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General problem

R = ∑
n

Cn⟨𝒪n⟩
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General problem

R = ∑
n

Cn⟨𝒪n⟩

⟨𝒪n⟩ on latticee.g.:  Cn D = 4 − 2ϵin

∑
n

Cn𝒪n = ∑
n

C̃n(t) 𝒪̃n(t)

Finite, and calculable 
in perturbation theory!

𝒪n → 𝒪̃n(t) finite!flowed operators:

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m + …
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The flow equation

Dμ = ∂μ − iTaAa
μ(x)Fμν =

i
g

[Dμ, Dν]

ℒ = −
1
4

Fa
μνFa,μνfundamental QCD:
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The flow equation

𝒟μ = ∂μ − iTaBa
μ(t, x)Gμν =

i
g

[𝒟μ, 𝒟ν]
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i
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The flow field
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Schematically…
∂
∂t

Bμ(t, x) = 𝒟νGνμ(t, x)

𝒟μ = ∂μ − iTaBa
μ(t, x)
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Schematically…
∂
∂t

B = 𝒟 G

𝒟 = ∂ − B
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Schematically…
∂
∂t

B = 𝒟 G

𝒟 = ∂ − B

G ∼ [𝒟, 𝒟] ∼ ∂ B + B2

·B ∼ ∂2B + ∂B2 + B3flow equation:
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Perturbative solution

B̃(p) = ∫x
eipxB(x) = gB̃1 + g2B̃2 + …

𝒪(g) :
·̃
B1 = − p2B̃1

𝒪(g2) :
·̃
B2 = − p2B̃2 + ipB̃1 ⊗ B̃1

…

·̃
B1 = − p2B̃1 B̃1 = e−tp2Ã⇒LO:

·B ∼ ∂2B + ∂B2 + B3flow equation:
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Leading order (1D)
·̃
B1 = − p2B̃1 B̃1 = e−tp2Ã⇒

example: B1(t = 0, x) = c δ(x)

B̃1(t = 0, p) =
c

2π
B̃1(t, p) =

c
2π

e−tp2

B1(t, x) =
c

4πt
exp (−

x2

4t )
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t0

x
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t > width: √8t
t0

x
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Lattice QCD

quantum fluctuations:
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Lattice QCD

quantum fluctuations: “smearing”:



2010

2018
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Scale setting

lattice
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Higher orders

·̃
B2 = − p2B̃2 + ipB̃1 ⊗ B̃1

⇒ B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) A(p) A(p − q)

K(t, s, p, q) ∼ exp[ − tp2 − 2sq(q − p)]

Exponential damping in momentum integrals!

etc.

·̃
B1 = − p2B̃1 B̃1 = e−tp2Ã⇒
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The flow field
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The flow field

e−tp2
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Let’s calculate

E(t, x) ≡
1
4

Ga
μνGa,μν ⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

at t=0 (i.e. fundamental QCD):

+ + …++ = 0

in dim. reg. (mq=0)

t  has dimension mass-2 !

with gradient flow: B̃1(t, p) = e−tp2Ã(p)
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Let’s calculate
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4
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μνGa,μν
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hE(t)i = 3↵s

4⇡t2
explicitly: O(↵2
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Let’s calculate

⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩E(t, x) ≡
1
4

Ga
μνGa,μν

B̃1(t, p) = e−tp2Ã(p)

hE(t)i = 3↵s

4⇡t2
explicitly: O(↵2

s)+

≠ 0LO: ∫ dDp e−2tp2 ∼ t−D/2 → t−2

→ measure αs on the lattice?
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Higher orders

E(t, x) ≡
1
4

Ga
μνGa,μν ⟨E⟩ ∼ ⟨∂B ∂B⟩ + ⟨B2∂B⟩ + ⟨B4⟩

B̃1(t, p) = e−tp2Ã(p)

B̃2(t, p) = ∫
t

0
ds∫ d4q K(t, s, p, q) A(p) A(p − q)

+ + …

• one more momentum integration
• additional integration over flow-time parameter s
• renormalization: same as fundamental QCD!



Lüscher ‘10

resulting perturbative  
accuracy on αs:  ± 3-5%

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ)]

PDG:  ± 1%



RH, Neumann ‘16

resulting perturbative  
accuracy on αs:  O(1%)

⟨t2E(t)⟩ =
3αs(μ)

4π [1 + k1(t, μ) αs(μ) + k2(t, μ) α2
s (μ)]

PDG:  ± 1%
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Flowed operators

𝒪̃n(t) = ∑
m

ζnm(t)𝒪m + … finite because of e−tp2

Pn[𝒪k] = δnk ζnm(t) = Pm[𝒪̃n(t)]

𝒪1,μν = Fa
μρFa

νρ → ∑
n

𝒪1 𝒪̃n(t)

P1
P1
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Energy-momentum tensor

Tμν(x) is finite!

in QCD:
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EMT in Gradient Flow

idea and NLO result: H. Suzuki ‘14
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NNLO result

RH, Kluth, Lange ‘18
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O(10%) uncertainty 
from lattice

FlowQCD coll. ‘15
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Summary
• Gradient Flow is a (relatively) new tool 
• Extremely successful in lattice QCD 
• Perturbative approach not yet fully explored 
• Here: 

• potential measurement of αs on the lattice 
• lattice definition of energy-momentum tensor

Outlook:
•  Applications in other fields? (Flavor?) 
•  Renormalization group vs. flow time?
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“Strong enough coffee will kill all germs.”
T. Mannel
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Happy Birthday!


