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Relativistic hydrodynamics

Time evolution of the sQGP
Known solutions
Equations

Time evolution of the sQGP

@ Strongly interacting QGP discovered at RHIC, created at LHC
@ A hot, expanding, strongly interacting, perfect QG fluid

@ Hadrons created at the freeze-out

@ Leptons, photons "shine through”
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Relativistic hydrodynamics

Time evolution of the sQGP
Known solutions
Equations

Known solutions of relativistic hydrodynamics

@ Many numerical solutions
e Exact, analytic solutions important: connect initial/final state
@ Famous 1+1D solutions:

Landau-Khalatnikov and Hwa-Bjorken

L. D. Landau, lzv. Akad. Nauk Ser. Fiz. 17, 51 (1953)
I.M. Khalatnikov, Zhur. Eksp. Teor. Fiz. 27, 529 (1954)
R. C. Hwa, Phys. Rev. D 10, 2260 (1974)

J. D. Bjorken, Phys. Rev. D 27, 140 (1983)
@ Many new solutions: mostly 141D, few 143D
@ First truly 3D relativistic solution: Hubble-flow

Csorgé, Csernai, Hama, Kodama, Heavy lon Phys. A21, 73 (2004), nucl-th/0306004
@ Multipole solutions also known

Csanad, Szabd , Phys. Rev. C 90, 054911 (2014)
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Relativistic hydrodynamics

Time evolution of the sQGP
Known solutions
Equations

Equations of relativistic hydrodynamics

Continuity equation of the

Looking for (u*, p, €, n or o) fields
energy-momentum tensor

Assumptions:
o perfect fluid

@ local energy-momentum
conservation

Properties:

U
o yut =1

e u,du” =0
Continuity of entropy density o
can also be considered
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Relativistic hydrodynamics
Time evolution of the sQGP
Known solutions
Equations

Decomposition of energy-momentum conservation

Two equations:
@ Lorentz-perpendicular to u*

@ Lorentz-paralell to u#

Euler equation

(k+ 1)pu”0,u" = (g"" — utu”)0up

v

Energy equation

ku"dup + (k + 1)po,u* =0

N
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Perturbative handling of relativistic hydrodynamics
Equations of perturbed quantities
Perturbations of standing fluid

Perturbative handling

Perturbed fields:

@ start from a known

_ Perturbed equations:
solution (u*, p, n or o)

@ substitute perturbations into equations

o ut — ut + duH .

;— e substract 0t order equations
°op— . .

P ptop @ neglect 2" or higher order perturbations
e n—n+dn . .
5 @ remainder: perturbed equation

@ of 0 — o+ do . . .

%__ @ solution yields perturbations du*,dn, dp
@ orthogonality:

u'du, =0 (1)
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Perturbative handling of relativistic hydrodynamics

Equations of perturbed quantities
Perturbations of standing fluid

Perturbative equations

Euler equation

(r + 1)opu”o,u” + (k + 1)pdutO,u” + (k + 1)putd,0u” =
(&" — u"u”)0,6p — outu”Oup — utou”oup

Energy equation

kOutOup + ku*d,0p + (k + 1)dpd,ut + (k + 1)pd,dout =0 (3)

Continuity equation

u"d,0n + énd,ut 4 outOyn + nddut =0 (4)

()
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Perturbative handling of relativistic hydrodynamics

Equations of perturbed quantities
Perturbations of standing fluid

Perturbations on a standing fluid: waves

Known solution: Standing fluid

e u*=(1,0,0,0) Perturbed Energy equation
@ p = const. k0op + (K + 1)poout =0
@ n = const.
Exploit these fields: Perturbed Euler equation
o Jut =0 (k + 1)pdodu” — Q*0,0p =0
® Jyp=0
o uhd, = 8 Wave solution for pressure
° Q" =(uv ~ &) Bop = Ao

o Q™d, =(0,V)
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Equations for the perturbations of Hubble-flow solution

Known solution: Hubble-flow

Hubble-flow:

Csorgd, Csernai, Hama, Kodama , Heavy lon Phys. A21, 73 (2004), nucl-th/0306004
mn

° Ut =%
~

e n=ng (m)3N(S)

p=
343

°ep=p(7) "

@ scaling variable must satisfy u,0"S =0

@ scaling variable can be arbitrary function of r” - 7™M . ¢t="=7

°

describes well hadronic data and photons
Csanad, Vargyas, Eur. Phys. J. A 44, 473 (2010)
Csandd, Mdjer, Central Eur. J. Phys. 10 (2012)
@ Multipole solutions also possible
Csanad, Szabd , Phys. Rev. C 90, 054911 (2014)
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Equations for the perturbations of Hubble-flow solution

Perturbative equations for Hubble-flow solution

9 5P v v K—3 v v
Euler equation: (/@—T—il)p [g" — u'u”] = — Su” + utd,6u” (5)
Energy equation: kut0,0p + Mép = —(k+ 1)pdyout  (6)
T
N'(S) 35n

Continuity equation: 5U“nN(S) OuS + u"9,6n + — nd,out =0 (7)

To find a solution:
@ choose test functions for dp, du*, dn
@ choose a scaling variable S

@ satisfy all the restrictions
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The found solution
A family of solutions for the pertubations Looking for scaling variables

The general form of solution
The perturbations:

b — X" Sut =46 - (T—FCTO- 3 %) o"S-x(5) (8)
T0 3 % %

p=po(2) i op =10 - por(S) (T)3+ 9)

n=ng (%)3/\/'(5)

dn=24-ng (%)3 h(x,y,z,t)v(S) (10)
Relationship between N(S), x(S), v(S), #(S), h(x,y, z, t),S

X(S) 89,08
x(S) ~  9,501S (11)
w(s) = =D ) (12)
v(S) (7'+c7' 3 Tn)@ So+S
S)N'(S) u”@oh X.V.Z. t (13)
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The found solution
A family of solutions for the pertubations Looking for scaling variables

The requirements for the scaling variable

We have to choose an h(x,y, z, t) function:

31
h(X’Y7Zat):|n<T>+C r <T> ,/£=3h:(1—|—C)|n(T>
70 3—k \ 10 To

The scaling variable must obey the following:

° u,0'S =0

0,01S . _ _
® ,sans Must be a function of the scaling variable

° 726M58“5 also a function of the scaling variable
The scaling variables found so far:

rm rm 7.ITI
S=— S=" S=—
tm Tm tm
XITI ym Zm
3=t = =
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Scaling variable: S = L5
Scaling variable: S=t/r

. Measurables
A concrete solution

~

The solution using this scaling variable:

N\ —mo1
)= (3) (15)
7(S) = (41w -3) (%)_1 (16)
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m
[

Scaling variable: S &
Scaling variable: S=t/r

. Measurables
A concrete solution

A concrete solution for S = t/r, N(S) = exp(—S72)

Special case of 77, m=—1 (IR
The scaling variable

w(S)
S= ; (18) Sut =5 - (T+cTDTT%> 9 5x(5)
Let us choose a NV (S) sn=5-m ()’ <'” (%) +es2 (%)%71> V()
N(S) = e_;é —e S
The v(S), x(S), 7(S) functions:
x(5) =1 (19)

7(S) = (k+1)(x—3) (E)
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Scaling variable: S %:
Scaling variable: S=t/r
Measurables

A concrete solution

The pressure and velocity perturbations for S = t/r

. . "
The original velocity: u# = *-
The perturbation:
out =46 - ToH (%)

3
The original pressure: p = po (TT—O)H“
The perturbation:

+1)(k=3) ¢ (19\3+2
Sp=26-po wﬁ (™)

tau=1.0
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Scaling variable
Scaling variable

N Measurables
A concrete solution

S

t
S=t/r

Singel-particle momentum distribution

For thermalized medium the source function:

I I
S(x, p) = Nnexp (— Pl > H(T)pﬂing}XdT (22)
With respect to the perturbations:
puu ppu*
S(c.p) =inesp (4 ) o(r ) Pg-
ou®  puout pLSut p u“&T 5n
1 e [ _ e [l d d
{ L puu” T T? T
Momentum distribution
/S(X p)d3xdr (23)
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Scaling variable: S = %5
Scaling variable: S=t/r
Measurables

A concrete solution

Single-particle momentum distribution for S = t/r

Let us choose the S = t/r scaling variable and N'(S) = e
Only free parameters: ¢ and §

Figure: Different values of ¢, § = 0.5 Figure: Different values of §, c=-1.79

1000 T T T T 1000 T T 4 T T T T
\ Non-perturbed
Perturbed: C=-1.79, 6=0.5
\\ 76, 6=0.5 —— ed: C=-1.79, 6=0.3 ——
\ 28,6=05 Perturbed: C=-1.79, 6=0.01
79.6=0.5 Perturbed: C=-1.79, 6=0.005
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Summary

ol e Perturbations

XM =k=3 3
u == 5u“:5-<7+c70 g TH> oS - x(9)
. 70 3+% T 3+%
P = Po (7) op=0-po (f) m(5)
T0\3 3
n=no () N(S) 5n=3-n0 () hix,y,2,0(S)
T

Accomplishments
@ New relativistic perturbative solutions
@ Broad family, new particular interesting solutions possible
@ Many possibilities for scaling variables
@ Single perturbation scale §
Outlook
@ Other scaling variable S, and h(x,y, z, t)
@ Apply the same method for other known solutions
Thank you for your attention!



Solving the energy equation
Solving the Euler equation
) So\v.mg the. con y equa‘vt);pn
Appendix Scaling variable and u

Non relativistic-equations
Perturbative solution
Measurables

Choosing pressure perturbation field

Pressure perturbation

343
Pressure: p = pg (%) e

5p =6 - por(S) (f)‘”z (24)

Test function for pressure substituted to (5) and (6) yields:

Energy equation

Oyout =0 (25)

Euler equation

k—3 1
i H L
ou” + u'0,0u (et 1)

7(S)9”'S (26)

RT
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Solving the energy equation
Solving the Euler equation
) So\v.ing the. continyity equavt)ipn
Appendix Scaling variab and 2

quations
Perturbative solution
Measurables

Solving the energy equation

Test function for four-velocity perturbation

Velocity: u# = *&
=

Sut = §- F(1)9"S - x(S) (27)

e Satisfies orthogonality (du,u* = 0)
@ Energy equation:

5 F'u,0"S - X(S) + 8 - FO,0"S - x(S) + 6+ FO'S - x/(5),S = 0

The final energy equation Right side must be a function of S

@ restriction for scaling variable

e ordinary diff. eq. for x(5)
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Solving the energy equation
Solving the Euler equation
Solving the continyity equatjon
Appendix Scaling varia z
Non relativis B
tive solution
Measurables

Solving the Euler equation

The Euler equation (substituting (11) into (10)):
k—3F(71)
K T

§-x(S)0"S + 6 - ud,(F(r) - x(5)d"S) = H-lud 7(S)9”'S

7(S) = ( “3F(0) _F() F'(T)) (k1) x(S)

K T T

e 7(S) and x(S) functions of S
@ first term on the right: cannot depend on 7
o F(r)=1+ Crx

The final equation from Euler equation

k+1)(k=3)

w(5) = ¢ X(5) (20)
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Solving the energy equation
Solving the Euler equation
Solving the continpity equatjon
Appendix cali ariz —m and u
-equations
Perturbative solution

Measurables

Solving the continuity equation

Test function for particle density perturbation
Particle density:

n = no (%0)3'/\/’(5) dn=20-ng (%)3 h(x,y,z,t)v(S)  (30)

Substitute this into continuity (7):

The final equation from continuity equation

_X(SN(S) _ 1

= utd,h(x,y, z, t 31
v(S) (r + Crx)a,Sons ( ) B

Both sides must be functions of the scaling variable:
e restriction for h(x,y,z,t) and S
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Solving the energy equation
Solving the Euler equation
Solving the continyity equatjon

Appendix Scaling variable ;—m and :—m
Non relativistic-equations
Perturbative solution
Measurables

Scaling variable S = % and S =

riable S

. . m
Scaling variable S = =

2(m—2)InS — m(m + 1)5%
2m(Sw — 1)

xX(S) = exp (34)

Balint Kurgyis, Maté Csanad Perturbative solutions of relativistic hydrodynamics

23/18



Solving the energy equation

Solving the Euler

Solving the cnntmq squaqon
Appendix Scaling variable

Non relatlwstlc-equatlons ‘

Perturbative solution

Measurables

Equations of non-relativistic hydrodynamics

Euler-equation

ou

g + (uV)u = —%Vp
Looking for (u, p, p) fields
Assumptions:

Continuity equation

)
2 +V(pu)=0

@ zero viscosity

@ zero heat conductivity

Equation of state

p — p relation
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Solving the energy equation
Solving the Eul uation
Solving the inyity equatjon

Appendix Scaling var and Ty
Non relativist tions
Perturbative solution
Measurables

Perturbative equations

Perturbed fields

Perturbed equations
e u—u+du

@ first order perturbation
e p—p+dp

@ using another solution
e p—p+dp
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Appendix

Wave solution

Solving the energy equation
Solving the Euler equation
Solving the cont y equatjon
Scaling vari a o
Non relat ations
Perturbative solution
Measurables

Known solution: Standing fluid
o u=20
@ p = const.
@ p = const.

Sound speed from equation of
state:

is, Maté Csanad

Perturbed Euler-equation

du 1
Bt = pVopP

Perturbed continuity equation

86’) + pVéu =0

Wave solution for pressure

o 2
8t§ =c"Ap
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Source function

S(x.p) = No(r — ro)drdxn () A (S)

T

exp |:EtXpX _ypyé_ ZPZN(S)] (E _ XPx + YPy +sz> )

t

Et — xpx — ypy — zp; "

_l’_




Appendix

Perturbative solution
Measurables

Single-particle distribution

3
E 2R? 2nTomd T 2 T
N(p) = Nnpexp | — — + d 0 ™07 (1——[)) E—p—<1——0) .
To  2To(2Tob + ERZ — 2Eb) E e E T
8(78 + c78) 8(7o + c7o) E e+ 2
S — + — — (1 +pyy1 +pzz1)—5—
{ nZ+R E- Po1TRyYITRzEL | py (Pt + pyy1 + pz21) ]

3

N §2bck n (T0)4:|+
(B3- H)Rg Tg + rl2 n

3
E 2R2 2mTo73 T 2 T
+ Nngexp | —— + Fo T 07 (17—0) E—p—<17—0) .
To  2To(4Tob + ER? — 2Eb) E T E T,

3
{52bE\/ 7'02 + f22 — PxX2 — PyY2 — PzZ2 <(K, +1)(k — 3) Tg + r22 K )
. o s

- C
RgTOTO K rn 3—k

— — (P2 + Pyy2 + Pz 22) 3
To n rs

8(ro+ Cmp) [ E VTt }
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