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We present the results of a calculation of the perturbative QCD corrections for the semileptonic inclusive 
width of a heavy flavored meson. Within the Heavy Quark Expansion we analytically compute the QCD 
correction to the coefficient of power-suppressed contribution of chromo-magnetic operator in the limit 
of vanishing mass of the final state quark. The important phenomenological applications are decays of 
bottom mesons, and to the lesser extent, charmed mesons.
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1. Introduction

With the success of the LHC mission and the Higgs boson dis-
covery the validity of Standard Model (SM) as the theory of parti-
cle interactions at the energies below 1 TeV has been convincingly 
proved. However, it is hard to expect that we shall be able to 
explore still higher energy regions in the same manner, namely 
by a direct observation of new physics phenomena. It is conceiv-
able that new phenomena beyond the standard model can only be 
identified through detecting slight discrepancies between theoreti-
cal predictions within the SM and precision measurements at low 
energy with available machines. For this program to succeed, the 
availability of accurate theoretical predictions within the standard 
model is of crucial importance, especially precise numerical values 
of key parameters of the SM are necessary.

There is a common belief that the flavor physics of quarks is 
one of the most promising places for search of new physics [1]. 
The relevant standard model parameters in this sector are the 
Fermi constant G F , quark masses, and quark mixing parameters 
gathered in the CKM matrix. While the quark weak decays are 
mediated through charged currents at the tree level (which are be-
lieved not to have sizable contributions of possible new physics), 
their study is of paramount importance for precise determination 
of the numerical values of the CKM matrix elements. In contrast 
to leptons, obtaining a theoretical prediction for processes with 
quarks requires the use of genuinely nonperturbative computa-
tional methods (like QCD lattice calculations) due to confinement. 
Nevertheless, for heavy hadrons the theoretical treatment is some-

* Corresponding author.
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what simplified because the large mass of the heavy quark opens 
the possibility for an expansion in powers of Λ/mQ where mQ
is the heavy quark mass and Λ ∼ 500 MeV is a hadronic scale 
of QCD. The technique of such an analysis is formalized as the 
Heavy-Quark Expansion and is formulated in the modern language 
of effective theory approach as an effective theory of heavy quarks 
(HQET). The method has been first used to extract the explicit de-
pendence of decay constant of heavy mesons on the heavy quark 
mass [2] and then developed into a full-scale effective theory 
framework (see, e.g., [4,3,5–8]). Top quarks do not form long liv-
ing hadrons due to the short top quark lifetime, charmed mesons 
are probably not heavy enough, rendering the application of the 
Heavy-Quark Expansion (HQE) almost marginal but still possible. 
The case of bottom meson decays is certainly tractable in this way 
and thus has been intensively studied. The technique is applicable 
to b → u and b → c transition and to both semileptonic and purely 
hadronic decays. Our general formulas can be used for the case of 
charm quark decays c → s of c → d as well but, for definiteness, 
we will stick to semileptonic b → c transitions in our notation be-
low.

Over the last ten years the heavy quark expansion method in 
inclusive semileptonic b → c decays has been refined to such an 
extend that the remaining theoretical uncertainty in the prediction 
of the total inclusive rate for B → Xcℓν̄ has reached a level of less 
than two percent. The structure of the HQE in the case at hand is 
given by the following expression (see, e.g., [9])

Γ (B → Xcℓν̄ℓ)/Γ
0

= |V cb|2
!
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in Heavy Quark Effective Field Theory
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Abstract

Inclusive semileptonic decays are discussed in the framework of heavy quark
effective field theory by employing the short distance expansion in the effective
theory. The lowest order term turns out to be the parton model; the higher
order terms may be regarded as correction terms to the parton model result.
The first nonvanishing corrections to the parton model result are given and
the lepton energy spectrum of inclusive semileptonic decays of heavy mesons
is calculated.
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Abstract

We present a QCD analysis of heavy quark mesons focussing on the B!D
⇤ formfactor

at zero recoil, FD⇤(1). An advanced treatment of the perturbative corrections in the
Wilsonian approach is presented. We estimate the higher-order power corrections
to the OPE sum rule and describe a refined analysis of the nonresonant continuum
contribution. In the framework of a model-independent approach, we show that the
inelastic contribution in the phenomenological part of the OPE is related to the mQ-
dependence of the hyperfine splitting and conclude that the former is large, lowering
the prediction for FD⇤(1) down to about 0.86. This likewise implies an enhanced
yield of radial and D-wave charm excitations in semileptonic B decays and alleviates
the problem with the inclusive yield of the wide excited states. We also apply the
approach to the expectation values of dimension 7 and 8 local operators and to a few
other issues in the heavy quark expansion.
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Abstract

We present a detailed evaluation of the total semileptonic B meson width in terms of |Vcb| and
heavy quark parameters (quark masses and the expectation values of local heavy quark operators).
Special attention is given to perturbative corrections which can precisely be calculated in a scheme
with a hard Wilsonian cutoff at a scale around 1 GeV appropriate for the OPE, and to the potential
impact of higher-order power corrections. We point out that the latter require control over possible
contributions from four-quark operators containing charm quark fields. Analytical expressions are
given which allow evaluating the width with various choices of parameters; ready-to-use expressions
showing the dependence on the heavy quark parameters are presented as well. We illustrate these
results by commenting on how these parameters can be extracted and what accuracy is likely to be
achievable in the near future.
© 2003 Elsevier B.V. All rights reserved.

PACS: 13.25.Hw; 13.30.Ce

1. Introduction

Extracting the value of |Vcb| from the observed semileptonic width of B mesons
constitutes a method of impeccable theoretical pedigree [1], although it often has been
imprecated in the past. The theoretical part of the analysis proceeds in two steps:
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1 On leave of absence from Department of Physics, University of Notre Dame, Notre Dame, IN 46556, USA

and St. Petersburg Nuclear Physics Institute, Gatchina, St. Petersburg 188300, Russia.
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Parton–Hadron Duality in B Meson Decays
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Abstract

We summarize the current view on Parton-Hadron duality as it applies to B meson
decays. It is emphasized that an OPE treatment is essential for properly formulating
duality and its limitations. Duality violations are unlikely to become the limiting
factor in describing semileptonic B width vis-a-vie higher order corrections. The
consistent extraction of the b quark mass from B production and decays provides a
striking example of the theoretical control achieved.

1On leave from Physics Dept., University of Notre Dame du Lac, Notre Dame, IN 46556, U.S.A.



PDG AVERAGES

Theory Tag Reco Project Fit Results Belle II B̄ �! D⇤`�⌫̄` at Belle and Belle II

Exclusive vs Inclusive Tension

Exclusive Analysis

Specific decay modes

Inclusive Analysis

Anything + `⌫

[Bernlocher: SM@LHC 2017]

310◊| cbV|
36 37 38 39 40 41 42 43 44 45

PD
G

 W
or

ld
 a

ve
ra

ge
s

My 2017

2014

2012

2010

2008

2006

2004

~3�

Exclusive Inclusive  � Long standing tension between
exclusive |Vcb| and inclusive |Vcb|!

However:
Current PDG review (Oct. 2017):

|Vcb| = (41.9± 2.0)⇥ 10�3 (excl.)

|Vcb| = (42.2± 0.8)⇥ 10�3 (incl.)

Kilian Lieret Ludwig Maximilian University of Munich | Belle 3 / (17 + 5)

89. Semileptonic b-hadron decays, determination of Vcb, Vub 1

89. Semileptonic b-Hadron Decays,

Determination of Vcb, Vub

Updated October 2017 by R. Kowalewski (Univ. of Victoria, Canada) and T. Mannel
(Univ. of Siegen, Germany)

89.1. Introduction

Precision determinations of |Vub| and |Vcb| are central to testing the CKM sector of
the Standard Model, and complement the measurements of CP asymmetries in B decays.
The length of the side of the unitarity triangle opposite the well-measured angle β is
proportional to the ratio |Vub|/|Vcb|; its precise determination is a high priority of the
heavy-flavor physics program.

The semileptonic transitions b → cℓν̄ℓ and b → uℓν̄ℓ (where ℓ refers to an electron or
muon) each provide two avenues for determining these CKM matrix elements, namely
through inclusive and exclusive final states. Recent measurements and calculations are
reflected in the values quoted in this article, which is an update of the previous review [1].
The leptonic decay B− → τ ν̄ can also be used to extract |Vub|; we do not use this
information at present since none of the experimental measurements has reached a
competitive level of precision.

The theory underlying the determination of |Vqb| is mature, in particular for |Vcb|.
Most of the theoretical approaches use the fact that the mass mb of the b quark is large
compared to the scale ΛQCD that determines low-energy hadronic physics. The basis for
precise calculations is a systematic expansion in powers of Λ/mb, where Λ ∼ 500 − 700
MeV is a hadronic scale of the order of ΛQCD, based on effective-field-theory methods
described in a separate RPP mini-review [2]. The use of lattice QCD for calculations
of non-perturbative quantities plays an essential role in many of the determinations
discussed here; lattice methods are discussed in a separate RPP mini-review [3].

The measurements discussed in this review are of branching fractions or ratios of
branching fractions. The determinations of |Vcb| and |Vub| also require a measurement of
the total decay widths of the corresponding b hadrons, which is the subject of a separate
RPP mini-review [4]. The measurements of inclusive semileptonic decays relevant to
this review come primarily from e+e− B factories operating at the Υ(4S) resonance,
where BB̄ pairs are produced nearly at rest in the center-of-mass frame. Measurements
of exclusive semileptonic decays come from the e+e− B factories and from the LHCb
experiment at CERN.

Semileptonic B meson decay amplitudes to electrons and muons are assumed to be
largely free from any impact of non-Standard Model physics, since they are dominated
by Standard-Model W boson exchange. The decays B̄ → D(∗)τ ν̄τ , however, provide
sensitivity to possible non-universalities in the couplings to the third generation leptons
that are present at tree level in models involving new charged mediators. For example,
a charged Higgs boson, present in many models of new physics, couples to the mass of
the lepton and breaks lepton universality. If the enhanced decay rates seen in recent
measurements of these decay modes turn out to be robust, they are an indication of new
physics.

M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018)
June 5, 2018 20:06

Bernlochner
Babar physics book 1999 
“if the two results agree” thex



The importance of |Vcb|
The most important CKM unitarity 
test is the Unitarity Triangle (UT)
Vcb plays an important role in UT

and in the prediction of FCNC:

⇥ |VtbVts|2 � |Vcb|2
h
1 +O(�2)

i

"K ⇡ x|Vcb|4 + ...

where it often dominates the 
theoretical uncertainty.
Vub/Vcb constrains directly the UT



INCLUSIVE DECAYS: BASICS

Simple idea: inclusive decays do not depend on final state, long distance dynamics 
of the B meson factorizes.  An OPE allows to express it in terms of B meson 
matrix elements of local operators

The Wilson coefficients are perturbative, matrix elements of local ops 
parameterize non-pert physics: double series in αs, Λ/mb 

Lowest order: decay of a free b,  linear Λ/mb absent. Depends on mb,c, 2 
parameters at O(1/mb2), 2 more at O(1/mb3)... 
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INCLUSIVE SEMILEPTONIC B DECAYS

OPE valid for inclusive enough measurements, away from 
perturbative singularities: semileptonic width, moments
Most fits include 6 non-pert parameters 
mb     mc         
and all known corrections up to O(Λ3/mb3)

  Inclusive observables are double series in 𝛬/mb and αs
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TAU final states as well!
Ligeti, Tackmann, Mannel,Rusov, Shaharian



EXTRACTION OF THE OPE PARAMETERS 

 Global shape parameters (first moments of the distributions, with various lower 
cuts on El) tell us about mb, mc and the B structure, total rate about |Vcb|

 
OPE parameters describe universal properties of the B meson and of the quarks: 

they are useful in many applications (rare decays, Vub,...) 

hadronic mass spectrumlepton energy spectrum



THE CURRENT HFLAV S.L. FIT

kinetic scheme calculation based on 1411.6560,1107.3100; hep-ph/0401063

includes all                            corrections Melnikov, Biswas, Czarnecki, Pak, Becher, Boos, 
Lunghi, Alberti, Ewerth, Nandi, PG, Mannel, Pivovarov, Rosenthal

Reliability of the method depends on our control of higher order effects.  
Quark-hadron duality violation would manifest as inconsistency in the 
fit.

reassessment of theoretical errors, realistic theoretical correlations 
following Schwanda, PG, 1307.4551

external constraints: precise heavy quark mass determinations, mild 
constraints on µ2G  from hyperfine splitting and ρ3LS from sum rules

Older fits, like Buchmuller & Flaecher (2005), Bauer et al (2004) (1S scheme) are not up-to-date

O(α2
s , αs/m2

b ,1/m3
b)



CHARM MASS

Remarkable improvement in the last decade.  We used mc as 
input to fix mb , but higher precision on mb should be exploited as well

charm quark mass from lattice QCD

		

mc 3GeV( ) =0.996 25( )GeV 								Nf =2+1+1				 ~2.5%( )
=0.986 6( )GeV 										Nf =2+1										 ~0.6%( )
=1.03 4( )GeV 													Nf =2																 ~4%( )

FLAG-3 review (Nov. ’15) updates / new results

		

mc 3GeV( ) =0.9843 55( )GeV 						Nf =2+1+1				 FNAL/MILC/TUMQCD	18[ ]

mc 3GeV( ) =1.003 10( )GeV 								Nf =2+1										 JLQCD	16[ ]
=0.988 9( )GeV 										Nf =2+1										 Maezawa&Petreczky	16[ ]

moment method

		

mc 3GeV( ) =0.990 11( )GeV 								Nf =2+1+1				 ~1.1%( )
=0.991 4( )GeV 										Nf =2+1										 ~0.4%( )

my personal estimates- moment method (HPQCD 10, HPQCD 14, JLQCD 15B)
  (independent on mass RCs)

- based on charmed meson or baryon masses (and on mass RCs)

meson masses

text

Friday, April 13, 18



FIT RESULTS

results depend little on 
assumption for correlations and 
choice of inputs, 1.8% 
determination of  Vcb

20-30% determination of the 
OPE parameters

b mass determination in 
agreement with recent lattice 
and sum rules results

Without mass 
constraints

2

a(1) a(2,�0) a(2) p(1) g(0) g(1) d(0)

-0.95 -0.47 0.71 0.99 -1.91 -3.51 -16.6

-1.66 -0.43 -2.04 1.35 -1.84 -2.98 -17.5

-1.24 -0.28 0.01 1.14 -1.91 -3.23 -16.6

TABLE I. Coe⇥cients of (3) for mkin
b (1GeV) = 4.55GeV and

with the charm mass in the kinetic scheme, mkin
c (1GeV) =

1.091GeV (first row), and in the MS scheme, mc(3GeV) =
0.986GeV (2nd row) and mc(2GeV) = 1.091GeV (3rd row).

⇧m2n
X ⌃ = 1

�E`>Ecut

⌃

E`>Ecut

m2n
X

d�

dm2
X

dm2
X .

where E� is the lepton energy, m2
X the invariant hadronic

squared mass, and Ecut an experimental threshold on the
lepton energy applied by some of the experiments. Since
the physical information of moments of the same type is
highly correlated, for n > 1 it is better to employ central
moments, computed relative to ⇧E�⌃ and ⇧m2

X⌃. The in-
formation on the non-perturbative parameters obtained
from a fit to the moments enables us to extract |Vcb| from
the total semileptonic width [19–21].

The expansion for the total semileptonic width is

�sl =�0

⌥
1 + a(1)

�s(mb)

⌅
+ a(2,�0)⇥0

��s
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��s
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⇤
�1

2
+ p(1)

�s

⌅

⌅
µ2
⇥

m2
b

+
�
g(0) + g(1)

�s

⌅

⇥ µ2
G(mb)

m2
b

+d(0)
⇧3D
m3

b

� g(0)
⇧3LS

m3
b

+ higher orders

⇧
, (3)

where �0 = Aew|V 2
cb|G2

Fm
5
b(1 � 8⇧ + 8⇧3 � ⇧4 �

12⇧2 ln ⇧)/192⌅3 is the tree level free quark decay width,
⇧ = m2

c/m
2
b , and Aew = 1.014 the leading electroweak

correction. We have split the �2
s coe⇧cient into a BLM

piece proportional to ⇥0 = 9 (with three massless ac-
tive quark flavors) and a remainder. The expansions for
the moments have the same structure. The parameters
µ2
⇥, µ

2
G, ⇧

3
D, ⇧3LS are the B meson expectation values of

the relevant dimension 5 and 6 local operators.
In Eq. (3) and in the calculation of all the moments we

have included the complete one and two-loop perturba-
tive corrections [22–27], as well as 1/m2,3

b power correc-
tions [16–18, 28]. We neglect contributions of order 1/m4

b
and 1/m5

Q [29], which appear to lead to a very small shift
in |Vcb|, but we include for the first time the perturbative
corrections to the leading power suppressed contributions
[13–15] to the width (see also [30] for the limit mc ⌅ 0)
and to all the moments [31].

The coe⇧cients a(i), g(i), p(1), d(0) in Eq. (3) are func-
tions of ⇧ and of various unphysical scales, such as the
one of �s. They are given in Table 1 for specific val-
ues of the quark masses. We use the kinetic scheme [32]
with cuto⇥ at 1GeV for mb and the OPE parameters and
three di⇥erent options for the charm mass.

mkin
b mc(3GeV) µ2

⇤ ⇥3D µ2
G ⇥3LS BRc ⇥ 103|Vcb|

4.553 0.987 0.465 0.170 0.332 -0.150 10.65 42.21

0.020 0.013 0.068 0.038 0.062 0.096 0.16 0.78

1 0.508 -0.099 0.142 0.596 -0.173 -0.075 -0.427

1 -0.013 0.002 -0.023 0.007 0.016 -0.047

1 0.711 -0.025 0.041 0.144 0.338

1 -0.064 -0.154 0.065 0.195

1 -0.032 -0.022 -0.255

1 -0.017 0.011

1 0.359

1

TABLE II. Results of the global fit in our default scenario.
All parameters are in GeV at the appropriate power and all,
except mc, in the kinetic scheme at µ = 1GeV. The first
and second rows give central values and uncertainties, the
correlation matrix follows.

THE GLOBAL FIT

The available measurements of the semileptonic mo-
ments [4] and the recent, precise determinations of the
heavy quark masses significantly constrain the parame-
ters entering Eq. (3), making possible a determination of
|Vcb| whose uncertainty is dominated by our ignorance
of higher order e⇥ects. Duality violation e⇥ects can be
constrained a posteriori, by checking whether the OPE
predictions fit the experimental data, but this again de-
pends on precise OPE predictions.
We perform a fit to the semileptonic data listed in

Table 1 of Ref. [8] with �s(4.6GeV) = 0.22 and em-
ploy a few additional inputs. Since the moments are
mostly sensitive to ⇤ mb � 0.8mc, it is essential to in-
clude information on at least one of the heavy quark
masses. Because of its smaller absolute uncertainty, mc

is preferable. Among recent mc determinations [33–35]
we choose mc(3GeV) = 0.986(13)GeV [33], although
we will discuss the inclusion of mb determinations as
well. We also include a loose bound on the chromomag-
netic expectation value from the B hyperfine splitting,
µ2
G(mb) = 0.35(7)GeV2. Finally, as all observables de-

pend very weakly on ⇧3LS , we use the heavy quark sum
rule constraint ⇧3LS = �0.15(10)GeV3.
As should be clear from the above discussion on higher

orders in the OPE, the estimate of theoretical errors and
of their correlation is crucial. We follow the strategy of
[8, 19] for theoretical uncertainties, updating it because
of the new corrections that we include. In particular, we
assign an irreducible uncertainty of 8 MeV to mc,b, and
vary �s(mb) by ±0.018, µ2

⇥ and µ2
G by ±7%, ⇧3D and ⇧3LS

by ±30%. This implies a total theoretical uncertainty
between 2.0% and 2.6% in the semileptonic width, de-
pending on the scheme. For the theory correlations we
adopt scenario D of Ref. [8], i.e. we assume no correla-

mkin
b (1GeV)� 0.85mc(3GeV) = 3.714± 0.018GeV

0.3 0.4 0.5 0.6 0.7 0.8
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0.25

0.30
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0.40

0.45
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2HGeV2L
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3 L

0.25 0.30 0.35 0.40 0.45 0.50 0.55

0.08
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all cuts

Alberti, Healey, Nandi, PG, 1411.6560



HIGHER POWER CORRECTIONS
Proliferation of non-pert parameters  starting 1/m4: 9 at dim 7, 18 at dim 8

Lowest Lying State Saturation 
Approx (LLSA) truncating    

Mannel,Turczyk,Uraltsev
 1009.4622

�B|O1O2|B⇥ =
X

n

�B|O1|n⇥�n|O2|B⇥

see also Heinonen,Mannel 1407.4384

and relating higher dimensional to lower dimensional matrix elements, e.g.

excitation energy to P-wave states. LLSA might set the scale of effect, but 
large corrections to LLSA have been found in some cases 1206.2296 

⇢3D = ✏µ2
⇡ ⇢3LS = �✏µ2

G ✏ ⇠ 0.4GeV

In principle relevant: HQE contains O(1/mn
b1/mk

c )



INCLUDING HIGHER ORDERS
Using LLSA one observes a good convergence of the HQE in width and 
moments

We use LLSA as loose constraint or priors (60% gaussian uncertainty, 
dimensional estimate for vanishing matrix elements) in a fit including 
higher powers

The rest of the fit is unchanged, with slightly smaller theoretical errors

|Vcb| = 42.11(74)⇥ 10�3 (0.25% reduction)

Using mc(2GeV) and including the PDG average for mb, 1.5% uncertainty on Vcb

|Vcb| = 42.00(64)⇥ 10�3

Healey, Turczyk, PG 1606.06174



SENSITIVITY TO HIGHER POWER CORRECTIONS

Moderate
changes

to the leading
HQE m.e.



PROSPECTS for INCLUSIVE Vcb

Theoretical uncertainties already dominant 

O(αs/mb3) calculation under way

O(1/mQ4,5) effects need further investigation but small effect on Vcb

NNNLO corrections to total width feasible, needed for 1% uncertainty?

Electroweak (QED) corrections require attention

New observables in view of Belle-II: FB asymmetry proposed by S.Turczyk 
could be measured already by Babar and Belle now

Lattice QCD information on local matrix elements is the next frontier 
(eg Hashimoto method and meson masses) 



MESON MASSES FROM ETMC

on the lattice one can compute mesons for arbitrary quark masses

We used both pseudoscalar and vector mesons

Direct 2+1+1 simulation, a=0.62-0.89 fm, mπ=210-450 MeV, heavy masses 
from mc to 3mc, ETM ratio method with extrapolation to static point.

Kinetic scheme with cutoff at 1GeV,  good sensitivity up to 1/m3  corrections

MHQ = mQ + ⇤̄+
µ2
⇡
� aHµ2

G

2mQ

+ . . .

see also Kronfeld & Simone hep-ph/0006345, 1802.04248

Melis, Simula, PG 1704.06105



RESULTS AND IMPLICATIONS
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the kinetic scheme is designed to achieve precisely that.

VIII. CONCLUSIONS

We have presented a precise lattice computation of pseudoscalar and vector heavy-light meson

masses for heavy-quark masses ranging from the physical charm mass up to ' 4 times the physical

b-quark mass, adopting the gauge configurations generated by the European Twisted Mass Col-

laboration (ETMC) with Nf = 2 + 1 + 1 dynamical quarks at three values of the lattice spacing

(a ' 0.062, 0.082, 0.089 fm) with pion masses in the range M⇡ ' 210� 450 MeV. The heavy-quark

mass has been simulated directly on the lattice up to ' 3 times the physical charm mass. The

interpolation to the physical b-quark mass has been performed using the ETMC ratio method,

based on ratios of the spin-averaged meson masses computed at nearby heavy-quark masses.

The kinetic mass scheme has been adopted in order to work with a short-distance mass free

from renormalon ambiguites (also often used in the analysis of the inclusive semileptonic B-meson

decays relevant for the determination of the CKM entry Vcb). The extrapolation to the physical

pion mass and to the continuum limit yields m
kin
b

(1 GeV) = 4.61(20) GeV, which corresponds

to mb(mb) = 4.26(18) GeV in the MS scheme, and is in agreement with the results of the OPE

analysis of the inclusive semileptonic B-meson decays [1, 2].

Then the ratio method has been applied above the physical b-quark mass to provide heavy-light

meson masses towards the static point. The lattice data have been analyzed in terms of the Heavy

Quark Expansion and the matrix elements of dimension-4 and dimension-5 operators have been

determined with a good precision, namely:

⇤ = 0.552 (26) GeV , (71)

µ
2
⇡ = 0.321 (32) GeV2

, (72)

µ
2
G(mb) = 0.253 (25) GeV2

. (73)

The data has allowed also to estimate the size of two combinations of the matrix elements of

dimension-6 operators, namely:

⇢
3
D � ⇢

3
⇡⇡ � ⇢

3
S = 0.153 (34) GeV3

, (74)

⇢
3
⇡G + ⇢

3
A � ⇢

3
LS = �0.158 (84) GeV3

. (75)

All the above HQE parameters, as well as the physical c- and b-quark masses, are found to be

highly correlated and therefore the full covariance matrix has been provided (see Tables IV-V).
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10% (30%) precision on dim 5 and 6 m.e. Competitive with the moments fits?
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We start by warning the reader that in this work µ
2
⇡ and µ

2
G
(mb) refer to asymptotic matrix

elements, i.e. matrix elements of asymptotically heavy mesons, while the inclusive semileptonic fits

are sensitive to the matrix elements of the same operators in the physical B-meson. The relations

between the two concepts are

µ
2
⇡|B = µ

2
⇡|1 �

⇢
3
⇡⇡ + 1

2⇢
3
⇡G

emb

+O(1/em2
b) , (69)

µ
2
G(mb)|B = µ

2
G(mb)|1 +

⇢
3
S
+ ⇢

3
A
+ 1

2⇢
3
⇡G

emb

+O(1/em2
b) . (70)

It should also be kept in mind that the semileptonic fits are not very sensitive to µ
2
G
(mb) and ⇢

3
LS

,

which are mostly determined by loose constraints based on heavy quark sum rules. In particular

the constraint µ
2
G
(mb)|B = 0.35(7) GeV2 is applied in Refs. [1, 2]. As a first application of our

results we can check their consistency with this constraint. The values µ2
⇡|B = 0.432(68) GeV2 and

µ
2
⇡|B = 0.465(68) GeV2 were found in Refs. [1, 2], respectively, which di↵er only for the inclusion

of higher-order power corrections. Comparing these values with our final result (65), it follows that

the combination ⇢
3
⇡⇡ + 1

2⇢
3
⇡G

should be large and negative, �0.51(35) GeV2, where we have taken

the smaller value of µ2
⇡|B from Ref. [1]. Since the sum ⇢

3
⇡⇡+⇢

3
S
+⇢

3
A
+⇢

3
⇡G

is positive by definition,

it also follows that ⇢3
S
+ ⇢

3
A
+ 1

2⇢
3
⇡G

> 0.51(35) GeV2, or µ
2
G
|B > µ

2
G
|1 + 0.11(8) GeV2 = 0.36(8)

GeV2. Despite the large errors, there is a clear indication that the constraint employed in the

semileptonic fits is adequate. We also note that the large values taken by some of the non-local

matrix elements are consistent with the observations made in Ref. [5]. A detailed discussion of our

results in the context of the heavy quark sum rules and in particular of the zero recoil sum rule is

postponed to a future publication.

Of course, in order to employ our results in other observables, like the inclusive semileptonic

decay rates of the B-meson, it is necessary that all the matrix elements are defined as short distance

quantities, not a↵ected by renormalons. As is well known, the OPE of the inclusive semileptonic

B-meson decay rate predicts [43] that the corrections to the free-quark decay rate are suppressed

by two powers of the b-quark mass and can be parameterized in terms of the HQE matrix elements

µ
2
⇡ and µ

2
G
(mb). In terms of the heavy-quark pole mass the radiative corrections to the free-quark

decay rate are plagued by renormalons, which however are cancelled out when the pole mass is

replaced in favor of a short-distance heavy-quark mass [12, 44]. This is a crucial feature for the OPE

analysis of the inclusive semileptonic B-meson decays, since the appearance of renormalons in the

radiative corrections of the leading-order decay rate may signal the presence of non-perturbative

corrections in the inverse heavy-quark mass, that cannot be parameterized using the same HQE

matrix elements µ2
⇡ and µ

2
G
(mb) extracted from the analysis of heavy-meson masses. In principle,

comparison with fits shows that 
since 
it follows that 
good consistency with fits, but only 4 combinations are determined

ρ3
ππ +

1
2

ρ3
πG ≈ − 0.51(35) GeV3

ρ3
ππ + ρ3

πG + ρ3
A + ρ3

S ≥ 0

μ2
G(mb) ≥ 0.36(8)GeV2



EXCLUSIVE DECAYS

b

d, u

c

l

v

X
d,u

B Vcb	

There are 1(2) and 3(4) FFs for D and D*  for light (heavy) leptons, for instance

=D,D*,…

hD|c̄�µb|Bi / f+,0(q
2)

Information on FFs comes from LQCD (at high q2), LCSR (at low q2), exp… 



VIOLATION OF LFU WITH TAUS
Introduction: The |Vcb| CKM matrix element

Tensions in lepton universality

R
⇣
D(⇤)

⌘
=

B
�
B ! D(⇤)⌧⌫⌧

�

B
�
B ! D(⇤)`⌫`

�

0.2 0.3 0.4 0.5 0.6
R(D)

0.2

0.25

0.3

0.35

0.4

0.45

0.5

R
(D

*) BaBar, PRL109,101802(2012)
Belle, PRD92,072014(2015)
LHCb, PRL115,111803(2015)
Belle, PRD94,072007(2016)
Belle, PRL118,211801(2017)
LHCb, PRL120,171802(2018)
Average

Average of SM predictions

 = 1.0 contours2χΔ

 0.003±R(D) = 0.299 
 0.005±R(D*) = 0.258 

HFLAV

Summer 2018

) = 74%2χP(

σ4

σ2

HFLAV
Summer 2018

Current 4� tension with the SM

Alejandro Vaquero (University of Utah) B̄ ! D⇤`⌫̄ and
��Vcb

�� September 18th , 2018 6 / 26



MODEL INDEPENDENT FF PARAMETRIZATION

crossing + 
analitycity

q
q

m2
`  q2  (mB �mD)2 q2 � (mB +mD)2

2-point correlator cutsphysical semileptonic region

poles at q2=m2Bc etc

b

b

d

b

0 <

fi

Xn

X

n

=

b

c
+pert corr

using quark-hadron duality

fi

(+condensates)

/ |fi|2

d d



UNITARITY CONSTRAINTS

z =

p
1 + w �

p
2

p
1 + w +

p
2

blaschke factors 
remove poles 

below threshold

phase space 
factors

weak unitarity 
constraints 
assuming	saturation	

by	single	hadron	channel

BGL Boyd 
Grinstein 

Lebed 1997

0 < z < 0.056w =
m2

B +m2
D⇤ � q2

2mBmD⇤

fi(z) =

p
�i

Pi(z)�i(z)

1X

n=0

ainz
n

truncated  
at order n

NX

n=0

(ain)
2 < 1



LATTICE + EXP FIT for B→Dlv
Bigi, PG 1606.08030

Babar 2009
Belle 2015
MILC-FNAL  
HPQCD

f+

f0

BGL N=4 
χ2/dof=19/22

|Vcb|=40.5(1.0) 10-3,  R(D)=0.299(3) 

Lattice determination of slopes 

2.4σ 
from exp



Strong Unitarity Bounds
Information on other channels makes the bounds tighter.
HQS implies that all  B(*)→D(*) ff either vanish or are prop to the Isgur-Wise 
function: any ff Fj can be expressed as

Caprini Lellouch Neubert (CLN, 1998) exploit NLO HQET relations between 
form factors + QCD sum rules to reduce parameters for ff… up to < 2% 
uncertainty, never included in exp analysis. 

which leads to (hyper)ellipsoids in the ai space 

Fj(z) =

✓
Fj

Fi

◆

HQET

Fi(z)

for S, P, V, A currents

hA1(z) = hA1(1)
⇥
1� 8⇢2z + (53⇢2 � 15)z2 � (231⇢2 � 91)z3

⇤

nice: only 2+2 parameters! but theoretical uncertainty?

2

Type Mass (GeV) References

1
�

6.329 [12]

1
�

6.920 [12]

1
�

7.020 [13]

1
�

7.280 [14]

1
+

6.739 [12]

1
+

6.750 [13, 15]

1
+

7.145 [13, 15]

1
+

7.150 [13, 15]

TABLE I. Relevant B(⇤)
c masses. The 1

�
resonances are as in

Ref. [9].

In the Caprini-Lellouch-Neubert (CLN) parameteriza-
tion [11] one employs the form factor hA1(w) and the
ratios R1,2(w). Traditionally, the experimental collabo-
rations use

hA1(w) = hA1(1)
⇥
1� 8⇢2z + (53⇢2 � 15)z2

�(231⇢2 � 91)z3
⇤
,

R1(w) = R1(1)� 0.12(w � 1) + 0.05(w � 1)2, (5)

R2(w) = R2(1) + 0.11(w � 1)� 0.06(w � 1)2,

where z = (
p
w + 1�

p
2)/(

p
w + 1+

p
2) and there are

four independent parameters in total. We will discuss
the ingredients of this parameterization later on. After
integration over the angular variables, the w distribution
is proportional to [11]

F2(w) = h2
A1

(w)

✓
1 + 4

w

w + 1

1� 2wr + r2

(1� r)2

◆�1

⇥

2
1� 2wr + r2

(1� r)2

✓
1 +R2

1(w)
w � 1

w + 1

◆
+

✓
1 + (1�R2(w))

w � 1

1� r

◆2
#
. (6)

An alternative parameterization is due to Boyd, Grin-
stein and Lebed (BGL) [16]. In their notation the helicity
amplitudes Hi are given by

H0(w) = F1(w)/
p
q2,

H±(w) = f(w)⌥mBmD⇤

p
w2 � 1 g(w).

The relations between the relevant form factors in the
CLN and BGL notation are

f =
p

mBm⇤
D(1 + w)hA1 , g = hV /

p
mBm⇤

D ,

F1 = (1 + w)(mB �mD⇤)
p
mBmD⇤A5 ,

and

R1(w) = (w + 1)mBmD⇤
g(w)

f(w)
,

R2(w) =
w � r

w � 1
� F1(w)

mB(w � 1)f(w)
.

Input Value

mB0 5.280 GeV

mD⇤+ 2.010 GeV

⌘EW 1.0066

�̃T
1�(0) 5.131 · 10�4

GeV
�2

�T
1+(0) 3.894 · 10�4

GeV
�2

TABLE II. Further numerical inputs (uncertainties are small

and can be neglected). The calculation of �̃T
1�(0) and �T

1+(0)

follows Refs. [9, 17].

The three BGL form factors can be written as series
in z,

f(z) =
1

P1+(z)�f (z)

1X

n=0

afnz
n ,

F1(z) =
1

P1+(z)�F1(z)

1X

n=0

aF1
n zn , (7)

g(z) =
1

P1�(z)�g(z)

1X

n=0

agnz
n.

In these equations the Blaschke factors P1± are given by

P1±(z) =
nY

P=1

z � zP
1� zzP

, (8)

where zP is defined as (t± = (mB ±mD⇤)2)

zP =

p
t+ �m2

P �
p
t+ � t�p

t+ �m2
P +

p
t+ � t�

,

and the product is extended to all the Bc resonances be-
low the B-D⇤ threshold (7.29GeV) with the appropriate
quantum numbers (1+ for f and F1, and 1� for g). We
use the Bc resonances reported in Table I, but do not
include the fourth 1� resonance, which is too uncertain
and close to threshold. The Bc resonances also enter the
1� unitarity bounds (see below) as single particle contri-
butions. The outer functions �i for i = g, f,F1, can be
read from Eq. (4.23) in Ref. [16]:

�g(z) =
r

nI

3⇡�̃T
1�(0)

24r2(1 + z)2(1� z)�
1
2

[(1 + r)(1� z) + 2
p
r(1 + z)]4

,

�f (z) =
4r

m2
B

r
nI

3⇡�T
1+(0)

(1 + z)(1� z)
3
2

[(1 + r)(1� z) + 2
p
r(1 + z)]4

,

�F1(z) =
4r

m3
B

r
nI

6⇡�T
1+(0)

(1 + z)(1� z)
5
2

[(1 + r)(1� z) + 2
p
r(1 + z)]5

,

where �T
1+(0) and �̃T

1�(0) are constants given in Table II,
and nI = 2.6 represents the number of spectator quarks
(three), decreased by a large and conservative SU(3)



|Vcb| from B→D*lv (traditional way)
So far LQCD gives only light lepton FF at zero recoil, w=1, where rate 
vanishes.  Experimental results must therefore be extrapolated to zero-
recoil

Exp error only ~1.3%:     F(1)ηew|Vcb| =35.61(45) x10-3  
(HFLAV extrapolation with CLN parameterization)

Two unquenched lattice calculations 

     F(1) =0.906(13)                        F(1) =0.895(26)
Bailey et al 1403.0635 (FNAL/MILC)                     Harrison et al 1711.11013 (HPQCD) 

Using their average 0.904(12):

~ 2.9σ or ~ 7% from inclusive determination 42.00(65) 10-3

PG,Healey,Turczyk 2016

Heavy quark sum rules  F(1)< 0.925  and estimate of inelastic contribution F(1)≈0.86
 Mannel, Uraltsev, PG, 2012

|Vcb|=	39.13(75) 10-3



2017 preliminary Belle analysis 1702.01521
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w

d
�
/d

w
[1

0
-

1
5

G
e

V
]

CLN + LCSR

BGL + LCSR

w =
m2

B +m2
D⇤ � q2

2mBmD⇤

zero recoil point

slope and curvature are linked in CLN

Bands show two parametrizations both fitting data well, with 6% different Vcb 

w and angular deconvoluted distributions (independent of parameterization). 
All previous analyses are CLN based.

Theory Tag Reco Project Fit Results Belle II B̄ �! D⇤`�⌫̄` at Belle and Belle II

Projection in bins of kinematic variable

B̄ �! D`�⌫̄`
10 equal-size bins in w .
Good resolution (0.005) vs bin width (0.06) =) Bin migration neglected

B̄ �! D⇤`�⌫̄`

10 equal size bins in w , �, cos ✓`,
cos ✓D⇤ (Projections)

Correlation between the 4
distributions (�! toy experiments)

Finite resolution =) Migration!
�! Mig. matrix from truth vs reco MC.
�! Fold theory (easy) or

unfold measurement (hard)

Kilian Lieret Ludwig Maximilian University of Munich | Belle 9 / (17 + 5)

Bigi, PG, Schacht 17
see also

Kobach, Grinstein



HQS breaking in FF relations

cb,c can be computed using subleading IW functions from QCD sumrules
Neubert, Ligeti, Nir 1992-93, Bernlochner et al 1703.05330

✏c ⇠ 0.25, ✏2c ⇠ 0.06 but coefficients??

 In a few cases we can compare these ratios with recent lattice results:
there are 5-13% differences, always > NLO correction. For ex.:

w1 = w � 1

HQET:

Roughly

RATIOS

Looking at NLO HQET corrections, NNLO can be sizeable, naturally O(10-20)%



Updating Strong Unitarity Bounds

Using strong unitarity bounds brings BGL closer to CLN 
and reduce uncertainties but 3.5-5% difference persists 

Fit to new Belle’s data + total branching ratio (world average) in 1707.09509 
with UPDATED strong unit. bounds (including uncertainties & LQCD inputs)

 
for reference CLN fit: |Vcb|=0.0392(12)

LCSR: Light Cone Sum Rule results from Faller, Khodjamirian, Klein, Mannel, 0809.0222



9

BGL Fit: Data + lattice Data + lattice + LCSR Data + lattice Data + lattice + LCSR

unitarity weak weak strong strong

�2/dof 28.2/33 32.0/36 29.6/33 33.1/36

|Vcb| 0.0424 (18) 0.0413 (14) 0.0415 (13) 0.0406
�
+12
�13

�

aA1
0 0.01218(16) 0.01218(16) 0.01218(16) 0.01218(16)

aA1
1 �0.053

�
+56
�44

�
�0.052

�
+25
�14

�
�0.046(+34

�18) �0.029(+21
�13)

aA1
2 0.2

�
+8
�12

�
0.99
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of the heavy mass expansion. This point has been em-
phasised in Refs. [14] and [37]. The two plots in Fig. 4
show that the fits without/with LCSR lead to R2 in good
agreement with HQET (with input from QCD sum rules)
and the same holds for R1 when LCSR are included. On
the other hand, without LCSR R1 is well compatible with
HQET only at small or moderate recoil: at large w there
is a clear tension with both HQET and LCSR predic-
tions. Lattice calculations will compute A1 and R1,2 at
small recoil in the near future4 and are likely to settle
the whole |Vcb| determination. In the meantime, the fit
without LCSR appears somewhat disfavoured.

Finally, we comment on the di↵erences of our fits with
those performed in [20]. The main di↵erences are that
the authors of Ref. [20] employ the CLN parametrization
for the reference form factor A1 and assume the NLO
HQET calculation for the form factor ratios R1,2 without
accounting for a theoretical uncertainty due to unknown

4 Preliminary and incomplete results have been presented recently
[38]. They seem to exclude large deviations from HQET at small
recoil.

higher order corrections. They also perform a combined
fit to B ! D and B ! D⇤ Belle data. In our fits we do
not employ directly the HQET relations because we be-
lieve their present uncertainty does not make them useful
and therefore a combined fit to B ! D and B ! D⇤ data
would give the same results of the two separate fits pre-
sented here and in [5]. Indeed, the coupling between the
two sets of data through the unitarity bounds would be
extremely small.

V. CALCULATION OF R(D⇤)

In the case of a massive (⌧) lepton the di↵erential width
for B ! D⇤⌧⌫⌧ can be written as the sum of two terms
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of the heavy mass expansion. This point has been em-
phasised in Refs. [14] and [37]. The two plots in Fig. 4
show that the fits without/with LCSR lead to R2 in good
agreement with HQET (with input from QCD sum rules)
and the same holds for R1 when LCSR are included. On
the other hand, without LCSR R1 is well compatible with
HQET only at small or moderate recoil: at large w there
is a clear tension with both HQET and LCSR predic-
tions. Lattice calculations will compute A1 and R1,2 at
small recoil in the near future4 and are likely to settle
the whole |Vcb| determination. In the meantime, the fit
without LCSR appears somewhat disfavoured.

Finally, we comment on the di↵erences of our fits with
those performed in [20]. The main di↵erences are that
the authors of Ref. [20] employ the CLN parametrization
for the reference form factor A1 and assume the NLO
HQET calculation for the form factor ratios R1,2 without
accounting for a theoretical uncertainty due to unknown
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higher order corrections. They also perform a combined
fit to B ! D and B ! D⇤ Belle data. In our fits we do
not employ directly the HQET relations because we be-
lieve their present uncertainty does not make them useful
and therefore a combined fit to B ! D and B ! D⇤ data
would give the same results of the two separate fits pre-
sented here and in [5]. Indeed, the coupling between the
two sets of data through the unitarity bounds would be
extremely small.

V. CALCULATION OF R(D⇤)

In the case of a massive (⌧) lepton the di↵erential width
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1 , aV4

2 ) and (aP1
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2 ) planes from scalar (S), pseudoscalar (P), vector
(V) and axial-vector (A) channels.

where we consider fits in the BGL parametrization with
weak and strong unitarity bounds, with and without the
inclusion of the constraints computed with Light Cone
Sum Rules at w = wmax in [36]:

A1(wmax) = 0.65(18), (19)

R1(wmax) = 1.32(4), R2(wmax) = 0.91(17).

where

R1(w) =
V4(w)

A1(w)
, R2(w) =

w � r

w � 1

✓
1� 1� r

w � r

A5(w)

A1(w)

◆
.

We have also performed fits with the CLN parametriza-
tion (with free parameters A1(1), ⇢2, R1(1), R2(1)) in the
same way as in [14]. We obtain |Vcb| = 0.0393(12)
(�2/dof = 35.4/37) without the LCSR and |Vcb| =
0.0392(12) (�2/dof = 35.9/40) with the LCSR. As ex-
pected, the di↵erence between the values of |Vcb| obtained
with the BGL and CLN parametrization is reduced by
the use of strong unitarity bounds, but it remains as
large as 3.5-5%, depending on whether LCSR results are
included or not.

Comparing the fits in Table V with those in Ref. [14]
we note that the inclusion of the world average for the
branching ratio has a significant impact on |Vcb|: the
central value increases by 1.2 to 1.7% and the error is
reduced by 10-20%. Using the average of Eq. (10) instead
of the Fermilab/MILC result alone also leads to a minor
increase of the |Vcb| central value.

Comparing the fits in Table V with weak and strong
unitarity bounds we observe that the strong constraints

decrease |Vcb| by 1.5-2.2% and tighten its uncertainty
quite a bit, especially in the less constrained fit without
LCSR input.
It is also interesting to compare the e↵ects of the strong

unitarity bounds we have derived with the help of heavy
quark symmetry relations with a naive rescaling of the
weak unitarity conditions of Eq. (15). This gives an idea
of how strong the strong unitarity bounds really are and
helps us understanding their usefulness. The e↵ects of
the strong unitarity bounds is roughly similar to that of
using

2X

n=0

(aV4
n
)2 < ⇤V ,

2X

n=0

[(aA1
n

)2 + (aA5
n

)2] < ⇤A

with ⇤A,V ⇠< 0.2, depending on the inputs. In e↵ect,
the strong unitarity bounds introduce little correlations
among the a

Fj

i
coe�cients: they mostly bound their in-

dividual size. This is unsurprising, as the unitarity sum
rules cannot be saturated by one or two amplitudes only.
We now want to verify a posteriori that the results

of our fits are compatible with heavy quark symmetry
within reasonable uncertainties. Indeed, the form factor
ratios R1,2(w) defined above after Eq. (19) can be deter-
mined from the results of our fits. A deviation from the
NLO HQET predictions significantly larger than ⇠ 20%
would signal an unexpected and unnatural breakdown
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we note that the inclusion of the world average for the
branching ratio has a significant impact on |Vcb|: the
central value increases by 1.2 to 1.7% and the error is
reduced by 10-20%. Using the average of Eq. (10) instead
of the Fermilab/MILC result alone also leads to a minor
increase of the |Vcb| central value.

Comparing the fits in Table V with weak and strong
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decrease |Vcb| by 1.5-2.2% and tighten its uncertainty
quite a bit, especially in the less constrained fit without
LCSR input.
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coe�cients: they mostly bound their in-
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rules cannot be saturated by one or two amplitudes only.
We now want to verify a posteriori that the results

of our fits are compatible with heavy quark symmetry
within reasonable uncertainties. Indeed, the form factor
ratios R1,2(w) defined above after Eq. (19) can be deter-
mined from the results of our fits. A deviation from the
NLO HQET predictions significantly larger than ⇠ 20%
would signal an unexpected and unnatural breakdown



NEW BELLE UNTAGGED RESULT
Theory Tag Reco Project Fit Results Belle II B̄ �! D⇤`�⌫̄` at Belle and Belle II

Results and Outlook @Belle

Link Channel Tag |Vcb| ⇥ 103 (CLN) |Vcb| ⇥ 103 (BGL) Unfold Notes

Phys.Rev. D82 112007 D⇤`�⌫̄` No 35.5 ± 1.5

1809.03290 D⇤`�⌫̄` No 38.4 ± 0.9 42.5 ± 1.0 Soon

1702.01521 D⇤`�⌫̄` Had. 37.4 ± 1.3 Yes Soon: Separate re-
sults ` = e and
` = µ

Phys.Rev. D93 no.3, 032006 D`�⌫̄` Had. 39.9 ± 1.3 40.8 ± 1.1

cf. current PDG: Vcb,incl. = (42.2 ± 0.8) ⇥ 10�3

]-3|  [10
cb

 F(1) |V
EW
η

25 30 35 40
]-3|  [10

cb
 F(1) |V

EW
η

25 30 35 40

ALEPH
  1.3±  1.8 ±31.0 

CLEO
  1.6±  1.2 ±39.7 

OPAL excl
  1.6±  1.6 ±35.8 

OPAL partial reco
  2.3±  1.2 ±37.0 

DELPHI partial reco
  2.3±  1.4 ±35.2 

DELPHI excl
  2.0±  1.7 ±35.8 

BELLE
  1.0±  0.2 ±34.4 

BABAR excl
  1.0±  0.3 ±33.6 

BABAR D*0
  1.3±  0.6 ±35.0 

BABAR global fit
  1.1±  0.2 ±35.5 

Average
  0.4±  0.1 ±35.6 

HFLAV
Summer 2016

/dof = 30.2/23 (CL = 14.40 %)2χ
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 G(1) |V
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η
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]-3|  [10

cb
 G(1) |V

EW
η
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ALEPH 
 7.33± 10.05 ±36.67 

CLEO 
 3.47± 5.70 ±44.18 

BELLE 
 1.21± 0.60 ±41.94 

BABAR global fit
 2.14± 0.74 ±42.23 

BABAR tagged 
 1.26± 1.71 ±42.60 

Average 
 0.89± 0.45 ±41.57 

HFLAV
Summer 2016
/dof = 4.7/ 8 (CL = 79.30 %)2χ

Kilian Lieret Ludwig Maximilian University of Munich | Belle 16 / (17 + 5)

Full Belle data, most precise result to date.
Parametrization dependence is not linked to 

a particular dataset and has nothing to do with unfolding



BLINDED FNAL-MILC RESULTS

Lattice result and joint fit

For the preliminary joint fit we use Belle data + synthetic data for the form
factor at three recoil values

Alejandro Vaquero (University of Utah) B̄ ! D⇤`⌫̄ and
��Vcb

�� September 18th , 2018 23 / 26

Vaquero, talk at
CKM 2018

combined fit with
Belle spectrum

First unquenched
calculation of B→D* 
form factors at non

zero recoil



CONCLUSIONS
The efforts to improve the theory of inclusive semileptonic B decays 
continue. No sign of inconsistency so far, several ways to improve 
and decrease uncertainty.

We understand better higher power contributions and have checked 
their impact on the fit. They seem to have been tamed. LQCD 
determination of HQE parameters from masses is promising

The choice of parametrization has a surprisingly large effect on the 
extraction of  Vcb from B->D*lv. 

The Vcb puzzle is not yet over.  The exclusive determination was 
biased and uncertainties underestimated, but we need (unblinded) 
LQCD results to understand the level of agreement with the 
inclusive one. 
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FIG. 1. Comparison of di↵erent mb(mb) determinations
[36, 38–43]. The dashed line denotes the error before scheme
conversion.

tion between di↵erent central moments and a correlation
between the same moment measured at di↵erent Ecut,
depending on the proximity of the cuts and their magni-
tude. In the extraction of |Vcb| we use the latest isospin
average ⌧B = 1.579(5)ps [37].

In Table II we show the results of the fit and the corre-
lation matrix among the fitted parameters. With respect
to the default fit of Ref. [8], |Vcb| is reduced by 0.5%, see
Eq. (1), mkin

b is increased by about 10 MeV, µ2
⇡ and ⇢

3
D

are both shifted upward by about 10%. As the method
and inputs are the same of Ref. [8], except for the value
of ⌧B which only reflects in a tiny +0.1% shift in |Vcb|,
the di↵erence can be mostly attributed to the new cor-
rections. Because of smaller theoretical errors, the final
uncertainties are slightly reduced. The �

2
/d.o.f. is very

good, about 0.4.

It is interesting to compare the b mass extracted from
the fit with other recent determinations, generally ex-
pressed in terms of mb(mb) in the MS scheme. This is
shown in Fig. 1, after converting m

kin
b into mb(mb). The

scheme conversion implies an additional ⇠ 30MeV uncer-
tainty [28], enlarging the final error to 37MeV, because
it is known only through O(↵2

s). Our result, mb(mb) =
4.183(37)GeV, agrees well with those reported in the Fig-
ure. The combination m

kin
b (1GeV)�0.85mc(3GeV) is

best determined to 3.714± 0.018GeV.

Table III shows the results when the fit is performed
with mc in a di↵erent scheme or at a di↵erent scale with
respect to our default fit of Table II. The results are
remarkably consistent and very close to the default fit,
with the only partial exception of mb, which becomes 1�
higher when mc(2GeV) is used as input. Table III also
reports the results of a fit with an additional constraint
on mb. Even the currently most precise mb determina-
tions are spoiled by the uncertainty due to the scheme
conversion to m

kin
b . Because of this, and of the large

range of mb values given in the literature, we prefer to
avoid using a mb constraint in our default fit.

Overall, the fit results depend little on the scale of ↵s.
This is shown in Fig. 2 for the default fit. |Vcb| and m

kin
b

m
kin
b mc µ

2
⇡ ⇢

3
D µ

2
G ⇢

3
LS BRc`⌫ 103|Vcb|

a) 4.561 1.092 0.464 0.175 0.333 -0.146 10.66 42.04

0.021 0.020 0.067 0.040 0.061 0.096 0.16 0.67

b) 4.576 1.092 0.466 0.174 0.332 -0.146 10.66 42.01

0.020 0.014 0.068 0.039 0.061 0.096 0.16 0.68

c) 4.548 0.985 0.467 0.168 0.321 -0.146 10.66 42.31

0.017 0.012 0.068 0.038 0.058 0.096 0.16 0.76

TABLE III. Results of the fit in di↵erent scenarios: a) with
mc in the kinetic scheme, m

kin
c = 1.091(20)GeV from [34];

b) in the MS scheme at a lower scale, with mc(2GeV) =
1.091(14)GeV from [34]; c) same as our default fit, with an ad-
ditional constraint mkin

b = 4.533(32)GeV, derived from [34].
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FIG. 2. Relative variation of the central values for |Vcb|,
m

kin
b , and µ

2
⇡ on the scale of ↵s in the default fit.

increase by less than 0.5% if we perform the whole analy-
sis using ↵s(mb/2), while µ2

⇡ and in general the OPE pa-
rameters are slightly more sensitive. A similar behavior
is observed for the fits in Table III. Fig. 3 shows instead
the µkin dependence of |Vcb| in the case a), keeping the
scales of mb and mc distinct. In all cases, the scheme
and scale dependence confirms the size of theoretical er-
rors employed in our analysis.
Finally, we update the value of the semileptonic phase

space ratio C,

C =

����
Vub

Vcb

����
2 �[B̄ ! Xce⌫̄]

�[B̄ ! Xue⌫̄]
,

which is often used in the calculation of the branching
ratio of radiative and rare semileptonic B decays, see [8]
for details. Using the default fit and µWA = mb/2, we
find C = 0.574 ± 0.008 ± 0.014, where the first uncer-
tainty comes from the parameters determined in the fit,
and the second from unknown higher orders, estimated
as explained above. Since the ratio C receives large per-
turbative corrections when it is expressed in terms of
mc(3GeV) [8], we believe that using mc(2GeV) leads to
a more reliable estimate. Including the m

kin
b mass con-

4

FIG. 3. Dependence of the |Vcb| central value in fit a) on the
kinetic cuto↵ of the b and c masses.

straint derived from [34] as well, we find

C = 0.568± 0.007± 0.010, (4)

slightly higher but with a smaller error than the corre-
sponding value in [8].

CONCLUSION

In summary, we have improved the inclusive deter-
mination of |Vcb| through the inclusion of the complete
O(↵s⇤2

QCD/m
2
b) e↵ects. Our final value,

|Vcb| = (42.21± 0.78)⇥ 10�3
, (5)

is compatible with previous analyses, but its uncertainty
is slightly reduced thanks to the smaller theoretical er-
rors. Eq. (5) still di↵ers at the 2.9� level from Eq. (2).
We find no sign of inconsistency in the inclusive analy-
sis and adopt a conservative estimate of theory errors.
The latter could be further reduced by a calculation of
O(↵s⇤3

QCD/m
3
b) contributions, as well as by a better un-

derstanding of higher power corrections, see [44].
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DEPENDENCE ON LLSA UNCERTAINTY

if we rescale all LLSA uncertainties by a factor ξ the results change very little.
Similar tiny deviations if we vary ε between 0.3 and 0.5 GeV 



RECENT DEVELOPMENTS

New Belle B→D* lv tagged analysis (deconvoluted spectra)

Strong dependence of  Vcb on FF parametrisation (CLN vs BGL)

BGL alone may be equally misleading: role of HQS constraints

New Belle B→D* lv tagged analysis with both CLN and BGL

Upcoming FNAL/MILC results on all B→D* lv FFs at non-zero 
recoil



STATUS of  Vcb and Vub
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The size of NLO corrections varies 
strongly. Some ff are protected by Luke’s 
theorem (no 1/m corrections at zero 
recoil), others are linked by kinematic 
relations at max recoil to those 
protected 

NNLO corrections can be sizeable and 
are naturally O(10-20)%



HQS breaking in FF relations

cb,c can be computed using subleading IW functions from QCD sumrules
Neubert, Ligeti, Nir 1992-93, Bernlochner et al 1703.05330

✏c ⇠ 0.25, ✏2c ⇠ 0.06 but coefficients??

 In a few cases we can compare these ratios with recent lattice results:
there are 5-13% differences, always > NLO correction. For ex.:

w1 = w � 1

HQET:

Roughly

RATIOS



CONSISTENCY WITH HQET

Comparison of R1,2 from BGL 
fit vs HQET+QCD sum rule 
predictions (with parametric 

+ 15% th uncertainty)

black points from
preliminary FNAL-MILC
calculation according to

Bernlochner et al 1708.07134
(before continuum and chiral

extrapolations…)
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