+§—21—0+b+]1—%>- (5.21)
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DOUBLE-BOX WITH ONE MASSIVE LEG

X =t/s, K =m3/s

atd—4

D _ D _ ¢ D _ +b—T7at+brd—5 (1
So[® TE-DTa+ BT+ B2 ()
v m.c. 1671)(01_(D _ 4)

. 3D
x oF} (u+ I)—4,h+I)—-1;u+b+7—6;ﬁf1) . (5.36)

@ (=11 = k)" (B = 2) \F ST (—a — D+ 5)T (b+ 2 — 2) sorb+D-7

Jla,b]
a0 1674 (D — 4)

X (—h+x+ 1277 (—a—D+5,b+§—2:—a+b+lzﬁ;]> . (5.37)
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DOUBLE-BOX WITH TWO MASSIVE LEGS

X = t/s, K] = m%/s. Ko = mg/s

J[“‘l’”rm (Kps) ~7 242 (g — ) (2 — X)) + x) 2~ 2 5010 D=y 2a1b42D-9

rE-2r@+2-rae+v+n-1)
167*T(D — 4)I'(2a + b+ 2D - 8)

x Iy <a+b+D—4;%(20+D—4) ;(2(L+D 4):2a+b+2D — 8wy, uo) .

I =(s*xJ[0,0], 752\/@ — 2kgky — 2k + K3 — 2kg + 1J[1,0], —s2J[0,1])7

O:l
»\y

i (D98,

P 9 f e (D=1)BuIt.., 4]: (D=4)By,i+...

Ik, Ofiy
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NON-PLANAR DOUBLE-BOX

Xfa,b| " =

<)_,17"(:;77.“‘%72;“”'%7017\) (6.8)

w

Xla, 5|10 = 2 (LD D=T atb P8 2= R P(10 — g — - 2D)

me. = TT(D—4)
x |(j} —2)I'(h+ g 4)_,[\(!&17”7/,720.:;7 g.(ifu 71);7%)_
(6.9)
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REFLECTIONS ON BAIKOV

C. G. Papadopoulos, JHEP 1407 (2014) 088 [arXiv:1401.6057 [hep-ph]].

1
k) (= ke a)?) (= k0 + )?)

1
(1) (=(k+2p1)?) (—(k+p1+p2))

: =T(qi = 2*m1,¢5 = (P12 — 2p1)°. G = m3)
P2

0 1 1
;(;Ill = —=G11 +maGia + —Go
o x @

9 . _ 1 14 —lte 2y —¢ —e
EMGHH =erg (1—-2) (=m3 +myz) ((—mlz ) "= (—=ma) )

4—d
2

M=xz(1- x)% (=m3 +myx)

mg mg my my  mg
expressed interms of GPs: ... — 2G/ (0, —, — 2 ) + 2G ( —, 0, 1,..-) —-2G (-,n, ==, ,-) -
my my my
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REFLECTIONS ON BAIKOV

P” ‘P

I= CJ.H(L\ —cj]’[m

P 3 0P 1 Pl
Zcf"r\‘w’:o CJde P’”[ 2 ) ) :CE_[["[a.x,P‘*(ZX

Z(.,ap r_, a

. [' jl CBJHd\ P"‘ap *(JH(I\P”[

) () g . ) Ay 2 (
CD_Z(C I CdeXP[ ax, [xxzxx _A_ Eax XXX,

P | s . e .
EAICHI =ers (1—2)" (=mg + my2) ' ((—711,1.’1:2) — (—mg3) )

L (1 . ’ol 1
i :}‘Cz (ZG(pl)(XJ ‘xs)(xz‘xa)) =E(S1‘52‘SJ)CIH‘1X. RPB

I

Gy Giio
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SUMMARY

@ Baikov representation of Fl deserves attention
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SUMMARY

@ Baikov representation of Fl deserves attention
@ From abstract construction — computational context
@ Integration limits established

@ Natural definition of cut integrals
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SUMMARY

@ Baikov representation of Fl deserves attention

@ From abstract construction — computational context
@ Integration limits established

@ Natural definition of cut integrals

@ New approach in constructing DE and their solutions

C.G.Papadopoulos (INPP) Baikov FCC 2018 38/



LATEST NEWS

LY I 1> JTo

Figure 1. The three planar pentaboxes of the families Py (left), P; (middle) and P; (right) with
one external massive leg.

Figure 2. The five non-planar familics with one external massive leg.

Non-planar pentaboxes check canonicality

Working with on-shell kinematics, reducing number of M|

Using Baikov-R to integrate non-rational dlog terms, (semi-)numerical approach
8-denominator integrals to complete basis of Ml at two loops

aikov

FCC 2018
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