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General problem

R= ) C(0,)
eg. C in D=4-2¢ (0,) on lattice
flowed operators: O, = O (1)  finite!

0,() =D 50,

> C,0,=) C,00,0
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Finite, and calculable
IN perturbation theory!
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The flow equation

1
fundamental QCD:. P =— ZF’“C‘Z”FGM

l A A d
Fu = E[Dw D] D,=9,—iT"A,(x)




The flow equation

1
fundamental QCD: P = — ZF/ftlvFa’W
i d A d

0
flowed gauge field: 2 (X)) =92,G,,(t, x)

B,(t=0,x)=A,x)
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The flow equation

1
fundamental QCD: P =— ZF/ftlvFa’W
i d A d

0
flowed gauge field: 2 (t.x) =92,G6,,(t x)

B,(t=0,x)=A,(x)

t: flow time
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The flow equation

fundamental QCD:

l
F..=—[D,,
o T g

flowed gauge field:

l
— _[9/49 91/]

g

ot

(t.x) =92,G6,,(t x)

Bﬂ(t =0,x) = Aﬂ(x)

t: flow time

P, = 9, — iT*BX(, x)
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The flow field




Schematically...

0

—B (t,x) =9 G, (t,x

—B(1,3) = 2,G,,(1.)
QZM = (')M — zT“Bﬂ(t, X)

Institute for
Theoretical
R. Harlander, OPE in Gradient Flow Formalism, Oct 2018 I I and Cosmongy



Schematically...

0
—B =2 G
ot
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Schematically...

0
—B =2 G
ot

G~|[D,9]~0B+ B
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Schematically...

0
—B =9 G
ot

Y =0 — B

G~I[D, D]~ 0B+ B?

flow equation: B ~ 0°B + dB* + B>
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Perturbative solution

flow equation: B ~ 0°B + dB* + B>

B(p) = J e”B(x) =gB,+g°B,+ ...

X

O(g) : 1?1
6(g?: B,

_p2B1
— p*B, +ipB, ® B,

LO: El — _ngl = Bl — e_tp A
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Leading order (1D)

El — _ngl = Bl — e_tp A

example: By = 0,x) = co(x)

~ C
2T

B(t,x) =
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t > 1o

width: /8t Al
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Lattice QCD

guantum fluctuations:




Lattice QCD

quantum fluctuations: ‘smearing:
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Scale setting

V8t =0.2 fm V8t = 0.5 fm
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Higher orders

El — _ngl — Bl — e_tPZA

[
~J

N A
= By(t,p) = J dSJd“q K(t,s,p,q)A(p)A(p — q)
0
K(t,5,p,q) ~ exp| — tp* = 25q(q = p)]
etcC.

Exponential damping in momentum integrals!
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The flow field




The flow field




Let’s calculate

E(t,x) = %GgyG“’W (E) ~ (0B 0B) + (B*0B) + (B*)

at t=0 (i.e. fundamental QCD):

MR A A

in dim. reg. (Mq=0)

with gradient flow:  B,(t,p) = e‘tpzﬁ(p)

[ has dimension mass-=2!
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Let’s calculate

E(t,x) = %GgyG“’W (E) ~ (0B 0B) + (B*0B) + (B*)

B,(t,p) = e " A(p)

LO: @ ~N Jdee—thZ N t_D/Z N t_z + 0
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Let’s calculate

E(t,x) = %GgyG“’W (E) ~ (0B 0B) + (B*0B) + (B*)

B,(t,p) = e " A(p)

LO: @ ~N Jdee—thZ N t_D/Z N t_z + 0

30

— + 2
A7t? Olexs)

explicitly:  (E(t))
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Let’s calculate

E(t,x) = %GgyG“’W (E) ~ (0B 0B) + (B*0B) + (B*)

B,(t,p) = e " A(p)

LO: @ ~N Jdee—thZ N t_D/Z N t_z + 0

30

— + 2
4A7rt? Olexs)

explicitly:  (E(t))

— measure Os on the lattice”
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Higher orders

E(t,x) = %GgyG“’W (E) ~ (0B 0B) + (B*0B) + (B*)

B,(t,p) = e A(p)

By(t,p) = J dSJd“q K(t,s,p,q) A(p) A(p — q)

B - 3
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Higher orders

E(t,x) = %GgyG“’W (E) ~ (0B 0B) + (B*0B) + (B*)

B,(t,p) = e A(p)

By(t,p) = J dSJd“q K(t,s,p,q) A(p) A(p — q)

B - 3

e One more momentum integration
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Higher orders

E(t,x) = %GgyG“’W (E) ~ (0B 0B) + (B*0B) + (B*)

B,(t,p) = e """ A(p)
By(t,p) = J dSJd“q K(t,s,p,q) A(p) A(p — q)

B - 3

e One more momentum integration
e additional integration over flow-time parameter s
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Higher orders

E(t,x) = %GgyG“’”” (E) ~ (0B 0B) + (B*0B) + (B*)

B,(t,p) = e """ A(p)
By(t,p) = J dSJd“q K(t,s,p,q) A(p) A(p — q)

B - 3

* ONne more momentum integration
e additional integration over flow-time parameter s
e renormalization: same as fundamental QCD!
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By |

A

(FPE(D)) = 1+ ky(t, 1) () + ko(t, ) a2 ()|

RH, Neumann ‘16
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Flowed operators

2

O,(1) = Z Com@® 0O, + ... finite because of e~

P[O,]=56, Eom@ = P[0 (1]

Py
Orw = Fupkup v - 2
0, '
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Energy-momentum tensor

in QCD:
1 | 1 1 1
T;u/(x) — ? Ol,;u/(x) o ZOQ,W/(X) T 203#1/()()
0 L 1
Ol,m/ — F,LipFpr
OZ,W/ — 5;1,1/ Fpaa F;a

S < A\ urg
03,;1,1/ = (A/,u Dl A D,u,) (0

Tuv(X) is finite!
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EMT in Gradient Flow

idea and NLO result: H. Suzuki ‘14
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NNLO result

2
Cl(t)ziz{l-l' > [—ZCA+%TF—[30L(#J)]

g (4m)% | 3
| 2+ €3 (L - iz L)
+ CyTF (%Li-z (%) + lgf—g?) + ;—Z'KQ - %ln2+ %ln3)
- CFTF(— 236Li2 (i) + % — ng —~ gﬁmz - 11—(;11113):
+0(96)},

Lp,t) = In (24°t) + g
RH, Kluth, Lange "18
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25 © our result
—— Borsanyi et al.
) ¢ Okamoto et al.
—— Boydetal.
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Summary

* (Gradient Flow is a (relatively) new tool
* Extremely successful in lattice QCD
* Perturbative approach not yet fully explored
* Here:
* potential measurement of as on the lattice
* |attice definition of energy-momentum tensor

Outloo
* ApPpP

<.

ications in other fields”? (Flavor?)

e Renormalization group vs. flow time?
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“Strong enough coffee will kill all germs.”
1. Mannel
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Happy Birthday!
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