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Short description and purpose of the project

There is ample evidence that hadron production in relativistic heavy ion
collisions proceeds from a locally equilibrated state, which is achieved in the
early stage of the process. This early stage of the process is believed to be a
transient plasma of the most fundamental constituents of matter, the quarks
and particles mediating their interactions, the gluons. Presently, a large
theoretical and experimental effort is devoted worldwide to understand how
the plasma is formed and to determine its properties. One of the main issues
is how this equilibrium is achieved, if it is related to a kinetic process, and
what is its relation to the apparent equilibrium observed in the hadron
production in elementary collisions. The objects of research are
femto-systems: highly excited hadron systems, and the quark-gluon plasma,
which inspire the following research problems:
- The account of redistribution of energy and momentum in systems with
many degrees of freedom owing to consecutive interactions and rescatterings
of particles and fields;
- The analysis of tendencies in behaviour of multiparticle system depending
on different initial and boundary conditions;
- Obtaining of nonequilibrium distribution functions in coordinate and
momentum spaces.
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Thermodynamic mean-field. The Great Canonical Ensemble

Pressure

p(T , µ) =
g
3

∫

d3k
(2π)3

k 2

√

m2 + k 2
f (k ;T , µ) + Pex(n,T )

f (k ;T , µ) =

{

exp

[√

m2 + k2 + U(n,T )− µ

T

]

+ a

}−1

with a = +1 for fermions, a = −1 for bosons and a = 0 for the Boltzmann statistics.

Particle density. We use: n
∂U(n,T )

∂n =
∂Pex(n,T )

∂n

n(T , µ) =
∂p(T , µ)

∂µ
→ n = g

∫

d3k
(2π)3 f (k ;T , µ)

Entropy density and energy density

s =
∂p(T , µ)

∂T
, ε + p = T s + µ n
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Thermodynamic mean-field. Self-consistent equations

The van der Waals equation of state (the Boltzmann statistics). Self-consistent equation for n

(i) n = (1 − b n) exp
[

−
b n

1 − b n
+

2an
T

]

nid(T , µ)

nid(T , µ) = g eµ/T 1
2π2 m2 T K2(m/T )

(ii) n =
nid(T , µ∗)

1 + b nid(T , µ∗)
with µ∗ = µ− T

b n
1 − bn

+ 2an

The van der Waals equation of state (the Boltzmann statistics). Self-consistent equation for p

p = pid(T , µ∗) − a n2

with µ∗ = µ − b p − b a n2 + 2a n ,

n =
nid(T , µ∗)

1 + b nid(T , µ∗)

If a = 0 ⇒ p = pid(T , µ∗) with µ∗ = µ − bp
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Fluctuations in the Great Canonical Ensemble

The particle number N is a random variable with the normalized probability
distribution P(N). The k -th moment:

〈

Nk
〉

=
∑

N

NkP(N) .

The variance:

σ2 ≡
〈

(∆N)2
〉

, where ∆N ≡ N − 〈N〉

The scaled variance:

ω[N] ≡
σ2

〈N〉
,

characterizes the width of the P(N) distribution.
Note, ω[N] = 1 for the Poisson distribution P(N) = exp(−〈N〉) 〈N〉N/N! .
The skewness Sσ:

Sσ ≡

〈

(∆N)3〉

σ2
.

The skewness measures the degree of asymmetry of the distribution P(N) around its mean value 〈N〉. Positive skewness indicates a

distribution with an asymmetric tail extending more to the right, i.e., toward N-values with N > 〈N〉. Negative skewness indicates a

distribution with an asymmetric tail extending more to the left, i.e., toward N-values with N < 〈N〉. If the P(N) distribution is symmetric

around its mean value, it has zero skewness. This is the case for the normal Gaussian distribution, whereas the Poisson distribution shows

a positive value of the skewness.
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Fluctuations in the Great Canonical Ensemble

The (excess) kurtosis κσ2:

κσ2 ≡

〈

(∆N)4
〉

− 3
〈

(∆N)2
〉2

σ2
.

It is the measure of “peakedness” of the probability distribution P(N). The
kurtosis measures the degree to which a distribution is more or less peaked
than a normal Gaussian distribution. Positive kurtosis indicates a relatively
peaked distribution. Negative kurtosis indicates a relatively flat distribution.
For the Poisson distribution one has positive value of the kurtosis, κσ2 = 1.
The normal Gaussian distribution corresponds to the zero value of both the
skewness and the (excess) kurtosis. Therefore, (strong) deviations of Sσ

and/or κσ2 from zero are the signatures of the (highly) non-Gaussian shape
of the particle number distribution P(N).
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Generalization of the van der Waals EOS to quantum statistics

The van der Waals equation of state (quantum statistics). Self-consistent equation for p

p = pid(T , µ∗) − a n2

with µ∗ = µ − b p − b a n2 + 2a n , n =
nid(T , µ∗)

1 + b nid(T , µ∗)

Pressure of the ideal quantum gas

pid(T , µ) =
g
3

∫

d3k
(2π)3

k2

√

m2 + k2
f0(k ;T , µ)

f0(k ;T , µ) =

{

exp

[√

m2 + k 2
− µ

T

]

+ a

}−1

[5] D. Anchishkin, V. Vovchenko, J. Phys. G42, 105102 (2015).
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Particle number density and scaled variance (quantum statistics)

ω[N] =
T
n

(

∂n
∂µ

)

T
= ωid(T , µ∗)

[

1
(1 − bn)2 −

2an
T

ωid(T , µ∗)

]

−1

880 890 900 910 920 930
0

5

10

15

20

25

30

35

40

liquid

T 
(M

eV
)

 (MeV)

gas

n (fm-3)

0.00

0.02

0.04

0.07

0.09

0.11

0.13

0.16

0.18

(a)

880 890 900 910 920 930
0

5

10

15

20

25

30

35

40

(b)

10

2

1 0.5

liquid

T 
(M

eV
)

 (MeV)

gas

0.1

0.01

0.10

1.00

10.00

(a) Particle number density n(T , µ) and (b) scaled variance
ω[N] calculated for the symmetric nuclear matter. The open
circle at T = 0 denotes the ground state of nuclear matter, the
solid circle at T = Tc corresponds to the CP, and the phase
transition curve µ = µmix(T ) is depicted by the solid line.
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Skewness and kurtosis (quantum statistics)

Sσ =
k3

k2
= ω[N]+

T
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∂ω[N]
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(a) Skewness Sσ and (b) kurtosis κσ2 calculated for the sym-
metric nuclear matter in (T , µ) coordinates within the van der
Waals equation of state for fermions.
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Summary

• The fluctuation signatures of the nuclear matter CP – scaled
variance, skewness, and kurtosis – are calculated within the
Boltzmann and quantum formulations of the VDW-equation of state.

• The scaled variance diverges, ω[N] → ∞, at the CP, and the large
values of ω[N] ≫ 1 take place along the crossover region even far
away from the CP.

• The behavior of the skewness Sσ and kurtosis κσ2 at the CP is
more complicated. The limiting singular values of these quantities
depend on the path of approach to the CP.

• The rich structures of the skewness and kurtosis are observed in
the wide T − µ area around the CP of nuclear matter.
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Thank you for attention!
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