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QED in the Furry picture
Highly-charged few-electron ions: |
'h

. atoms
N, is the number of electrons, a Heavy ions
Z is the nuclear charge number
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To zeroth-order approximation:

[—ia - V + Bm 4+ Ve (r)] ¥ (r) = epthn(r)

Interelectronic interaction and QED effects:

Interelectronic interaction 1 QED

~ a(aZ)?

Binding energy ~z Binding energy

In uranium: Z =92, aZ ~ 0.7



Binding of H-like uranium, in eV

Dirac equation QED Nuclear physics
Point Finite External Beyond ext. Nuclear
nucleus nuclear size field approx. field approx. polarization
| | Y\ B l
—132279.92  1198.54(19)7 266.45 —1.26(33)*  0.46  —0.20(10)!

463.99(39) eV
Experiment:  460.2(4.6)} | Test of QED: ~ 2% |

Y. S. Kozhedub, O. V. Andreev, V. M. Shabaev et al., PRA, 2008.
* V. A. Yerokhin, P. Indelicato, and V. M. Shabaev, PRL, 2006.
¥ A. Gumberidze, T. Stdhlker, D. Bana$ et al., PRL, 2005.



Isotope shifts

Cancellations in the isotope shifts:
@ interelectronic-interaction effects;
@ one- and two-electron QED corrections.

Two main contributions to the isotope shift:
@ mass shift < nuclear recoil effect;
o field shift < nuclear size effect.

Measurements of the isotope shifts of:
@ transition energies

o B-like argon: R. S. Orts et al.,, PRL, 2006;
o Li-like neodymium: C. Brandau et al., PRL, 2008.
@ g-factor
o Li-like calcium: F. Kohler et al., Nat. Comm., 2016.

Why do we study isotope shifts?
@ Access to QED beyond the Furry picture.
@ Determination of the isotopic mass and radii differences.



QED theory for the nuclear recoil effect on ¢ factor

Nuclear recoil contribution to the g factor for a state a:
@ to first order in m/M;

o to all orders in aZ; A%r) = Hle. x r]/2
@ to zeroth order in «.
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where tilde sign indicates that the quantity must be evaluated in presence of H,
Dy (w) = —4raZa; D (w),
D (w) is the transverse part of the photon propagator in the Coulomb gauge,
Gw) =X — |n) (n|~ —— is the Coulomb Green function.
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V. M. Shabaev, PRA, 2001.



One-electron contribution to the recoil effect on ¢ factor

The one-electron contribution is represented as a sum Ag = Agy, + Agn
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Gw) = Zn: e (1—70) is the Coulomb Green function.



Low-order one-electron term Agr,

For a point-charge nucleus, the low-order one-electron term Agr,
can be evaluated analytically,

m 2k2e? + kme —m?

M 2m2j(j + 1)

Agr, = —

To leading order in aZ:
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For an S state (k = —1), this term is of pure relativistic origin:
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Isotope shift of the ¢ factor of Li-like ions

F. Kohler et al., Nat. Commun., 2016.

Effect Contribution [Ag x 10]
One-electron non-QED nuclear recoil 12.240
Two-electron non-QED nuclear recoil —2.051(25)

QED nuclear recoil: ~m/M 0.123

QED nuclear recoil: ~ a(m/M) —0.009(1)

Finite nuclear size 0.004(10)

Total theory 10.305(27)
Experiment 11.70(1.39)

Individual contributions to the shift Ag = g(*°Cal™) — g(*8Cal™)

The calculation of two-electron non-QED nuclear recoil effect is based
on the extrapolation of the results from [Z.-C. Yan, PRL, 2001; JPB, 2002]
which were obtained within the two-component approach [R. A. Hegstrom, PRA, 1975].



Effective two-component Hamiltonian (for S states)

R. A. Hegstrom, PRA, 1973; PRA, 1975.
The Hamiltonian for a many-particle system in a homogeneous magnetic field
[anomalous moments, g. + nuclear motion]

Magnetic-field-dependent spin-dependent part of the Hegstrom’s Hamiltonian:
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The g factor for lithiumlike ions in an S state (J = 1/2):
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Recoil effect on the g factor within the Breit approximation

Within the lowest-order relativistic (Breit) approximation

o Effective non-magnetic recoil operator (the combined interaction):

1 aZ ;- T;)r;
° HM=W_XI;{D¢'P1€* . (ai+%)'pk]
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o Effective magnetic recoil operator:

magn m aZ Qp - TR)r
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To take into account the interelectronic-interaction effects: DCB Hamiltonian

o HDCB = A(+) |:Z h? + Z V;k:| A(+), where
i i<k
i 1
Vir = 2 _a [a k4 (o - Vi) (e, - Vk)rik]
Tik Tik 2
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The 1/Z recoil contribution to the g factor

Nuclear recoil correction to the g factor to lowest order relativistic approximation

_ Mz (a+ 2+ C
Ang(ozZ) <A+Z+Z2+...>

From the 4-C approach: PT with Hy;, H};**", and Hpcp including 6V
Byc = —0.5155(2).
From the 2-C approach: PT with Heg and a/r.

By ¢ = —0.8603.

m

Omitted term for 2-C approach: *MBIHM

> [ri X px], SO or S-other-O, and a/r.
ik

ABy ¢ =0.3447 .
Total 2-C result:

B%_Oé — BQ-C + ABQ,C = —0.5156.
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Isotope shift of the ¢ factor of Li-like ions

V. M. Shabaev et al., PRL, 2017.

Effect Contribution [Ag X 109]
One-electron non-QED nuclear recoil 12.240
Two-electron non-QED nuclear recoil, 2-C —2.051(25)
Two-electron non-QED nuclear recoil, 4-C —1.302(12)

QED nuclear recoil: ~ m/M 0.123

QED nuclear recoil: ~ a(m /M) —0.009(1)

Finite nuclear size 0.004(10)

Total theory, 2-C 10.305(27)

Total theory, 4-C 11.056(16)
Experiment 11.70(1.39)

Individual contributions to the shift Ag = g(*°Cal™™) — g(*8Cal™™)

The calculation of the two-electron non-QED nuclear recoil effect is based

on the four-component approach. .



Specific difference

The QED recoil effect for S states

VA 5
Agl({m) = %(an—g)P(ns)(aZ).

The uncertainty due to the nuclear size and polarization effects masks the
recoil effect for heavy ions.

The specific differences between different ions of the same isotope
o HFS: V. M. Shabaev et al., PRL, 2001.
AE" = AE(15295 — &nrs AEL, .
@ g factor: V. M. Shabaev et al., PRA, 2002.
g = 9(1s)22s — g 91s -

The parameters £ must be chosen to cancel the nuclear size corrections.
13



Specific difference of the g-factor values for 2*Ph

The specific difference between the g factors of Li- and H-like ions

g = 9@s)22s — Eg 915 -
For lead (Z = 82), one obtains ¢, = 0.1670264.

A. V. Malyshev et al., JETP Lett., 2017.

Effect Contribution [¢' x 10
Nuclear shape variation ~1

Nuclear radius dependence ~ 0.1

Nuclear polarization —0.13(6)

QED recaoil 8.7

Individual contributions to the specific difference between the g factors
of Li- and H-like lead

Tests of the QED recoil effect on the g factor of heavy ions are possible
on a few-percent level. ”



Summary and Outlook

Main results:

@ The most precise to-date theoretical values
for the recoil effect on the g factor of Li-like ions
have been obtained.

@ The discrepancy was found between the present result
for the two-electron contribution and its previous evaluation within
the 2-C approach. The reason of the discrepancy is revealed.

@ The QED recoil effect on the g factor can be probed
in experiments with heavy ions studying the specific difference
of the g factors of H- and Li-like ions.

Future plans:

@ extension to B-like ions [the QED recoil effect behaves as (a2)?].

o further improvement of the bound-state QED calculations
of the g factor of highly charged ions.
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