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New research leading to possible elimination of transverse beam impedance
by making beam equipment in the shape of higher order multipoles



Multipolar decomposition
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Any function of two variables (x,y) can be approximated by a sum of multipolar terms. This is called “Multipolar 
decomposition” or “Holomorphic decomposition”.

The more multipolar terms (i.e. the higher the order) the better the approximation.

For each order there are two terms: a normal term and a skew term.

𝑓 𝑥, 𝑦 = 𝑎0 + 𝑎1,𝑛𝑜𝑟𝑚𝑎𝑙 ∙ 𝑥 + 𝑎1,𝑠𝑘𝑒𝑤 ∙ 𝑦 + 𝑎2,𝑛𝑜𝑟𝑚𝑎𝑙 ∙
𝑥2

2
−
𝑦2

2
+ 𝑎2,𝑠𝑘𝑒𝑤 ∙ 𝑥 ∙ 𝑦 …

Zero order                     first order                                                          second order
(dipole)                                                           (quadrupole)

Here, the terms: 𝑎0 , 𝑎1,𝑛𝑜𝑟𝑚𝑎𝑙 , 𝑎1,𝑠𝑘𝑒𝑤 , 𝑎2,𝑛𝑜𝑟𝑚𝑎𝑙 , 𝑎2,𝑠𝑘𝑒𝑤… are all constants.
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Multipolar decomposition

We know multipolar fields from magnet design: 

𝑓 𝑥, 𝑦 = 𝑎0 + 𝑎1,𝑛𝑜𝑟𝑚𝑎𝑙 ∙ 𝑥 + 𝑎1,𝑠𝑘𝑒𝑤 ∙ 𝑦 + 𝑎2,𝑛𝑜𝑟𝑚𝑎𝑙 ∙
𝑥2

2
−
𝑦2

2
+ 𝑎2,𝑠𝑘𝑒𝑤 ∙ 𝑥 ∙ 𝑦 …

𝑓 𝑥, 𝑦 = 𝑎1,𝑛𝑜𝑟𝑚𝑎𝑙 ∙ 𝑥 𝑓 𝑥, 𝑦 = 𝑎2,𝑛𝑜𝑟𝑚𝑎𝑙 ∙
𝑥2

2
−
𝑦2

2
𝑓 𝑥, 𝑦 = 𝑎3,𝑛𝑜𝑟𝑚𝑎𝑙 ∙

𝑥3

3
− 𝑥𝑦2
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Multipolar decomposition

The higher the order of the multipole,
the more the field potentials goes to zero at the position of the beam 
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What happens to beam impedance?

CST

With this octupolar structure of a collimator
The transverse beam impedance is zero up to first order
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