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Emittance: A figure of merit for colliders

Luminosity  
of two identical colliding Gaussian beams

1.6 transverse dynamics of charged particle-beams 63

ellipse, but may also be interpreted from the viewpoint of the beam-
line design, in which the beta-function or betatron-function b̂(z) is a
measure for the beam size and for the local betatron-oscillation length,
and the alpha-function â(z) is proportional to the local change of the
beta-function along the beam-path.

1.6.2 Luminosity and brightness

1.6.2.1 Luminosity

High-energy colliders in particle physics require a large number of
events to reach a signal-significance required to claim a discovery and
to distinguish between signal and noise. The event rate in colliders is
given by dNev/dt = L · sI , where L is the luminosity and sI is the in-
teraction cross section. While the interaction cross section is inherent
in the examined physical process, the luminosity is a figure of merit
for the collider and is proportional to the particle flux of two cross-
ing bunches and to the frequency of these crossings. Furthermore, it
depends on the transverse shape of the crossing bunches. The lumi-
nosity for colliding, identical Gaussian bunched beams is given by
(see e. g. [Edwards and Syphers, 2008])

L =
N2 fcoll
4psxsy

(1.158)

where N is the number of particles in a bunch, fcoll is the bunch colli-
sion frequency and sx,y is the transverse RMS beam size. To optimize
the event yield, one can increase the bunch collision frequency, in-
crease the number of particles in a bunch, or decrease the beam sizes
at the interaction point. The beam size at the interaction point is with
the definition for the beta-function (1.157) determined by the beta-
function at the interaction point b̂⇤ and the beam emittance sx,y =q

b̂⇤
x,y êx,y. The beta-function is a property of the beam-optics in the

transport-beamline and the strength of the final focusing quadrupol-
magnets in a collider defines the minimum beta function achievable
at the interaction point. For a given b̂⇤, the luminosity hence is in-
versely proportional to the square root of the transverse emittance
values of the beam,

L =
N2 f

4p
q

b̂⇤
x êx b̂⇤

y êy

. (1.159)

Preservation of the transverse emittance (or minimization through ra-
diative emittance damping) is therefore crucial for a high luminosity
and thus for a high event rate in a collider.
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Beam ellipse in trace/phase space

Emittance - definition(s)
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Basic emittance considerations

Even for linear fields

Beyond Vlasov:

Vlasov/Liouville:

For nonlinear fields

Scattering

Radiation
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Emittance
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Radiation and scattering

Benefits and challenges

The corresponding Ff is significantly perturbed around the
axis, as seen in Fig. 2(c), where F⃗f · x̂ in the y ¼ 0 plane is
plotted for several values of ξ. The slope of F⃗f · x̂ is nearly
the same in each slice, but the maximum value and width
grows through the beam. The initial transverse density
profile of the beam is shown as a reference. From Fig. 2(c),
we can also estimate the perturbation of Ez using Panofsky-
Wenzel theorem ΔEz¼

R
dr∂Ff=∂ξ≈ΔrΔFf=2Δξ, which

is on the order of 0.002 for Δr ¼ 0.1, ΔFf ¼ 0.02, and
Δξ ¼ 0.5. The ΔEz is negligible compared to −1.0, which
is that felt by the trailing beam. This is consistent with the
lower resolution simulations where the bubble excitation is
also modeled. The basic reason for such a small perturba-
tion on Ez is that, for each slice, the total charge contained
in the ion density peak is very small, and it changes slowly
along ξ.
In Fig. 2(d), we plot the emittance growth for slices at the

same values of ξ, as well as the projected emittance. The
emittance is seen to rapidly grow and then saturate for each
slice. The projected emittance (and the slice in the middle
of the beam) grows by less than a factor of 1.8, and slices in
the rear of the beam grow only by a factor of 2.1. This
emittance growth is much less than the anticipated growth
[16,17] and that seen in Fig. 1(b) for A ¼ 200 and σ ¼ σx0.
The fundamental reason for the significantly smaller than

expected emittance growth is that the ion compression is
much narrower than the initial beam spot size. This can be

seen in Fig. 3(a), where a lineout of the ion density vs x (for
y ¼ 0) is shown in the middle of the beam; i.e., ξ ¼ 0 is
shown from the above simulation. For comparison, the
initial trailing beam profile (the dashed gray line) and the
prescribed form for the ion density (the dashed red line) for
A ¼ 135.9 and σ ¼ 0.1σx0 are also shown. The narrower
ion compression leads to a smaller value of px0 and to an
anharmonic motion, such that the time average over a
particle’s orbit is less than px0=

ffiffiffi
2

p
. We note that the ion

collapse develops a pedestal outside the core as one moves
through the bunch, although the width of the core remains
unchanged. This effectively increases σ for the later slices.
To quantify the emittance growth, we first note that

just as the emittance quickly reaches a steady state [as seen
in Fig. 2(d)], so too does the beam phase space and the
ion density. In the steady state (where the spot size does
not change), hxpxif ¼ 0, so the final emittance of the beam

is ϵNxf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ifhp2

xif
q

. In addition, in the steady state,

hx2if ¼ fhx2igt;Δt ¼ hfx2gt;Δti, where fgt;Δt represents
the time average of a quantity at time t during a duration
Δt. We can choose a Δt ¼ T that is much larger
than every particle’s oscillation period τ. Therefore,
fx2gt;T ¼ fx2gt;τ ≡ X 2

ave ¼ ð
R x0
0

dx
vx
x2=

R x0
0

dx
vx
Þ ¼ ð

R x0
0 dxx2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx; ξÞ− ψðx0; ξÞ%

p
Þ = ð

R x0
0 dx =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx; ξÞ− ψðx0; ξÞ%

p
Þ,

where x0 is the maximum value of x, vx ¼ px=γ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½ψðx; ξÞ − ψðx0; ξÞ%=γ

p
, and ψ is the wake potential

[FfðxÞ ¼ −∂ψ=∂x]. For highly relativistic beams, there is
no phase slippage, so each slice evolves independently with
a different phase space distribution. We henceforth assume
that γ does not change, so it can be brought out of the
integrals. In reality, γ changes adiabatically, and including
this in the numerical work does not alter the results.
Following analogous reasoning leads to fp2

xgt;T¼P2
ave¼

γð
R x0
0 dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx;ξÞ−ψðx0;ξÞ%

p
Þ=ð

R x0
0 dx=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx;ξÞ−ψðx0;ξÞ%

p
Þ.

In Fig. 3(b), we plot px and x vs s ¼ z ≈ ct for an
electron starting at rest at x0 ¼ σx0 in a focusing force with
A ¼ 200 and σ ¼ 0.1σx0 or σ ¼ σx0. The s axis is normal-
ized to the period of the oscillation for each case, while px
and x are normalized to their maximum values px0 and x0.
It is clearly seen that the xðsÞ motion is essentially
harmonic for both cases, while the pxðsÞ motion is very
different for the σ ¼ 0.1σx0 (narrow ion collapse) case; i.e.,
it is anharmonic. Because the xðsÞ motion is harmonic,
X ave=x0 ≈ 1=

ffiffiffi
2

p
for both cases, while, by inspection of

Fig. 3(b), Pave=px0 ≪ 1=
ffiffiffi
2

p
when σ ≪ σx0. To quantify

this, in Fig. 3(c), we plot how Pave, px0, and X ave depend on
x0 and σ for A ¼ 200. This clearly shows that Pave is much
smaller than px0 and that px0 is much smaller when the ion
collapse is narrower.
We now use Pave, X ave, and the initial beam distribution

function, f0ðx; pÞ, to calculate hx2if and hp2if. As men-
tioned before, hx2if ¼ hX 2

avei. To calculate hX 2
avei, we sort
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FIG. 2. PWFAwith ion motion. (a) Nonlinear wake in H plasma
and the drive and trailing beam densities (ξ ¼ 0 is the center of
the trailing beam). (b) Plasma ion density in x-ξ plane (ξ ¼ 0 is
the center of the trailing beam). (c) Ff transverse lineouts at
different ξ’s and the initial beam density profile. (d) The trailing
beam’s projected and slice emittance evolutions. The plasma skin
depth is k−1p ¼ 16.83 μm in these plots.

PRL 118, 244801 (2017) P HY S I CA L R EV I EW LE T T ER S
week ending
16 JUNE 2017

244801-3

An et al. PRL 118, 244801 (2017)

Vlasov & linear fields:

Vlasov & nonlinear fields:

Beyond Vlasov:

Plasma Phys. Control. Fusion 56 (2014) 084015 F Albert et al

Figure 1. Principle of laser wakefield acceleration, showing the laser
pulse, accelerated electron bunch, and longitudinal electrical field.

of the laser in plasma, vg = c
!

1 − ω2
p/ω

2
0, where ω0 is the

laser frequency. A more substantial analysis has been given
by a mixture of particle-in-cell simulations and scaling laws
developed in [50, 51]. By these scalings, the maximum energy
gain, that can be realistically expected, scales as

"E/mec
2 ≈

"
ω2

0

ω2
p

# $
λ0

1 µm

% &
I

1018 W cm−2 , (1)

where λ0 is the laser wavelength and I is the focused intensity.
It is important to note that this formula assumes a matched
spot-size and a matched beam length. For the scalings of Lu
et al [51] the pulse duration would be cτFWHM = 2rb/3, the
spot-size kpw0 = 2

√
a0 = rb, where rb is the blowout radius,

and a0 the laser peak normalized vector potential.

2.2. Betatron radiation

In the three-dimensional (3D), highly non-linear LWFA
regime, when a short laser pulse with an intensity
I > 1018 W cm−2 is focused inside a plasma, the laser
ponderomotive force completely expels the plasma electrons
away from the strong intensity regions to form an ion bubble
in the wake of the pulse [51]. Electrons trapped at the back of
this structure are accelerated and wiggled by the focusing force
of the more massive and immobile ions to produce broadband,
synchrotron-like radiation in the keV energy range (figure 2).
One of the many exciting prospects of LWFA sources is that
the electron bunch durations produced in such interactions have
been demonstrated to be of fs duration [52, 53]. The radiation
pulse generated by the electron beam will have equivalent
duration, and hence fs x-ray pulses are likely to be generated by
such interactions. This has very exciting implications for time-
resolved pump–probe experiments using such laser-generated
x-ray pulses.

The spectrum of plasma betatron radiation is characterized
by a betatron strength parameter aβ = γ kβrβ , where kβ is the
wavenumber of the betatron oscillation and rβ is the radius
of the oscillation [33, 54]. For aβ ≪ 1, the spectrum is a
Doppler shifted peak at 2γ 2ωβ corresponding to the betatron
frequency ωβ . For aβ ≫ 1, the on axis spectrum is equivalent
to the characteristic synchrotron spectrum [33, 55]. In this case
the spectrum is broad (synchrotron-like) and extends up to a
critical energy,

Ecrit = 3γ 3ωβ . (2)

Figure 2. Principle of betatron x-ray emission from a LWFA.
Electrons trapped at the back of the wakefield are subject to
transverse and longitudinal electrical forces; they are subsequently
accelerated and wiggled to produce broadband, synchrotron-like
radiation in the keV energy range.

The average number of photons radiated by a single electron
is [33]:

N = π

3
e2

4πϵ0ch̄

"

1 +
α2

β

2

#

α2
βNβ/n, (3)

where Nβ is the number of betatron oscillations, and n

is the average harmonic number, which for synchrotron-
like emission (large αβ), is n = Ecrit/h̄ωβ . Taking into
account the acceleration of the electrons results in a more
complicated interaction, but the spectrum is still broadband
with a peak energy lower than that predicted by the critical
energy corresponding to the highest energy the electrons
gain [36, 43, 56].

2.3. Compton scattering

Another mechanism for radiation generation is Compton
scattering of the electron beam from electromagnetic radiation.
An electron, initially at rest, oscillating in a laser field
experiencing non-relativistic motion emits radiation at the
laser frequency. If the electron is initiated with a relativistic
momentum counter-propagating with respect to the laser pulse,
then it gains a Doppler upshift. For a very relativistic electron
with Lorentz factor γ0, and a lower laser intensity, the upshift in
frequency results in emission in a spectral peak at a frequency
ω1 = 4γ 2

0 ω0.
As the laser intensity increases, the Lorentz force due to

the magnetic field begins to become significant, and hence
the motion of the electron becomes more complicated. The
radiation spectrum starts to pick up higher harmonics of the
laser frequency, which gives rise to ‘non-linear’ Compton
scattering. As the intensity increases further, the relativistic
motion of the electron in the direction of the laser propagation
results in a Doppler-shift of the fundamental frequency, in
addition to increasing the spectral power in the harmonics of
the down-shifted frequency. For a higher laser intensity, there
is a slight down-shift of the up-shifted frequency, as the laser
accelerates the electron beam against its motion. However, the
normalized laser field strength parameter, a0 = eE0/mecω0,
where E0 is the peak electric field, and the normalized betatron
(wiggler) parameter, aβ , are almost interchangeable in the
description of Compton scattering for a relativistic electron
colliding with a laser pulse [57]. Hence, as the strength

3

Albert et al. PPCF 56, 084015 (2014) 

CMS data for a proton collision
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allow for the counter-propagation distribution of the drive 
beam, the distance between PWFA cells must be equal to 

half of the distance between mini-trains, i.e. 600 ns/2 or 
about 90 m.  

 
Figure 1: Concept for a multi-stage PWFA-based Linear Collider. 

 
Main beam: bunch population, bunches per train, rate 1×1010, 125, 100 Hz 
Total power of two main beams 20 MW 
Drive beam: energy, peak current and active pulse length 25 GeV, 2.3 A, 10 µs 
Average power of the drive beam 58 MW 
Plasma density, accelerating gradient and plasma cell length 1×1017cm-3, 25 GV/m, 1 m 
Power transfer efficiency drive beam=>plasma =>main beam 35% 
Efficiency: Wall plug=>RF=>drive beam 50% × 90% = 45% 
Overall efficiency and wall plug power for acceleration 15.7%, 127 MW 
Site power estimate (with 40MW for other subsystems) 170 MW 
Main beam emittances, x, y 2, 0.05 mm-mrad 
Main beam sizes at Interaction Point, x, y, z 0.14, 0.0032, 10 µm 
Luminosity 3.5×1034 cm-2s-1 
Luminosity in 1% of energy 1.3×1034 cm-2s-1  

Table 1: Key parameters of the conceptual multi-stage PWFA-based Linear Collider. 

 
Properties of the drive and main beam bunches have 

been optimized by particle-in-cell simulations using the 
code QUICKPIC [5,13]. The main beam bunch charge is 
1.0×1010 particles with a Gaussian distribution. A plasma 
density of 1017cm-3 and a drive bunch charge of 2.9×1010 
were chosen to achieve a power transfer efficiency from 
the drive beam to the main beam of 35% with a gradient 
of roughly 25 GV/m.  The drive beam bunch length is 30 
µm while the main beam bunch length is 10 µm and the 
drive-main beam bunch separation is 115 µm. The 
separation between the two bunches must be 
approximately equal to the plasma wavelength. 

The parameters and luminosity at the interaction 
point (IP) were optimized for the high beamstrahlung 
regime, which is inherent to short bunch length colliders 
[6]. The luminosity within 1% of the nominal center-of-
mass energy is 1.3×1034 cm-2s-1

, which is similar to that in 

the International Linear Collider (ILC) design [7].  The 
relative energy loss due to beamstrahlung is about δB = 
30%. The main beam emittances are typical for TeV 
collider designs, and the β-functions at the IP are βx/y = 
10/0.2 mm. These IP parameters are quite close to those 
for CLIC [8]. Previous physics studies for the interaction 
region and detector design, background and event 
reconstruction techniques [9] are all applicable.  

The main beam generation complex could be 
similar to that of the CLIC design with a polarized 
electron source and a conventional positron source. The 
plasma acceleration process maintains beam polarization, 
and would also accommodate a polarized positron beam. 
The damping rings would store multiple trains of 
bunches, one of which would be extracted on each 100 Hz 
machine cycle. The extracted beams would be 
compressed in multi-stage bunch compressors before 

Seryi et al. SLAC-PUB-13766 (2009); 
Adli et al. SLAC-PUB-15426 (2013).

e-

drive beam

Misalignment

Mismatch

Beam asymmetries / hosing

Beam extraction

PWFA collider design Challenges
PWFA-Collider challenges 
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Mismatch / Misalignment / Hosing

Projected emittance growth

- Rate defined by chirp of kβ 
- Sat. magnitude defined by mismatch/etc.

Slice emittance growth

- Rate defined by uncorr. energy spread 
- Sat. magnitude defined by mismatch/etc.

Chirp of kβ Uncorrelated energy spread

How mismatch, misalignment and hosing 
cause emittance growth 
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Emittance growth from mismatch
Emittance after full decoherence:

✏̂n,fin =
✏̂n,init

2

 
1 + ↵̂2

0

�̂0/�̂m

+
�̂0

�̂m

!

see e.g. Michel et al. PR E 74, 026501 (2006); Mehrling et al. PRST-AB 15, 111303 (2012); Aschikhin et al. NIMA (2018).

Challenge of matching

see e.g. Assmann and Yokoya, NIMA 410, 544 (1998); Mehrling et al. PRST-AB 15, 111303 (2012).

Extreme focusing fields

- Small betatron function required ~1(Eb/[GeV])-1/2 mm for n0 = 1017 cm-3

- Conventional optics: Matching sections between stages >> stage length

Significant emittance growth for mismatched beams!
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Misalignment in a multistage PWFA

- Can be enhanced from stage to stage

- Initial misalignment can seed hosing

- Is enhanced by hosing from stage to stage
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Misalignment leads to substantial emittance 
growth:


PRST-AB 3 S. CHESHKOV et al. 071301 (2000)
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FIG. 5. (Color) Emittance degradation scalings: (a) dependence of the normalized emittance growth Dex on the magnitude of the
transverse stage offsets sD . Blue diamonds represent the code results and the red line is a quadratic fit. ( b) Scaling of the emittance
growth with the laser spot radius (which determines the wakefield curvature and, correspondingly, the betatron frequency). The
red line is a 1 !r 3

s [as dictated by (45)] fit to the numerical data (blue diamonds). (c) Scaling of the emittance growth with the
phase spread. The change is from quadratic to linear dependence and finally saturation. (d) Long range behavior of the emittance
degradation. Two fits to the numerical results (in blue): first (red) based only on the derived N dependence and second (green)
based on the complete theoretical prediction.

In fact, the energy increases (Dg per stage). In the adia-
batic limit we obtain

De " 1
2

gv#vl$2 s2
D

µ

g

Dg

∂1 !2
s

N ln
µ

1 1
DgN

g

∂

,

(44)

where g is the initial particle energy. Typically, Dg "
a2

0 E0 l and v ~
a0

rs
, so we obtain

De ~
l3 !2 a2

0 s2
D

r 3
s E

1 !2
0

s

N ln
µ

1 1
DgN

g

∂

. (45)

A very important and expected point is the strong depen-
dence of the emittance growth on the magnitude of the
betatron frequency (or wakefield curvature); see Fig. 5b.
Discrepancy for small rs (large betatron frequency) be-
tween the numerical and analytical results is caused by
violation of our vl , 1 assumption. Of course, better
control of the errors reduces the emittance degradation as
shown in Fig. 5a. This important issue will be discussed
in a future publication. We can also see from (45) that,
for a fixed final energy, reducing the length of a single
stage decreases the emittance growth. This point was ex-
ploited in Ref. [22]. When the number of stages is rela-

tively small and the phase space mixing is not complete,
numerical results appear to be the only reliable way to
analyze the properties of the map; analytical estimations
are rather difficult. We note that analytical estimations of
emittance growth due to stage misalignment valid in the
case of full filamentation (phase space mixing) in a single
stage can be found in [23]. In this limit (corresponds to
a very strong wakefield focusing), control over the emit-
tance growth can be achieved only by precise handling of
the beam (namely, error control better than the beam size).
The results in this limit can be reproduced in our theory
by replacing the factor vl in (43) by unity.
With the notion of final emittance scaling with the

relevant parameters we can start to optimize in the multi-
dimensional parameter space of the future collider. From
the computer simulations for the small emittance design
[4] for a multi TeV collider, the conclusion is that in the
case of initially homogeneous plasma it is difficult to avoid
a severe emittance growth of the accelerated beam in the
presence of small alignment errors stage-by-stage based
on reasonable parameters (laser spot size, dislocation size,
and number of stages). The difficulty is primarily due to
the fact that the wakefield focusing force is too large in
this case. The above considerations do not include the
transverse nonlinear effects which also contribute to the
emittance increase.

071301-8 071301-8

Single-stage

Emittance growth from stochastic misalignments
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accelerating field are considered. Section IV presents simu-
lation results for the case where the axial and transverse
fields are those obtained from linear plasma wakefield
theory. Several examples relevant to plasma accelerators are
given, including those in which the effects of radiation are
potentially detrimental if not properly controlled. Also in-
cluded are two appendices that describe some mathematical
details regarding the mean energy and energy spread, as well
as an analysis of mismatched beams, including a calculation
of the decoherence time and emittance growth.

II. CONSTANT FOCUSING CHANNEL

Consider, in !x ,z" slab geometry, an electron beam mov-
ing along the z axis in a constant, axially uniform focusing
channel. In this section, we will neglect the axial electric
field and assume the transverse field is that produced by a
quadratically varying potential

!!x" = !0!1 − x2/xc
2" , !1"

where x is the transverse displacement from axis, xc is the
characteristic channel width, and !0 sets the strength of the
potential. In the focusing channel the electron momentum
evolves according to

du x

dct
= − K2x + Fx

RAD/mc2, !2"

du z

dct
= Fz

RAD/mc2, !3"

where FRAD is the radiation reaction force and u=p /mc is
the normalized electron momentum, with m the mass of the
electron and c the speed of light. It is convenient to param-
etrize the transverse focusing force in terms of the “spring-
constant” K2=2xc

−2!e!0 /mc2", where −e is the electronic
charge. Note that in the blow-out regime, in which the focus-
ing force is determined by a bare, uniform ion column, K
=kp /#2 !cf. Ref. $6%", where "p =ckp = !4#n0e2 /m"1/2 is the
plasma frequency and n0 is the ambient plasma density.

The classical expression of the radiation reaction force is
$19%

FRAD

mc$R
=

d

dt
&%

du
dt
'+ %u(&d%

dt
'2

− &du
dt
'2), !4"

where %= !1+u 2"1/2 is the relativistic Lorentz factor of the
electron and $R=2re /3c*6.26& 10−24 s with re=e2 /mc2 is
the classical electron radius. Assuming the length scale asso-
ciated with this force c$R is much smaller than the scale
length of the betatron motion, we may treat the radiation
reaction force as a perturbation. Thus we evaluate the radia-
tion force using the unperturbed orbits $i.e., using Eqs. !2"
and !3" with FRAD=0%. This approximation yields

Fx
RAD * − mc3$RK2u x!1 + K2%x2" , !5"

Fz
RAD * − mc3$R%2K4x2, !6"

where we have made the additional assumption that u z' u x.
The equations of motion are then

u̇ x * − cK2x − c2$RK2u x!1 + K2%x2" , !7"

u̇ z * − c2$RK4%2x2, !8"

and ẋ=cu x /%, where the dot notation denotes a time deriva-
tive. We expect this perturbation !radiation reaction force
much less than the Lorentz force" to be valid provided
c$RK /%0

1/2(1. Note that the semiclassical treatment of
the radiative effects requires the Compton wavelength
)C=h/mc to be much less than the radiation wavelength in
the electron rest frame, i.e., )C(2%)rad. For a*

2 ' 1, this con-
dition becomes )C()* / !%a*".

A. Single particle dynamics

1. Particle orbits without radiation

In the absence of the radiation reaction force, the
electron orbits are given by ẋ=cu x /%, u̇ x=−cK2x, and u̇ z=0.
The following initial conditions are assumed: x!t=0"=x0,
u x!t=0"=u x0, %!t=0"=%0 !except when otherwise specified,
the zero subscript refers to the value at the initial time
through the rest of the paper". As in Ref. $6%, the particle
orbits simply follow a harmonic oscillation in the transverse
direction at the betatron frequency "*=ck*=Kc /%0

1/2.
Furthermore, since ẋ!t=0"=cu x0 /%0 and u̇ x!t=0"=−cK2x0,
the electron orbits are

x = x0cos "*t +
u x0

k*%0
sin "*t , !9"

u x = u x0cos "*t − x0k*%0sin "*t . !10"

The transverse orbit Eq. !9" can also be written in the form
x=xmcos!"*t++", with amplitude xm

2 =x0
2+u x0

2 / !k*
2%0

2" and
phase +=−arctan$u x0 / !x0k*%0"%.

2. Energy damping

An expression for the radiative damping rate can be de-
rived by assuming that %*u z in Eq. !8", i.e.,

%̇ = − $Rc2K4x2%2. !11"

Since the effect of the radiation on the transverse oscillation
amplitude is treated as a perturbation, and since the time
scale for radiation damping is long compared to the betatron
period, Eq. !11" can be time averaged, i.e., +x2,t*xm

2 /2,
which gives

% =
%0

1 + ,%t
, !12"

with the radiative damping rate

,% = $Rc2K4xm
2 %0/2. !13"

Alternatively, in terms of the betatron strength parameter $6%,
defined as a*=k*%0xm, the damping length, defined as
Ld=c /,%, is Ld= !c$R%0a*

2k*
2 /2"−1. This result is analogous to

the result for the case of radiation damping via Thomson
scattering, only with a* and k* replaced by the laser strength
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Generally, injecting a beam with a spot size larger than
the matched radius into a plasma channel, may lead to large
betatron oscillations, and to a quick growth of the emittance
towards its matched value. The resulting radiation can then
significantly affect the beam, inducing a relative energy
spread that can be on the several percent level. This can have
detrimental effects on applications such as for high-energy
physics and free electron lasers operating in the x-ray re-
gime, which require high quality electron beams with energy
spreads on the order of a fraction of a percent.

On the other hand, provided that the beam is initially
matched in the channel at typical values of a normalized
emittance !!nx0"10 "m or less#, the effects of radiation on
the beam are not important. This is because a matched beam
at typical values of !nx0"10 "m has a very small radius, and
consequently the betatron oscillation, as well as the resulting
radiation, is small. As noted above, this can be challenging,
due to the relatively large focusing fields required to focus
the beam into such plasma channels. The matched beam ra-
dius is #x0

2 =!nx0$̄% /2&$'%0"!nx0!$'%0n0#−1/2. For example, a
2 GeV electron beam with !nx0=10 "m in a blowout plasma
with n0=1018 cm−3 has a matched radius of #x0"1 "m. In-
jecting such a small beam into the channel will require very
strong focusing prior to the channel, perhaps requiring the
use of a novel mechanism such as a plasma lens.
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APPENDIX A: GENERAL EXPRESSION FOR THE MEAN
ENERGY AND ENERGY SPREAD

In this appendix, a general expression is derived for the
relative energy spread, valid for a matched or mismatched
beam, injected on axis !$x0%=0# or off axis !$x0%!0#. The
assumptions made are !i# $ux%0=0 !i.e., the beam is injected
straight into the channel#, !ii# the distributions contain only
even moments !e.g., $(x0

3%=0#, and !iii# there are no initial
correlations in the beam distribution.

The single particle energy Eq. !12# with the radiative
damping rate )' Eq. !13# is

' = '0&1 +
1
2

*Rc2K4''0x0
2 +

ux0
2

K2()−1

. !A1#

Quantities are written in terms of the centroid and a devia-
tion, i.e., '0= $'%0+('0, x0= $x%0+(x0, and ux0=(ux0. A se-
ries is developed for the different moment orders and con-
sideration is given to the possible off-axis initial condition
$x%0=0. Owing to vanishing second-order moments, the
lowest-order radiative correction to the energy spread re-
quires development to fourth order !e.g., #x0

4 #.
The expression for the mean energy, neglecting the third-

order and higher terms is

$'% =
$'%0

B
&1 −

At

B
'$x%0

2

$'%0
#'0

2 − $'%0#x0
2 −

#ux0
2

K2 (), !A2#

where A=*Rc2K4 /2 and B=1+A$'%0$x%0
2t. This expression

includes the second-order moments, including a possible off-
axis initial condition. The fourth-order expression for the
standard deviation #'

2 = $'2%− $'%2 is

#'
2 =

#'0
2

B4 −
A

B3#'0
2 '4$'%0#x0

2 +
2

K2#ux0
2 (+

A2

B4&2t2$x%0
2!#'0

4

+ 2$'%0
4#x0

2 # + t2$'0
4%!$(x0

4% − #x0
4 # −

1
K4!$'%0

2#ux0
4

+ 4$'%0
3#x0

2 #ux0
2 #). !A3#

Note that, when $x%0=0, the second-order moment contribu-
tions vanish. If the distribution for x0 is Gaussian, then
$(x0

4%=3#x0
4 . The relative energy spread is

#'
2

$'%2 *
#'0

2 + *R
2c4K8$'%0

4$x%0
2#x0

2 t2 + 1
2*R

2c4K8$'%0
4#x0

4 t2 + 1
2*R

2c4K4$'%0
2#ux0

4 t2

$'%0
2!1 + 1

2*Rc2K4$'%0$x%0
2t#2 . !A4#

APPENDIX B: MISMATCHED BEAMS

Consider a beam that is not initially matched in the
plasma channel. If the beam is initially mismatched and has
a finite energy spread, then different particles among the

beam will undergo betatron oscillations at different frequen-
cies, +%,'−1/2. This will lead to a slippage of the particles
with respect to each other, and to emittance growth, until the
emittance reaches the matched value. In this appendix, the

FIG. 10. !Color online# Transverse phase space !x , ux# at +̄%t
=0, +̄%t=33, and +̄%t=66, for a narrow beam injected off axis into
a blown-out plasma channel.
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!̄"t = 4.7 # 10−7!""0
2#$nx0$%m%&#&̄'$%m%&−2#z/&̄'& . #62&

Note that in the blowout regime &̄'= #2!""0&1/2&p.
As an example, consider parameters relevant to

experiments on the plasma wakefield accelerator
in the blowout regime using a 28.5 GeV electron
beam $5%: !""0=5.6# 104, n0=2.8# 1017 cm−3, &p =62 %m,

&̄'=2.1 cm, and (x0=10 %m. Note that the matched emit-
tance for the (x0=10 %m beam in the blowout channel is
$nx0=2)!""0(x0

2 / &̄'=1.7 mm, which is relatively large. As-

suming z=10&̄', these parameters give !̄"t=5.7# 10−2. This
implies, for example, that the normalized energy spread
would grow to at least 5.7%, even if the beam had initially
zero energy spread. The reason for this relatively large value
of !̄"t is that the matched emittance is large due to an as-
sumed matched beam radius of (x0=10 %m.

Highly relativistic electron beams of this class can have
a much lower emittance, e.g., $nx0=10 %m, than assumed
in the above example. However, matching such a beam into
a channel with such strong focusing would require a very
small beam radius, e.g., (x0=0.78 %m. This would result in a
much smaller value of !̄"t=3.3# 10−4. Injecting such a radi-
ally small beam is problematic and would require very strong
focusing prior to injection into the plasma channel. Note that
if a beam of $nx0=10 %m is injected at 28.5 GeV into a
channel with &̄'=2.1 cm at a more typical radius of (x0
=10 %m, it would be highly mismatched and the beam emit-
tance would grow towards the matched value. Once the emit-
tance has reached its matched value, the beam parameters
would evolve according to the equations describing the
matched beam evolution. The time scale for the emittance to
grow to its matched value is determined by the decoherence
time, tdc, as discussed in Appendix B. For early times, t
* tdc, the emittance blow-up due to phase mixing will be
small, and the changes to the energy spread can be small. For
a sufficiently large initial energy spread satisfying ("0 / !""0

+ #)!̄" /,'&1/2, the decoherence time is tdc')!"0" / #,'("0&.
For a sufficiently small initial energy spread satisfying
("0 / !""0* #)!̄" /,'&1/2, the decoherence time is tdc

'#2) /,'!̄"&1/2.
The situation is somewhat different for laser wakefield

accelerators. Typically, the accelerated bunch in a laser
wakefield accelerator is produced from self-trapping and
evolves in such a manner that it is approximately self-

matched at a small radius in the focusing fields of the wake.
As noted above, the relevant scale for the acceleration length
is the dephasing length, Ldeph=&p

3 /2&0
2. In terms of the accel-

eration distance normalized to Ldeph, the quantity !̄"t can be
written

!̄"t = #23/2)3/3&re!""0
1/2$nx0&0

−2#z/Ldeph& , #63&

or in practical units,

!̄"t = 8.2 # 10−8!""0
1/2#$nx0$%m%&#&0$%m%&−2#z/Ldeph& . #64&

As an example, consider a 2 GeV #!""0=4# 103& laser
wakefield accelerator in the blowout regime with a density
n0=5# 1017 cm−3, &p =47 %m, &̄'=0.42 cm, &0=0.8 %m,
$nx0=10 %m, and a matched bunch radius of (x0=1.3 %m.
After a single stage #z=Ldeph&, !̄"t=8.1# 10−5. Again, here
the effects of radiation on the electron bunch are small, due
to the small transverse size of the bunch.

The above expressions rigorously describe the effects of
radiation on electron beams that are initially matched in the
focusing channel, neglecting the effects of acceleration, as
presented in Sec. II. These results have been generalized
to include the effects of a constant accelerating field #Sec.
III&, and test particle simulations have been presented to
study the case in which the focusing and accelerating fields
represent those derived from linear plasma wakefield theory
#Sec. IV&. The case of mismatched beams has been described
in Appendix B and studied with test particle simulations.

FIG. 8. #Color online& Transverse phase space #x , u x& at ,̄'t
=0, ,̄'t=45, and ,̄'t=89, for a large mismatched beam injected on
axis into a blown-out plasma channel.

FIG. 9. #Color online& Mean energy, relative energy spread, and
normalized transverse emittance #%m rad& for a narrow, mis-
matched beam injected off axis into a blown-out plasma channel.
The dashed red curves are the analytical estimates from Eqs. #A2&,
#B13&, and #B12&, and the solid blue curves are the numerical re-
sults from the particle transport code #using 105 particles&.
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tance for the (x0=10 %m beam in the blowout channel is
$nx0=2)!""0(x0

2 / &̄'=1.7 mm, which is relatively large. As-

suming z=10&̄', these parameters give !̄"t=5.7# 10−2. This
implies, for example, that the normalized energy spread
would grow to at least 5.7%, even if the beam had initially
zero energy spread. The reason for this relatively large value
of !̄"t is that the matched emittance is large due to an as-
sumed matched beam radius of (x0=10 %m.

Highly relativistic electron beams of this class can have
a much lower emittance, e.g., $nx0=10 %m, than assumed
in the above example. However, matching such a beam into
a channel with such strong focusing would require a very
small beam radius, e.g., (x0=0.78 %m. This would result in a
much smaller value of !̄"t=3.3# 10−4. Injecting such a radi-
ally small beam is problematic and would require very strong
focusing prior to injection into the plasma channel. Note that
if a beam of $nx0=10 %m is injected at 28.5 GeV into a
channel with &̄'=2.1 cm at a more typical radius of (x0
=10 %m, it would be highly mismatched and the beam emit-
tance would grow towards the matched value. Once the emit-
tance has reached its matched value, the beam parameters
would evolve according to the equations describing the
matched beam evolution. The time scale for the emittance to
grow to its matched value is determined by the decoherence
time, tdc, as discussed in Appendix B. For early times, t
* tdc, the emittance blow-up due to phase mixing will be
small, and the changes to the energy spread can be small. For
a sufficiently large initial energy spread satisfying ("0 / !""0

+ #)!̄" /,'&1/2, the decoherence time is tdc')!"0" / #,'("0&.
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accelerators. Typically, the accelerated bunch in a laser
wakefield accelerator is produced from self-trapping and
evolves in such a manner that it is approximately self-

matched at a small radius in the focusing fields of the wake.
As noted above, the relevant scale for the acceleration length
is the dephasing length, Ldeph=&p
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2. In terms of the accel-

eration distance normalized to Ldeph, the quantity !̄"t can be
written
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or in practical units,

!̄"t = 8.2 # 10−8!""0
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As an example, consider a 2 GeV #!""0=4# 103& laser
wakefield accelerator in the blowout regime with a density
n0=5# 1017 cm−3, &p =47 %m, &̄'=0.42 cm, &0=0.8 %m,
$nx0=10 %m, and a matched bunch radius of (x0=1.3 %m.
After a single stage #z=Ldeph&, !̄"t=8.1# 10−5. Again, here
the effects of radiation on the electron bunch are small, due
to the small transverse size of the bunch.

The above expressions rigorously describe the effects of
radiation on electron beams that are initially matched in the
focusing channel, neglecting the effects of acceleration, as
presented in Sec. II. These results have been generalized
to include the effects of a constant accelerating field #Sec.
III&, and test particle simulations have been presented to
study the case in which the focusing and accelerating fields
represent those derived from linear plasma wakefield theory
#Sec. IV&. The case of mismatched beams has been described
in Appendix B and studied with test particle simulations.

FIG. 8. #Color online& Transverse phase space #x , u x& at ,̄'t
=0, ,̄'t=45, and ,̄'t=89, for a large mismatched beam injected on
axis into a blown-out plasma channel.

FIG. 9. #Color online& Mean energy, relative energy spread, and
normalized transverse emittance #%m rad& for a narrow, mis-
matched beam injected off axis into a blown-out plasma channel.
The dashed red curves are the analytical estimates from Eqs. #A2&,
#B13&, and #B12&, and the solid blue curves are the numerical re-
sults from the particle transport code #using 105 particles&.
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The transverse normalized emittance can be calculated us-
ing the definition !nx

2 = !"x2"!"u x
2"− !"x"u x"2, which gives

!nx
2 =

K2!#"0

4
#1 −

3
4

$Rc2K4!#"0
!xm

4 "
!xm

2 "
t$%!xm

2 "2&1 − e−8%!
2t2'

− 2!xm
2 "!x"m

2 &e−2%!
2t2 − e−6%!

2t2'( . &B12'

The factor %1− &3/4'$Rc2K4!#"0!xm
4 "t / !xm

2 "( in Eq. &B12' ac-
counts for the effects of radiation damping, which was as-
sumed to occur on a time scale long compared to that of
decoherence. Note that for long times, %!

2t2& 1, this reduces
to the previous expression Eq. &38'.

3. Narrow beam injected off axis

Consider the case of a narrow beam injected off axis. This
case can be analyzed using the expression for the energy
spread derived in Appendix A with !x"0!0. Neglecting the
fourth-order terms gives

'#

!#"
)

&'#0
2 + 4%̄#on%̄#off!#"0

2t2'1/2

!#0"&1 + %̄#offt'
, &B13'

where %̄#off=$Rc2K4!#"0!x"0
2 /2 &energy damping rate for a

beam injected off axis' and %̄#on=$Rc2K4!#"0'x0
2 /2 &energy

damping rate for a beam injected on axis'.
For this case, the energy spread is no longer uncondition-

ally increasing. In particular, the time derivative of the rela-
tive energy spread is

d

dt

'#

!#"
=

%̄#off

!#0"&1 + %̄#offt'2

4%̄#on!#0"2t − '#0
2

&'#0
2 + 4%̄#off%̄#on!#0"2t2'1/2 .

&B14'

The relative energy spread will first decrease, but will then
increase after a time tcrit given by

tcrit =
'#0

2

4%̄#on!#0"2 . &B15'

Likewise, the relative energy spread is at its minimum when
t= tcrit.

By examining the relative energy spread at its minimum
value &t= tcrit', a range can be defined for which the decrease
in the energy spread is significant. This range is defined by
the inequalities '#0

2 ( 4%̄#on%̄#off!#0"2tcrit
2 and 1) %̄#offtcrit.

These inequalities imply

2'x0

!x0"
)

'#0

!#0"
)

2!x0"
'x0

. &B16'

This can be satisfied when 'x0* !x0", i.e., a significant de-
crease in energy spread is possible for a very narrow beam

with a sufficient energy spread injected sufficiently far from
the channel axis.

4. Examples

First, consider the case of a mismatched beam injected on
axis. A blown-out plasma channel is assumed with a back-
ground plasma density of n0=5+ 1018 cm−3 and a channel
width xc=30 ,m, along with an injected beam of energy
1 GeV &!#"0=2000, '#0 / !#"0=1%' with a radius
'x0=10 ,m and an initial emittance of 3.1 ,m. Shown in
Fig. 7 are the analytical estimates &dashed red curves' Eqs.
&A2', &A4', and &B12', and the numerical results &solid blue
curves' from the particle transport code &using 105 particles'.
After 2 cm of propagation, the mean energy decreases by
less than 3%. However, the effect of the radiation on the
energy spread is quite dramatic, with an increase by a factor
of four. The emittance quickly grows at the beginning, until
it reaches the matched value and starts to slowly decrease
due to radiative effects. The analytical estimates are in rea-
sonably good agreement with the results of the particle trans-
port code, although the strong radiation leads to an error
between the analytical and numerical curves &at longer times,
the perturbation theory begins to break down'. Note that, in
this particular case, the growth of the cross correlation be-
tween the particles’ energies and their transverse position and
momentum can also contribute to the mismatch. Indeed, after
some propagation the particles near the axis in &x , u x' phase
space will not radiate significant energy, while those the far-
ther from the axis will radiate a significant amount of energy.
The mean energy loss is approximately four times larger than
the initial energy spread, and, hence, the correlated energy
spread will grow larger than the initial, uncorrelated energy
spread.

Figure 8 shows the phase space &x , u x' for three different
times as obtained from the particle transport code for the
same parameters as Fig. 7. The physical process &phase mix-
ing' leading to the emittance growth is clearly illustrated.

Next, consider the case of off-axis injection of a
very narrow beam with a rather large energy spread:
!x"0=10 ,m, 'x0=0.1 ,m, and '#0 / !#"0=5% &such that
'#0 / !#"0( 'x0 / !x"0'. The other parameters remain the same
as in the previous example. The numerical results from the
particle transport code &with 105 particles' are shown in Fig.
9. As predicted by Eqs. &B13' and &B12', the energy spread
decreases; however, the emittance exhibits extreme growth,
by a factor )200, due to phase mixing. The growth in trans-
verse emittance due to phase mixing for this example is
shown in Fig. 10.
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The transverse normalized emittance can be calculated us-
ing the definition !nx

2 = !"x2"!"u x
2"− !"x"u x"2, which gives

!nx
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The factor %1− &3/4'$Rc2K4!#"0!xm
4 "t / !xm

2 "( in Eq. &B12' ac-
counts for the effects of radiation damping, which was as-
sumed to occur on a time scale long compared to that of
decoherence. Note that for long times, %!

2t2& 1, this reduces
to the previous expression Eq. &38'.

3. Narrow beam injected off axis

Consider the case of a narrow beam injected off axis. This
case can be analyzed using the expression for the energy
spread derived in Appendix A with !x"0!0. Neglecting the
fourth-order terms gives

'#

!#"
)

&'#0
2 + 4%̄#on%̄#off!#"0

2t2'1/2

!#0"&1 + %̄#offt'
, &B13'

where %̄#off=$Rc2K4!#"0!x"0
2 /2 &energy damping rate for a

beam injected off axis' and %̄#on=$Rc2K4!#"0'x0
2 /2 &energy

damping rate for a beam injected on axis'.
For this case, the energy spread is no longer uncondition-

ally increasing. In particular, the time derivative of the rela-
tive energy spread is

d

dt

'#

!#"
=

%̄#off

!#0"&1 + %̄#offt'2

4%̄#on!#0"2t − '#0
2

&'#0
2 + 4%̄#off%̄#on!#0"2t2'1/2 .

&B14'

The relative energy spread will first decrease, but will then
increase after a time tcrit given by

tcrit =
'#0

2

4%̄#on!#0"2 . &B15'

Likewise, the relative energy spread is at its minimum when
t= tcrit.

By examining the relative energy spread at its minimum
value &t= tcrit', a range can be defined for which the decrease
in the energy spread is significant. This range is defined by
the inequalities '#0

2 ( 4%̄#on%̄#off!#0"2tcrit
2 and 1) %̄#offtcrit.

These inequalities imply

2'x0

!x0"
)

'#0

!#0"
)

2!x0"
'x0

. &B16'

This can be satisfied when 'x0* !x0", i.e., a significant de-
crease in energy spread is possible for a very narrow beam

with a sufficient energy spread injected sufficiently far from
the channel axis.

4. Examples

First, consider the case of a mismatched beam injected on
axis. A blown-out plasma channel is assumed with a back-
ground plasma density of n0=5+ 1018 cm−3 and a channel
width xc=30 ,m, along with an injected beam of energy
1 GeV &!#"0=2000, '#0 / !#"0=1%' with a radius
'x0=10 ,m and an initial emittance of 3.1 ,m. Shown in
Fig. 7 are the analytical estimates &dashed red curves' Eqs.
&A2', &A4', and &B12', and the numerical results &solid blue
curves' from the particle transport code &using 105 particles'.
After 2 cm of propagation, the mean energy decreases by
less than 3%. However, the effect of the radiation on the
energy spread is quite dramatic, with an increase by a factor
of four. The emittance quickly grows at the beginning, until
it reaches the matched value and starts to slowly decrease
due to radiative effects. The analytical estimates are in rea-
sonably good agreement with the results of the particle trans-
port code, although the strong radiation leads to an error
between the analytical and numerical curves &at longer times,
the perturbation theory begins to break down'. Note that, in
this particular case, the growth of the cross correlation be-
tween the particles’ energies and their transverse position and
momentum can also contribute to the mismatch. Indeed, after
some propagation the particles near the axis in &x , u x' phase
space will not radiate significant energy, while those the far-
ther from the axis will radiate a significant amount of energy.
The mean energy loss is approximately four times larger than
the initial energy spread, and, hence, the correlated energy
spread will grow larger than the initial, uncorrelated energy
spread.

Figure 8 shows the phase space &x , u x' for three different
times as obtained from the particle transport code for the
same parameters as Fig. 7. The physical process &phase mix-
ing' leading to the emittance growth is clearly illustrated.

Next, consider the case of off-axis injection of a
very narrow beam with a rather large energy spread:
!x"0=10 ,m, 'x0=0.1 ,m, and '#0 / !#"0=5% &such that
'#0 / !#"0( 'x0 / !x"0'. The other parameters remain the same
as in the previous example. The numerical results from the
particle transport code &with 105 particles' are shown in Fig.
9. As predicted by Eqs. &B13' and &B12', the energy spread
decreases; however, the emittance exhibits extreme growth,
by a factor )200, due to phase mixing. The growth in trans-
verse emittance due to phase mixing for this example is
shown in Fig. 10.
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The transverse normalized emittance can be calculated us-
ing the definition !nx

2 = !"x2"!"u x
2"− !"x"u x"2, which gives

!nx
2 =

K2!#"0

4
#1 −

3
4

$Rc2K4!#"0
!xm

4 "
!xm

2 "
t$%!xm

2 "2&1 − e−8%!
2t2'

− 2!xm
2 "!x"m

2 &e−2%!
2t2 − e−6%!

2t2'( . &B12'

The factor %1− &3/4'$Rc2K4!#"0!xm
4 "t / !xm

2 "( in Eq. &B12' ac-
counts for the effects of radiation damping, which was as-
sumed to occur on a time scale long compared to that of
decoherence. Note that for long times, %!

2t2& 1, this reduces
to the previous expression Eq. &38'.

3. Narrow beam injected off axis

Consider the case of a narrow beam injected off axis. This
case can be analyzed using the expression for the energy
spread derived in Appendix A with !x"0!0. Neglecting the
fourth-order terms gives
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where %̄#off=$Rc2K4!#"0!x"0
2 /2 &energy damping rate for a

beam injected off axis' and %̄#on=$Rc2K4!#"0'x0
2 /2 &energy

damping rate for a beam injected on axis'.
For this case, the energy spread is no longer uncondition-

ally increasing. In particular, the time derivative of the rela-
tive energy spread is

d
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The relative energy spread will first decrease, but will then
increase after a time tcrit given by

tcrit =
'#0

2

4%̄#on!#0"2 . &B15'

Likewise, the relative energy spread is at its minimum when
t= tcrit.

By examining the relative energy spread at its minimum
value &t= tcrit', a range can be defined for which the decrease
in the energy spread is significant. This range is defined by
the inequalities '#0

2 ( 4%̄#on%̄#off!#0"2tcrit
2 and 1) %̄#offtcrit.

These inequalities imply
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This can be satisfied when 'x0* !x0", i.e., a significant de-
crease in energy spread is possible for a very narrow beam

with a sufficient energy spread injected sufficiently far from
the channel axis.

4. Examples

First, consider the case of a mismatched beam injected on
axis. A blown-out plasma channel is assumed with a back-
ground plasma density of n0=5+ 1018 cm−3 and a channel
width xc=30 ,m, along with an injected beam of energy
1 GeV &!#"0=2000, '#0 / !#"0=1%' with a radius
'x0=10 ,m and an initial emittance of 3.1 ,m. Shown in
Fig. 7 are the analytical estimates &dashed red curves' Eqs.
&A2', &A4', and &B12', and the numerical results &solid blue
curves' from the particle transport code &using 105 particles'.
After 2 cm of propagation, the mean energy decreases by
less than 3%. However, the effect of the radiation on the
energy spread is quite dramatic, with an increase by a factor
of four. The emittance quickly grows at the beginning, until
it reaches the matched value and starts to slowly decrease
due to radiative effects. The analytical estimates are in rea-
sonably good agreement with the results of the particle trans-
port code, although the strong radiation leads to an error
between the analytical and numerical curves &at longer times,
the perturbation theory begins to break down'. Note that, in
this particular case, the growth of the cross correlation be-
tween the particles’ energies and their transverse position and
momentum can also contribute to the mismatch. Indeed, after
some propagation the particles near the axis in &x , u x' phase
space will not radiate significant energy, while those the far-
ther from the axis will radiate a significant amount of energy.
The mean energy loss is approximately four times larger than
the initial energy spread, and, hence, the correlated energy
spread will grow larger than the initial, uncorrelated energy
spread.

Figure 8 shows the phase space &x , u x' for three different
times as obtained from the particle transport code for the
same parameters as Fig. 7. The physical process &phase mix-
ing' leading to the emittance growth is clearly illustrated.

Next, consider the case of off-axis injection of a
very narrow beam with a rather large energy spread:
!x"0=10 ,m, 'x0=0.1 ,m, and '#0 / !#"0=5% &such that
'#0 / !#"0( 'x0 / !x"0'. The other parameters remain the same
as in the previous example. The numerical results from the
particle transport code &with 105 particles' are shown in Fig.
9. As predicted by Eqs. &B13' and &B12', the energy spread
decreases; however, the emittance exhibits extreme growth,
by a factor )200, due to phase mixing. The growth in trans-
verse emittance due to phase mixing for this example is
shown in Fig. 10.
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!̄"t = 4.7 # 10−7!""0
2#$nx0$%m%&#&̄'$%m%&−2#z/&̄'& . #62&

Note that in the blowout regime &̄'= #2!""0&1/2&p.
As an example, consider parameters relevant to

experiments on the plasma wakefield accelerator
in the blowout regime using a 28.5 GeV electron
beam $5%: !""0=5.6# 104, n0=2.8# 1017 cm−3, &p =62 %m,

&̄'=2.1 cm, and (x0=10 %m. Note that the matched emit-
tance for the (x0=10 %m beam in the blowout channel is
$nx0=2)!""0(x0

2 / &̄'=1.7 mm, which is relatively large. As-

suming z=10&̄', these parameters give !̄"t=5.7# 10−2. This
implies, for example, that the normalized energy spread
would grow to at least 5.7%, even if the beam had initially
zero energy spread. The reason for this relatively large value
of !̄"t is that the matched emittance is large due to an as-
sumed matched beam radius of (x0=10 %m.

Highly relativistic electron beams of this class can have
a much lower emittance, e.g., $nx0=10 %m, than assumed
in the above example. However, matching such a beam into
a channel with such strong focusing would require a very
small beam radius, e.g., (x0=0.78 %m. This would result in a
much smaller value of !̄"t=3.3# 10−4. Injecting such a radi-
ally small beam is problematic and would require very strong
focusing prior to injection into the plasma channel. Note that
if a beam of $nx0=10 %m is injected at 28.5 GeV into a
channel with &̄'=2.1 cm at a more typical radius of (x0
=10 %m, it would be highly mismatched and the beam emit-
tance would grow towards the matched value. Once the emit-
tance has reached its matched value, the beam parameters
would evolve according to the equations describing the
matched beam evolution. The time scale for the emittance to
grow to its matched value is determined by the decoherence
time, tdc, as discussed in Appendix B. For early times, t
* tdc, the emittance blow-up due to phase mixing will be
small, and the changes to the energy spread can be small. For
a sufficiently large initial energy spread satisfying ("0 / !""0

+ #)!̄" /,'&1/2, the decoherence time is tdc')!"0" / #,'("0&.
For a sufficiently small initial energy spread satisfying
("0 / !""0* #)!̄" /,'&1/2, the decoherence time is tdc

'#2) /,'!̄"&1/2.
The situation is somewhat different for laser wakefield

accelerators. Typically, the accelerated bunch in a laser
wakefield accelerator is produced from self-trapping and
evolves in such a manner that it is approximately self-

matched at a small radius in the focusing fields of the wake.
As noted above, the relevant scale for the acceleration length
is the dephasing length, Ldeph=&p

3 /2&0
2. In terms of the accel-

eration distance normalized to Ldeph, the quantity !̄"t can be
written

!̄"t = #23/2)3/3&re!""0
1/2$nx0&0

−2#z/Ldeph& , #63&

or in practical units,

!̄"t = 8.2 # 10−8!""0
1/2#$nx0$%m%&#&0$%m%&−2#z/Ldeph& . #64&

As an example, consider a 2 GeV #!""0=4# 103& laser
wakefield accelerator in the blowout regime with a density
n0=5# 1017 cm−3, &p =47 %m, &̄'=0.42 cm, &0=0.8 %m,
$nx0=10 %m, and a matched bunch radius of (x0=1.3 %m.
After a single stage #z=Ldeph&, !̄"t=8.1# 10−5. Again, here
the effects of radiation on the electron bunch are small, due
to the small transverse size of the bunch.

The above expressions rigorously describe the effects of
radiation on electron beams that are initially matched in the
focusing channel, neglecting the effects of acceleration, as
presented in Sec. II. These results have been generalized
to include the effects of a constant accelerating field #Sec.
III&, and test particle simulations have been presented to
study the case in which the focusing and accelerating fields
represent those derived from linear plasma wakefield theory
#Sec. IV&. The case of mismatched beams has been described
in Appendix B and studied with test particle simulations.

FIG. 8. #Color online& Transverse phase space #x , u x& at ,̄'t
=0, ,̄'t=45, and ,̄'t=89, for a large mismatched beam injected on
axis into a blown-out plasma channel.

FIG. 9. #Color online& Mean energy, relative energy spread, and
normalized transverse emittance #%m rad& for a narrow, mis-
matched beam injected off axis into a blown-out plasma channel.
The dashed red curves are the analytical estimates from Eqs. #A2&,
#B13&, and #B12&, and the solid blue curves are the numerical re-
sults from the particle transport code #using 105 particles&.
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beam decoherence time !i.e., the time at which the slippage
between the particles becomes significant" is calculated, as
well as the emittance evolution, for a mismatched beam.
Also analyzed is the energy spread for narrow beam injected
off axis, including a description of the conditions necessary
for reduction in the energy spread. Note that in the following,
the decoherence time is assumed to be much smaller that the
radiation damping time.

1. Beam decoherence

An approximate method for estimating the decoherence
time consists of considering two particles in the beam with
energies at the two ends of the distribution: !1= #!$+"! and
!2= #!$−"!. The phase associated with the betatron oscilla-
tions of these two particles is

#1,2 =% dt$%1,2, !B1"

where $%1,2=Kc /!1,2
1/2. The phase terms can be expanded us-

ing !1,2= #!$±"! with "!
2 / #!$2& 1, which yields

'# & $%% dt"!/#!$ , !B2"

where '#=#1−#2.
Consider the case in which the initial energy spread is

greater than that induced by radiation, i.e., "!0
2 / #!$0

2( )̄!
2t2.

In this case "! / #!$&"!0 / #!$0 and '#&$%t"!0 / #!$0. The
decoherence time tdc can be defined as the time when the
phase difference between the low energy part of the beam
and the high energy part is *, i.e., '#!t= tdc"=*. This gives

tdc &
*#!$0

$%"!0
. !B3"

Note that the initial energy spread will determine the
coherence time provided "!0

2 / #!$0
2( )̄!

2tdc
2 , which gives

"!0
2 / #!$0

2( *)̄! /$%.
Consider the opposite limit, in which the initial

energy spread is smaller than that induced by radiation,
i.e., "!0

2 / #!$0
2& )̄!

2t2. In this case "! / #!$& )̄!t and
'#&$%)̄!t2 /2. The decoherence time is then

tdc & ' 2*

$%)̄!
(1/2

. !B4"

Radiation induced energy spread will determine the
decoherence time provided "!0

2 / #!$0
2& 2*)̄! /$%.

2. Emittance growth

The decoherence of the beam eventually leads to a growth
of the emittance, which grows until saturation at the matched
value. The evolution of the emittance can be examined by
considering the electron orbits in the absence of radiation
effects, i.e., the case in which decoherence is dominated by
the initial energy spread, as discussed above. Consider the
electron orbits

x = xmcos + , !B5"

ux = uxmsin + , !B6"

with + =$%t, uxm=−!0$%xm /c, and uxm
2 =K2!0x0

2+ux0
2 .

Since the emittance growth effect considered here is
purely due to phase mixing, the oscillation amplitudes are
assumed to be the centroid values !or standard deviations in
the case where the centroid is zero", i.e., #x2$&#x0

2$#cos2 + $,
etc. This gives

#,x2$ =
#xm

2 $
2

)1 + #cos 2+ $* − #xm$2#cos + $2, !B7"

#,ux
2$ =

#uxm
2 $
2

)1 − #cos 2+ $* − #uxm$2#sin + $2, !B8"

#,x,ux$2 =
#xmuxm$2

4
#sin 2+ $2

− #xmuxm$#xm$#uxm$#sin 2+ $

- #cos + $#sin + $

+ #xm$2#uxm$2#cos + $2#sin + $2.

!B9"

Assuming !0&#!0$ in the amplitude terms leads to
simplifications in these expressions, i.e., #xmuxm$2= #xm

2 $
- #uxm

2 $, #uxm
2 $=K2#!0$#xm

2 $, and #uxm$2=K2#!0$#xm$2.
The sinusoidal terms in the above equations can be ap-

proximated by assuming that the energy distribution about
the mean energy is initially Gaussian and remains so during
the beam propagation. The width "! and mean energy !
are allowed to vary, but the ,!=!− #!$ distribution is
assumed to not deviate too far from a Gaussian. To proceed,
the energy is expanded about its mean value to first order
in ,! / #!$, i.e., != #!$+,!, $%& $̄%!1−,! /2#!$"
!where $%=Kc /!1/2 and $̄%=Kc / #!$0

1/2", and + & $̄%t!1
−,! /2#!$". The ensemble averaged quantities can then be
expressed as averages over the distribution of energy
deviations, e.g.,

#cos + $ &
1

"!
+2*

%
−.

.

d,! exp!− ,!2/2"!
2"cos!+ 0 + ,+ "

= exp!− )/
2t2"cos + 0, !B10"

where + 0= $̄%t and ,+ =−+ 0,! /2#!$, and

)/ =
$̄%"!

+8#!$
. !B11"

Similar expressions involving averages over the fast oscilla-
tions can be derived: #sin + $=exp!−)/

2t2"sin + 0, #sin 2+ $
=exp!−4)/

2t2"sin 2+ 0, and #cos 2+ $=exp!−4)/
2t2"cos 2+ 0.

Note that the exponent recovers the approximate expression
of the decoherence time given above in the limit that deco-
herence is dominated by the initial energy spread:
)/&1/ tdc.
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Small betatron function and energy spread  
A challenge for the extraction
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-  Beams must be extracted from PBAs


-  Quality preserving extraction challenging due to 
small betatron function and energy spread

High beam quality 
in plasma cell

Degraded quality
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Results in emittance growth at focussing optic

Floettmann. PRST-AB, 6:034202, (2003); Khachatryan 
et al. PRST-AB 10, 121301 (2007); Migliatori et al., 
PRST-AB 16, 011302 (2013).
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Plasma-to-vacuum transitions:  
“Swiss army knife” for quality preservation?
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Tailored plasma density transition from and to vacuum. 
D. Whittum (1990); Assmann and Yokoya, NIMA 410, 544 (1998).

z

n/n0Concept: Tailored plasma-vacuum transitions 

Quasi-adiabatic matching/extraction*

- Focussing changes slowly compared to local betatron period, or

- Beam RMS parameters adiabatically matched - no emittance degradation 


Optimized matching/extraction**

- Phase advance tailored such that emittance growth is minimized 

- Shorter than quasi-adiabatic transition but sensitive to fluctuations

Mitigation of matching/extraction challenges

*Assmann and Yokoya, NIMA 410, 544 (1998); Floettmann PRAB 17, 054402 (2014); 
Dornmair et al. PRAB 18, 041302 (2015); Mehrling et al. NIMA 829, 367 (2016)


** Vay et al. AIP Conf. Proc. 1777, 040018 (2016); Xu et al. PRL 116, 124801 (2016).

132 density-tapered beam extraction
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Figure 27: Adiabaticity for exponential plasma-vacuum density transition
according to eq. (6.2) with L = 8.0 mm.

In order to quantify if the transition occurred adiabatically, the quan-
tity K0 b̂/K, expressing the adiabaticity is introduced and examined.
If the adiabaticity is much smaller than one, K0 b̂/K ⌧ 1 the transition
occurs fully adiabatic. On the contrary, if K0 b̂/K & 1, the transition
does not act adiabatically on the beam evolution. The adiabaticity for
the three cases C1, C2 and CM, for L = 8.0 mm is depicted in Figure
27. It can be seen that the transition initially is adiabatic but becomes
non-adiabatic towards the exit of the plasma cell.

The longest transition length regarded here is L = 32.0 mm in Fig-
ure 28. This transition transports the matched beam at waist almost
until the exit of the plasma target with âCM,e = �0.15 for the matched
case. The divergence is damped by more than one order of magni-
tude compared to the initial divergence with a gamma function at the
exit of ĝCM,e = 0.057 mm�1 for the matched case. The divergence is
thus reduced by a factor of h = 11.70. Figure 29 shows the adiabatic-
ity for this transition. Although the transition is fully adiabatic for
all beams at the beginning of the decay, the adiabaticity approaches
unity towards the end of the density taper. However, the transition ex-
hibits an significant quasi-adiabatic reduction of the divergence. The
exit beam parameters are less sensitive on the local betatron phase
at the start of the density transition than for the shorter transitions,
but depend on the local phase at the exit. The curves of the Courant-
Snyder parameters for the matched case in Figure 28 indicate that
the beam stays matched and the final parameters at the exit only de-
pend on the plasma density value at the exit. This comes from the
quasi-adiabaticity of the transition.

Figure 30 shows the ratio of the initial divergence over final diver-
gence h = ĝ0/ĝe of the matched case (CM) for different transition
lengths L. For a fully adiabatic transition, the beam stays at waist and
stays matched during the full transition. This means that the final di-
vergence is given only by the final plasma density. The ratio h for such
a fully adiabatic transition is indicated in Figure 30 by the dashed line.
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Divergence reduction in an adiabatic 
plasma-to-vacuum-taper experimentally 
demonstrated for LWFAs:

Sears, et al. PRST-AB 13, 092803 (2010).

Experimental demonstration

- Plasma target design for transitions >> 1 mm not demonstrated

- Demonstration: adiabatic/optimized matching/extraction in PWFAs

- Adiabatic transition length > stage length for great energies

- Stability study for optimized matching (phase-dependence)

- Conceptual study of misalignment mitigation

Remaining challenges/To do’s

Reduction of spatial hosing seeds

in tapered vacuum-to-plasma

transitions.

Reduction of hosing seed

“Adiabatic alignment” ~ 
reduction of hosing seed for 
witness beam.

Mitigation of misalignmentn
/n

0

0

0.5

1

z (k−1
β,0)

-20 -10 0 10 20 30 40 50 60

! ! !
X

b/
X̂

b,
0

! ! !

0

2

4

6

8
kβ ,0L = 0

kβ ,0L = 5

kβ ,0L = 10

kβ ,0L = 20

Plasma-to-vacuum transitions:  
“Swiss army knife” for quality preservation?

+ … ?

Mehrling et al. PRL 118, 174801 (2017).
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Plasma lenses:  
Leveraging a miniaturization of the matching sections?
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Passive plasma lens*

- Laser or beam excites plasma wave in short plasma target


Active plasma lens**

- Discharge generates azimuthal magnetic field with extreme gradient


*Chen, Part.Acc. 20, 171 (1987); Chen, et al. PRL 64, 1231 (1990). 
**Panofsky and Baker RSI 21, 445 (1950).

Concept: Plasma lenses

Active Plasma Lensing for Relativistic Laser-Plasma-Accelerated Electron Beams

J. van Tilborg,1 S. Steinke,1 C. G. R. Geddes,1 N. H. Matlis,1 B. H. Shaw,1,2 A. J. Gonsalves,1 J. V. Huijts,1

K. Nakamura,1 J. Daniels,1 C. B. Schroeder,1 C. Benedetti,1 E. Esarey,1 S. S. Bulanov,1 N. A. Bobrova,3
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Compact, tunable, radially symmetric focusing of electrons is critical to laser-plasma accelerator (LPA)
applications. Experiments are presented demonstrating the use of a discharge-capillary active plasma lens
to focus 100-MeV-level LPA beams. The lens can provide tunable field gradients in excess of 3000 T=m,
enabling cm-scale focal lengths for GeV-level beam energies and allowing LPA-based electron beams and
light sources to maintain their compact footprint. For a range of lens strengths, excellent agreement with
simulation was obtained.
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Laser-plasma accelerators (LPAs) [1] have produced
MeV-to-multi-GeV electron beams in mm-to-cm-scale
plasma structures [2–9]. This maturing technology is being
developed for use in applications such as ultrafast electron-
beam pump-probe studies [10], compact light sources
including coherent x rays [11–13] and incoherent MeV
photons [14–17], and high-energy particle colliders driven
bymultiple LPA stages [18,19]. For all of these, transport and
focusing of electron beams over short, cm-scale distances is
important. Traditional magnetic elements are challenging to
apply: (i) Because of the 1=γ2 scaling of the focusing
strength, with γ the electron relativistic Lorentz factor,
solenoids have weak focusing for relativistic electrons and
have, hence, only been applied to energies of a few MeVor
less [20]; (ii) the strong field gradients of miniature quadru-
poles (of order 500 T=m [21]) are promising, as is the more
favorable 1=γ scaling of the focusing strength, but the
effective field gradient is strongly reduced when one con-
siders that three lenses of varying andopposite strengths need
to be combined to achieve radially symmetric focusing [22].
This leads to a longer effective focal length (of order> tens of
cm) with increased chromaticity.
This Letter describes recent multistage LPA experiments

where we have realized strong, single-element, radially
symmetric focusing of electron beams by applying a dis-
charge current in a gas-filled capillary. Figure 1(a) illustrates
the radial focusing force on an electron propagating collin-
early to an externally driven discharge current. Such a lens is
also referred to as an active plasma lens.Active plasma lenses
were first discussed by Panofsky andBaker in 1950 [23], and
have been extensively demonstrated on ion beams using
z-pinch plasma discharges [24–26]. Until now, applications
for electron beams have received little experimental
attention. Figure 1(b) highlights the advantage of the active
plasma lens, which can provide field gradients> 3000 T=m

for typical parameters considered here. The focal length F0

for 300-MeV electrons is compared for a state-of-the-art
solenoid, quadrupole triplet, and active plasma lens, with
values of, respectively, 500, 20, and 1.7 cm. The chromatic
dependence can be expressed as the energy-dependent
change in focal length jΔFj relative to F0, as shown in
Fig. 1(b), and is much weaker for the shorter focal length of
the active plasma lens (red curve). Note that plasma-wake-
field lenses, where focusing wakefields are driven by either
the electron beam itself [27–30] or a laser pulse [31,32], have
been considered for their ultrastrong focusing fields,
approaching even 1 T=μm [28]. However, their applicability
is challenging since the focusing force has an intrinsic
longitudinal variation (electrons in the head of the beam
experience a different lens strength than the electrons in the
tail), and tunability is limited since electron-beamparameters
(charge, current profile, and size) strongly affect the focusing
forces and lens aberrations.
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FIG. 1 (color online). (a) Schematic concept of the focusing
force in an active plasma lens. (b) The focal length F0 for 300-
MeV electrons and chromatic dependency jΔF=F0j is displayed
for a state-of-the-art solenoid (black curve), quadrupole triplet
(blue curve), and active plasma lens (red curve), illustrating the
advantage of the active plasma lens (cm-scale focal length with
reduced chromatic dependence).
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Schematic of active plasma lens

Plasma lenses 

- enable reduction of the matching section length

- allow for mitigation of chromatic emittance growth during extraction

Mitigating matching challenges
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Plasma lenses:  
Leveraging a miniaturization of the matching sections?

18

- Passive lenses: Focussing varies along beam

- Radial field linearity for passive/active lenses?

- Active lenses: plasma wave excitation for high current density beams?

- Active lenses: Timing tolerances

- Studies on synchrotron radiation in lenses

Remaining challenges/To do’s

Demonstration of passive plasma lensing in PWFAs:


Demonstration of active plasma lenses for LWFAs:


Active plasma lenses in PWFAs: CLEAR@CERN, FLASHForward@DESY, SPARC_LAB@INFN, … ?

Tilborg et al. PRL 115, 184802 (2015); Tilborg et al. PRAB 20, 032803 (2017).

Experimental demonstration

Nakanishi, et al. PRL 66, 1870 (1991); Hairapetian, et al. PRL 72, 2403 (1994); Barov, et al. PRL 80, 81 (1998), …

+ … ?
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Hollow cores:  
Harnessing the extreme wakefields
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- Channel is generated e.g. by means of an ionization 
laser with higher order mode


- Plasma density lower or zero near axis

- Independent control over longitudinal and transverse 

wakefields Chiou, et al., PoP 2, 310 (1995).

Concept: Hollow plasma channels

Increase of beta function has multiple benefits:

- Mitigation of matching requirements

- Increase of decoherence length for mismatched beams

- Reduced growth rate for instabilities

- Relaxed alignment requirements

Reduced matched beta function

see, e.g. Schroeder et al. PoP 20, 080701 (2013).
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Demonstration of plasma wakefield acceleration in 

Hollow core plasma channels.

Gessner et al. Nat. Comm. 7, 11785 (2016); 
Lindstrøm et al PRL 120, 124802 (2018).

Experimental demonstration

of the laser parallel to the beam. The ionized plasma delivers a
kick to the beam, which is recorded on a scintillating YAG screen
1.95 m downstream of the interaction region.

We observed an average kick in the þ x , þ y direction of 43.6
and 48.7 mrad, respectively, during the scan. We believe that this
is due to an alignment error that occurred when the lithium
heat-pipe oven was actuated into the beamline. The vector field,
or ‘kick map’, in Fig. 3b shows the net kick to the beam after
subtracting off the average kick. In the experiment, the location of
the laser is varied with respect to the beam trajectory, but for
clarity we plot the kick vectors as though the laser is fixed and the
beam trajectory is changed.

The shape of the kick map is consistent with our expectations
for an annular ionized region. When the beam is outside the
channel, the kicks point radially inwards towards the ionized
region. When the beam is inside the channel, the kicks point
radially outward toward the walls of the channel. The radial
direction of the kick reverses sign in an annular region at a radius
of 250 mm. Figure 3c shows the change in the beam area as
measured on the same YAG screen. The transverse wakefield
increases in strength longitudinally throughout the bunch.
Particles towards the back of the bunch see a larger kick than
particles in the front. The beam profile stretches in the direction
of the kick, and the beam area increases as a result. The largest
beam area growth occurs when the beam propagates along or
through the ionized annulus. Both the kick map and beam area
map show an annular feature with some asymmetry, which may
be attributed to variations in the laser intensity around the first
maximum of the Bessel profile, resulting in uneven ionization of
the plasma annulus (see the Methods for details).

Energy loss measurements. With the beam aligned to the centre
of the channel, we can study the peak magnitude of the decel-
erating longitudinal field of the wake by measuring changes to the
beam energy. The FACET energy spectrometer23 is comprised of
an imaging quadrupole doublet and a vertically deflecting dipole
magnet (see the Methods for details). The total systematic
uncertainty in the energy measurement, including orbital effects,
is 3.6 MeV (ref. 24).

Figure 4a shows a histogram of the measured energy loss for a
data set with 315 shots, 10% of which were taken with the laser off
and therefore no plasma channel present. We measure a mean
shift in the centroid beam energy of 18.9±3.20(stat)±3.55(syst)

MeV. Figure 4b shows averaged energy spectra for the laser on
and off cases.

To determine the gradient of the hollow channel plasma
wakefield, we need an estimate of the channel length. This is
achieved by measuring the transverse kick to the beam for small
offsets in the channel, and comparing our result to the derivative
of equation 2 evaluated at s¼ Lc, where Lc is the length of the
channel. The measured kick relative to the incoming beam orbit
is 0.25 mrad per mm offset, corresponding to a channel length
of Lc¼8:3þ 1:3

# 1:0 cm, where the dominant contribution to the
uncertainty comes from the uncertainty in bunch length. Note
that the beam drift due to an initial angle y00 also contributes to
the kick felt by the beam, but can be neglected if y0 $ y00Lc,
as is the case here. Therefore, the gradient we measure is
227þ 32

# 30 MeV m# 1. This is in excellent agreement with the peak
decelerating field of 220 MeV m# 1 shown in Fig. 2 from theory
and simulations.

Discussion
In the field of laser wakefield acceleration, the use of shallow
plasma channels for laser guiding has become a common
technique for extending the interaction length25. Our work is
different in that we use a channel that has a centre region devoid
of plasma, up to 240 mm in radius, surrounded by a plasma ring.
One critical aspect of our experiment is to ensure that the effects
we have measured are not due to residual, on-axis, low-density
plasma. In selecting the beam parameters for our experiment,
we reduced the number of beam particles from its nominal value
of 2%1010 particles per bunch, while keeping the beam size
constant, and sending the beam through the lithium oven with
the laser off. We observed the beam profile and energy spectrum
and found the threshold for interaction to be 1%1010 particles
per bunch. The number of beam particles was further reduced to
5%109, at which point there is no discernible difference
in the beam profile or energy spectrum with and without
the lithium oven.

The measured energy change has a distinct on–off effect related
to the presence of the laser with the beam passing through the
lithium oven. Profile measurements of the laser show better than
60:1 contrast between the intensity in the annular ring and the
centre region of the Bessel profile. The Ammosov-Delone-
Krainov (ADK) ionization rate26 for laser light below this
intensity level is far to small to ionize lithium on-axis. Second, as
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Figure 3 | Determining the shape of the plasma channel. (a) A mosaic of images illustrating the principle behind the raster scan. Each subimage shows
both the positron beam (with central hot spot) and laser profile (with ring) at low intensity reflecting off of a titanium foil. The laser is scanned in the
transverse plane while remaining parallel to the beam trajectory. The arrows indicate the direction of force that the positron beam experiences for a plasma
channel located at the position of the laser. (b ) The kick map shows the magnitude and direction of the kick delivered to the beam averaged over B10 shots
as the channel location is scanned with respect to the beam trajectory. A net kick of (43.6,48.7)mrad in (x,y) is subtracted from the data. We superimpose
the intensity contour of the central Bessel peak of the laser measured upstream of the plasma as a red dashed line. (c) Area of the positron beam measured
on a YAG screen downstream of the plasma averaged over B10 shots as the channel location is scanned with respect to the beam trajectory.
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- Stability of channel generation

- Alignment

- …

Remaining challenges/To do’s

+ … ?
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- Beam expels plasma electrons      ion channel

- Beam centroid deviation      generates 

deviation of channel centroid      along beam

-       feeds back into temporal evolution of     

Xb

Xb

Xc

Xc

)

⇠

⇤

Xb
Xp

blowout channel   

beam current

Hose instability  
A road blocker for stable PWFAs?

Whittum et al:

- Centroid deviations amplified 

exponentially in time and along beam!

Whittum, et al. PRL 67, 991 (1991)

- Limited stable propagation/
Beam breakup


- Emittance growth

- Jitter of final beam parameters

- Misalignment at next stage

Challenge of hosing
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In the hose instability, 

transverse phase space 

asymmetries 

of beam particles 

and plasma electrons are 

coherently  

coupled 

and thereby amplified.
Reduced 

growth rate

Reduced 
amplitude

Stopping growth 
and/or 

damp oscillations

Mitigation 
mechanism

Effect

Reduction 
of seed 

Disrupting 
coherence

Reduction of 
coupling

t

Xb

t

Xb

t

Xb

Hose instability  
Mitigation mechanisms
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Growing centroid oscillations 
of witness beam

Parameter jitter Misalignment

Hose instability  
A road blocker for stable PWFAs?

leads to

may seed

leads to

Emittance growth

leads to

Hosing of drive beam Hosing of witness beam
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Hosing mitigation of the drive beam  
Decoherence, and reduction of coupling & seed

- Beam-plasma coupling reduced in nonlin. blowout

- Sheath thickness dependence of coupling

Huang et al., PRL 99, 255001 (2007);  
Mehrling PoP 25, 056703 (2018).

Reduced coupling

- Tapered vacuum-plasma transition reduces 
seed (as described before).
Mehrling et al. PRL 118, 174801 (2017).

Reduced seed

BBU/Hose instability requires coherence.

Coherence can be disrupted

- Chirp of kβ in linear/SMI wakefields implies decoherent centroid oscillations along beams

- Energy spread and energy evolution along beam 

Balakin, et al. eConf. Proc. C830811, 119 (1983); Vieira et al. PRL 112, 205001 (2014); Mehrling et al. PRL 
118, 174801 (2017); Lehe, et al. PRL 119 244801 (2017); Martinez de la Ossa et al. submitted (2018).

Disrupting coherence
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Including energy spread and energy evolution  

Channel centroid equation

Including energy spread and energy evolution  

“Friction” term for finite energy spread 
(and/or energy gain)

T. Mehrling et al., PRL 118, 174801 (2017).

Beam centroid equation

25

Predictions of different hosing models at tail of beam 
(without initial energy spread)

@2Xb

@t2
+ �(⇠, t)

@Xb

@t
+ ⌦2(⇠, t)(Xb �Xc) = 0

Chirp and acceleration rate-
dependent frequency 3

was used. Note that all moments, apart from hxi, are now
defined in terms of the unperturbed phase space density
fp,0. From this point on, hxi is denoted by Xp, and
Eq. (15) is rearranged in form of the second-order di↵er-
ential plasma centroid equation

@2Xp

@⇠2
+ Cd(⇠)

@Xp

@⇠
+

Cp(⇠)

2
Xp =

Cb(⇠)

2
Xb . (16)

This equation is equivalent to a driven, damped harmonic
oscillator for the plasma centroid Xp(⇠, t) along ⇠. The
second term thereby acts as a damping/amplifying term
for Cd 6= 0 and the coe�cient Cp/2 is the square of the
undamped oscillation frequency of the system. The os-
cillator is driven by the beam centroid Xb for a finite Cb.
The coe�cients Cb(⇠), Cp(⇠) and Cd(⇠) are given by the
respective moments in Eq. (15),

Cp = �
1

h1 +  i0
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◆
,

(17a)
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⌧
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1 +  
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�

0

, (17b)

Cd =
1

h1 +  i0

✓⌧
�F 
1 +  

�

0

�
1

2

⌧
prFr,0

1 +  

�

0

◆
. (17c)

For the calculation of Cp, we exploited that the first term
in Eq. (15) cancels with the part of the third term which
includes the radial derivative of Fr,p,0. The coe�cient Cb
determines by which amount a local beam centroid devi-
ation contributes to the curvature of the plasma centroid
along ⇠. The respective contributions from the plasma
centroid and the slope of the plasma centroid are incor-
porated by the coe�cients Cp and Cd, respectively. A
nonzero Cd results in a damping/amplification owing to
relativistic mass gain/loss of plasma electrons along the
plasma wave. To simplify Cd, we apply the Lorentz force
to  = � � pz � 1, to find that

�F 
1 +  

=
prFr,0

1 +  
� Fz,0 . (18)

In addition, we assume that the relativistic mass
gain/loss of electrons due to the longitudinal force dom-
inates over the relativistic mass gain/loss due to trans-
verse forces, such that

Cd =

⌧
prFr,0

(1 +  ) h1 +  i0

�
�

1

2

⌧
prFr,0

(1 +  )2

�

0

�
hFz,0i0

h1 +  i0

'�
hFz,0i0

h1 +  i0
.

(19)
The forces can now be expressed in terms of electromag-

netic potentials

Fr,b,0 =
1 +  

�
@rAz,b

= �
1 +  

�

1

r

Z r

0
r0Jz,b(r

0) dr0 ,

(20a)

Fr,p,0 = @r +
1 +  

�
(@⇠Ar + @rAz,p) , (20b)

Fz,0 = �@⇠ , (20c)

where Ar is radial component of the vector potential.
All potentials refer to the unperturbed and azimuthally
symmetric potentials. Note that the beam only gives
rise to a non-zero longitudinal wakefield potential Az,b.
The wakefield potential  and radial vector potential Ar

are purely generated by the plasma charge and current
densities. Using Eq. (20a), the radial derivative of Fr,b,0

can be written as

@rFr,b,0(r) = �
1 +  

�

✓
@rAz,b(r)

r
+ Jz,b(r)

◆
. (21)

Expressing the coe�cients Cp, Cb and Cd in terms of the
potentials therefore gives

Cp = �
1

h1 +  i0
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Cb =
1

h1 +  i0

⌧
@rAz,b

r
+ Jz,b

�

0

, (22b)

Cd =
h@⇠ i0
h1 +  i0

. (22c)

For the following considerations, we assume that at
a given radial position, the phase space distribution
fp,0(r, pr, ) features a thermal momentum distribution
and, moreover, that the spread of this distribution is neg-
ligible compared to the mean momentum, such that

fp,0(r, pr, ) = ñ(r) �(pr � Pr(r)) �( � (r)) , (23)

where ñ(r) = n(r) � n0 is the excess electron density.
Note that this cold ‘fluid’ approximation provides re-
sults in good agreement to PIC simulation results for
regions ahead of the blowout vertex as shown in previous
works17.
In the following we express the averaged quantities in

Eqs. (22a), (22b) and (22c) purely as functions of the
radius r and comoving position ⇠. This can be done by
use of Eq. (23) which allows to form fluid or momentum
moments such as
Z Z

�

1 +  
fp,0 d dpr =

Z Z
�

� � pz
fp,0 d dpr

=
ñ

ñ� Jz,p

= 1 +
Jz,p

ñ� Jz,p
.

(24)

Channel centroid for blowout regime including 
finite sheath thickness:�⇢

Hosing mitigation of the drive beam  
Decoherence, and reduction of coupling & seed

Mehrling PoP 25, 056703 (2018).
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Damping from uncorr. energy spread

26

- Slice energy spread causes betatron decoherence 
within individual slices

- For small energy deviations,                 the single-
electron phase advance differs from mean-slice 
phase advance       according to

- Exponential damping of betatron oscillations!
- Damping dominates for times

Damping of hosing can be effective for percent-level energy 
spreads! 

H PACE

Tilted beam with triangular current profile

  Varying energy spread 
  C2a: 0%,  C2b: 0.5%,  C2c: 1%,  C2d: 2%

t � 2�0
!�,0��

2

The key finding that the hose instability can be miti-
gated owed to the above described energy e↵ects is illus-
trated in Fig. 1, using an example described later in this
work (case C3). The beam with initial spatial centroid
o↵set, introduced at position ⇠ = 0, is subject to the hose
instability. The figure depicts that the linear plasma re-
sponse model [7, 8] strongly overestimates the beam cen-
troid deviation Xb. The model with variable c (⇠) and
cr(⇠), i.e. nonlinear plasma response [11], shows a re-
duced growth rate but hosing still occurs. Illustrated is
also the curve from the model derived within this work,
which includes the e↵ect of energy change along the beam
and an initial energy spread, exhibiting a significantly
reduced centroid amplitude in good agreement with the
result from a PIC simulation using osiris [12–14]. This
model, described below, starts from the single electron
transverse motion, which is then used to describe the
beam centroid evolution by calculating the moments of
the beam distribution function.

FIG. 1. Result from a 3D PIC simulation (corresponds to
case C3, investigated later in this work). Beam and plasma
densities at time !�,0t = 71.6. Beam charge density nb is
projected onto the shown x-⇠ plane. Lines indicate Xb(⇠), as
a result from the model in Ref. [7, 8] (orange solid), for the
model in Ref. [11] (green solid), from Eqs. (1) and (7), includ-
ing the e↵ect of energy change and energy spread (red solid)
and Xb(⇠) retrieved from a PIC simulation (black dashed).

Derivation of the beam-centroid equation - The start-
ing point for the derivation of the model is the general
di↵erential equation for the transverse position x of a sin-
gle beam electron relative to the axis in a homogeneous
ion-channel [15, 16]

d2x

dt2
+

�̇

�

dx

dt
+ !2

� (x�Xc) = 0 , (3)

where �̇ = d�/dt. The Lorentz factor � ' pz/mc � 1,
with the longitudinal momentum pz, is decoupled from
the transverse motion, since dx/dt ⌧ c. Radiation e↵ects
are neglected. The term �̇/� results in a damping or am-
plification of the amplitude of the single-electron oscilla-
tion, depending on whether the electron gains (�̇ > 0) or

loses (�̇ < 0) energy, respectively. The restoring force is
directed towards the channel centroid Xc. The solution
for this di↵erential equation is

x(t) ' x0A(t) cos ['(t)] (4)

+ !�,0

Z t

0
A(t)A(t0) sin ['(t)� '(t0)] Xc(t

0) dt0 ,

where !�,0 = !p/
p
2�0, A(t) = [�0/�(t)]1/4 and '(t) =R

!�dt, and where zero initial transverse momentum was
used for compactness. The relative energy and ampli-
tude variations are thereby assumed slow compared to

a betatron period and terms
����̇Ȧ/('̇2�A)

��� ⌧ 1 and
���Ä/('̇2A)

��� ⌧ 1 were neglected. In the following, the

energy of an electron is defined by �(t) = �0 + Et + ��.
Here, �0 = �0(⇠) is the initial mean slice energy as a
function of the co-moving coordinate, accounting for an
initial energy chirp. The di↵erential change of energy
along the beam is accounted for by the term Et, with
E = �eEz/mc, where Ez = Ez(⇠) is the longitudinal
electric field, and where electrons are assumed fixed to
a co-moving position. The uncorrelated energy spread is
given by �� = � � �, representing the relative deviation
of the electron energy with respect to the mean slice en-
ergy �. Electrons with a small relative energy deviation
|��/�| ⌧ 1 have a betatron frequency !� which deviates
from the slice-averaged betatron frequency !� according
to !� ' !�(1���/(2�)). This results in a phase-advance
of

'(t) = '(t)

✓
1�

��

2�0

!�
!�,0

◆
, (5)

where ' = 2(!�,0/!� � 1)/✏ is the mean slice phase ad-
vance with the initial slice-averaged betatron frequency
!�,0 = !p/

p
2�0 and the slice-averaged betatron fre-

quency !� = !�,0/
p

1 + ✏!�,0t, which is time-dependent
owing to a finite relative energy change per betatron cy-
cle ✏ = E/�0 !�,0. This parameter is small for highly

relativistic beams |✏| =
���
p

2/�0 Ez/E0

��� ⌧ 1, with E0 =

!pmc/e. The di↵ering phase advance of individual elec-
trons within a slice (5) implies a phase-mixing of the elec-
tron betatron oscillations. This phase mixing can damp
the hose instability, similar to the damping of the hos-
ing of fully self-modulated beams trough a change of the
betatron frequency [17].
In order to assess the e↵ect of the phase-mixing onto

the hose instability, the beam centroid at a given co-
moving position ⇠ is deduced from the single-electron
equation (4) through averaging with respect to an ini-
tial phase-space distribution f0(x0, px,0, �0) within a
beam slice, Xb(⇠, t) =

R
x f0 dx0 dpx,0 d�0, withR

f0 dx0 dpx,0 d�0 = 1. We assume that the initial
transverse o↵set x0 and momentum px,0 are thereby not
correlated with energy. Hence, f0 is separable f0 =

2

The key finding that the hose instability can be miti-
gated owed to the above described energy e↵ects is illus-
trated in Fig. 1, using an example described later in this
work (case C3). The beam with initial spatial centroid
o↵set, introduced at position ⇠ = 0, is subject to the hose
instability. The figure depicts that the linear plasma re-
sponse model [7, 8] strongly overestimates the beam cen-
troid deviation Xb. The model with variable c (⇠) and
cr(⇠), i.e. nonlinear plasma response [11], shows a re-
duced growth rate but hosing still occurs. Illustrated is
also the curve from the model derived within this work,
which includes the e↵ect of energy change along the beam
and an initial energy spread, exhibiting a significantly
reduced centroid amplitude in good agreement with the
result from a PIC simulation using osiris [12–14]. This
model, described below, starts from the single electron
transverse motion, which is then used to describe the
beam centroid evolution by calculating the moments of
the beam distribution function.

FIG. 1. Result from a 3D PIC simulation (corresponds to
case C3, investigated later in this work). Beam and plasma
densities at time !�,0t = 71.6. Beam charge density nb is
projected onto the shown x-⇠ plane. Lines indicate Xb(⇠), as
a result from the model in Ref. [7, 8] (orange solid), for the
model in Ref. [11] (green solid), from Eqs. (1) and (7), includ-
ing the e↵ect of energy change and energy spread (red solid)
and Xb(⇠) retrieved from a PIC simulation (black dashed).

Derivation of the beam-centroid equation - The start-
ing point for the derivation of the model is the general
di↵erential equation for the transverse position x of a sin-
gle beam electron relative to the axis in a homogeneous
ion-channel [15, 16]
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In order to assess the e↵ect of the phase-mixing onto

the hose instability, the beam centroid at a given co-
moving position ⇠ is deduced from the single-electron
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The key finding that the hose instability can be miti-
gated owed to the above described energy e↵ects is illus-
trated in Fig. 1, using an example described later in this
work (case C3). The beam with initial spatial centroid
o↵set, introduced at position ⇠ = 0, is subject to the hose
instability. The figure depicts that the linear plasma re-
sponse model [7, 8] strongly overestimates the beam cen-
troid deviation Xb. The model with variable c (⇠) and
cr(⇠), i.e. nonlinear plasma response [11], shows a re-
duced growth rate but hosing still occurs. Illustrated is
also the curve from the model derived within this work,
which includes the e↵ect of energy change along the beam
and an initial energy spread, exhibiting a significantly
reduced centroid amplitude in good agreement with the
result from a PIC simulation using osiris [12–14]. This
model, described below, starts from the single electron
transverse motion, which is then used to describe the
beam centroid evolution by calculating the moments of
the beam distribution function.

FIG. 1. Result from a 3D PIC simulation (corresponds to
case C3, investigated later in this work). Beam and plasma
densities at time !�,0t = 71.6. Beam charge density nb is
projected onto the shown x-⇠ plane. Lines indicate Xb(⇠), as
a result from the model in Ref. [7, 8] (orange solid), for the
model in Ref. [11] (green solid), from Eqs. (1) and (6), includ-
ing the e↵ect of energy change and energy spread (red solid)
and Xb(⇠) retrieved from a PIC simulation (black dashed).
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Plasma wakefield acceleration is one of the main technologies being developed for future high-energy
colliders. Potentially, it can create a cost-effective path to the highest possible energies for eþe− or γ − γ
colliders and produce a profound effect on the developments for high-energy physics. Acceleration in a
blowout regime, where all plasma electrons are swept away from the axis, is presently considered to be the
primary choice for beam acceleration. In this paper, we derive a universal efficiency-instability relation,
between the power efficiency and the key instability parameter of the trailing bunch for beam acceleration
in the blowout regime. We also show that the suppression of instability in the trailing bunch can be achieved
through Balakin-Novokhatsky-Smirnov damping by the introduction of a beam energy variation along the
bunch. Unfortunately, in the high-efficiency regime, the required energy variation is quite high and is not
presently compatible with collider-quality beams. We would like to stress that the development of the
instability imposes a fundamental limitation on the acceleration efficiency, and it is unclear how it could be
overcome for high-luminosity linear colliders. With minor modifications, the considered limitation on the
power efficiency is applicable to other types of acceleration.
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I. INTRODUCTION

In recent years, the subject of plasma acceleration has
been of great impact and interest for the science commu-
nity, as demonstrated by many publications in leading
science journals [1–10]. Two basic concepts for a linear
collider based on plasma wakefield acceleration (PWFA)
were proposed and studied [11,12]. In this paper, we focus
on several fundamental limitations on the collider beam
properties and will be mainly referring to the case when
plasma is excited by a short electron bunch, known as a
drive bunch. However, most considerations are also appli-
cable to the plasma excitation with a short laser pulse.
Presently, the acceleration of a collider-quality electron

or positron bunch in a quasilinear plasma regime does not
look feasible due to the trailing bunch interaction with
plasma electrons and ions [13]. For electrons, the accel-
eration in a blowout (bubble) regime looks like the only
alternative. For positrons, the acceleration of a collider-
quality bunch does not look feasible even in a bubble
regime, where (i) an absence of plasma electrons on the
beam axis results in strong defocusing, (ii) their presence
results in a strong and detrimental interaction with plasma
electrons, or (iii) a complete absence of plasma (i.e., a
hollow channel) near the axis results in a beam breakup

(BBU) instability, because any external focusing is too
weak to prevent it. Therefore, in this paper, we focus on the
limitations of the electron bunch acceleration for the
“strong” bubble regime, which, we believe, is the only
viable option for PWFA collider schemes. Contrary to
conventional rf cavities which have very large quality
factors, plasma oscillations in a bubble regime have a
quality factor of about 1. In this case, only one bunch can be
accelerated, and the efficiency of the acceleration is
determined by a fraction of the energy transferred from
the bubble to this bunch. Therefore, in all concepts, the
trailing bunch is placed behind the drive bunch, in the same
plasma bubble, and is designed to absorb the maximum
possible fraction of the bubble energy. In this paper, we
present the efficiency-instability relation, which sets a limit
on such an energy transfer. This limit is determined by the
BBU instability. We would like to stress that, until ways to
overcome this limit are found, plasma-based collider
schemes remain impractical from the perspective of accel-
eration efficiency. The BBU (also known as the hose)
instability in PWFA concepts has been considered pre-
viously only for drive bunches [14,15]. Although these
considerations are important, the quality of the drive bunch
(i.e., its emittance and energy spread) affects the collider
luminosity only in an indirect way. In contrast, our paper is
focused only on the quality of the trailing bunch. In our
considerations, we assume that a bunch with an optimal
longitudinal density distribution can be created. This is not
necessarily true in a real accelerator. Therefore, our
criterion, presented below, should be considered as the
best possible outcome, not necessarily achievable in
practice.
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Field nonlinearities 
Emittance preservation despite ion motion

Ion motion effects in plasma wakefield acceleration 
3D Simulation with QuickPIC 
An et al. PRL 118, 244801 (2017)

The corresponding Ff is significantly perturbed around the
axis, as seen in Fig. 2(c), where F⃗f · x̂ in the y ¼ 0 plane is
plotted for several values of ξ. The slope of F⃗f · x̂ is nearly
the same in each slice, but the maximum value and width
grows through the beam. The initial transverse density
profile of the beam is shown as a reference. From Fig. 2(c),
we can also estimate the perturbation of Ez using Panofsky-
Wenzel theorem ΔEz¼

R
dr∂Ff=∂ξ≈ΔrΔFf=2Δξ, which

is on the order of 0.002 for Δr ¼ 0.1, ΔFf ¼ 0.02, and
Δξ ¼ 0.5. The ΔEz is negligible compared to −1.0, which
is that felt by the trailing beam. This is consistent with the
lower resolution simulations where the bubble excitation is
also modeled. The basic reason for such a small perturba-
tion on Ez is that, for each slice, the total charge contained
in the ion density peak is very small, and it changes slowly
along ξ.
In Fig. 2(d), we plot the emittance growth for slices at the

same values of ξ, as well as the projected emittance. The
emittance is seen to rapidly grow and then saturate for each
slice. The projected emittance (and the slice in the middle
of the beam) grows by less than a factor of 1.8, and slices in
the rear of the beam grow only by a factor of 2.1. This
emittance growth is much less than the anticipated growth
[16,17] and that seen in Fig. 1(b) for A ¼ 200 and σ ¼ σx0.
The fundamental reason for the significantly smaller than

expected emittance growth is that the ion compression is
much narrower than the initial beam spot size. This can be

seen in Fig. 3(a), where a lineout of the ion density vs x (for
y ¼ 0) is shown in the middle of the beam; i.e., ξ ¼ 0 is
shown from the above simulation. For comparison, the
initial trailing beam profile (the dashed gray line) and the
prescribed form for the ion density (the dashed red line) for
A ¼ 135.9 and σ ¼ 0.1σx0 are also shown. The narrower
ion compression leads to a smaller value of px0 and to an
anharmonic motion, such that the time average over a
particle’s orbit is less than px0=

ffiffiffi
2

p
. We note that the ion

collapse develops a pedestal outside the core as one moves
through the bunch, although the width of the core remains
unchanged. This effectively increases σ for the later slices.
To quantify the emittance growth, we first note that

just as the emittance quickly reaches a steady state [as seen
in Fig. 2(d)], so too does the beam phase space and the
ion density. In the steady state (where the spot size does
not change), hxpxif ¼ 0, so the final emittance of the beam

is ϵNxf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ifhp2

xif
q

. In addition, in the steady state,

hx2if ¼ fhx2igt;Δt ¼ hfx2gt;Δti, where fgt;Δt represents
the time average of a quantity at time t during a duration
Δt. We can choose a Δt ¼ T that is much larger
than every particle’s oscillation period τ. Therefore,
fx2gt;T ¼ fx2gt;τ ≡ X 2

ave ¼ ð
R x0
0

dx
vx
x2=

R x0
0

dx
vx
Þ ¼ ð

R x0
0 dxx2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx; ξÞ− ψðx0; ξÞ%

p
Þ = ð

R x0
0 dx =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx; ξÞ− ψðx0; ξÞ%

p
Þ,

where x0 is the maximum value of x, vx ¼ px=γ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½ψðx; ξÞ − ψðx0; ξÞ%=γ

p
, and ψ is the wake potential

[FfðxÞ ¼ −∂ψ=∂x]. For highly relativistic beams, there is
no phase slippage, so each slice evolves independently with
a different phase space distribution. We henceforth assume
that γ does not change, so it can be brought out of the
integrals. In reality, γ changes adiabatically, and including
this in the numerical work does not alter the results.
Following analogous reasoning leads to fp2

xgt;T¼P2
ave¼

γð
R x0
0 dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx;ξÞ−ψðx0;ξÞ%

p
Þ=ð

R x0
0 dx=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx;ξÞ−ψðx0;ξÞ%

p
Þ.

In Fig. 3(b), we plot px and x vs s ¼ z ≈ ct for an
electron starting at rest at x0 ¼ σx0 in a focusing force with
A ¼ 200 and σ ¼ 0.1σx0 or σ ¼ σx0. The s axis is normal-
ized to the period of the oscillation for each case, while px
and x are normalized to their maximum values px0 and x0.
It is clearly seen that the xðsÞ motion is essentially
harmonic for both cases, while the pxðsÞ motion is very
different for the σ ¼ 0.1σx0 (narrow ion collapse) case; i.e.,
it is anharmonic. Because the xðsÞ motion is harmonic,
X ave=x0 ≈ 1=

ffiffiffi
2

p
for both cases, while, by inspection of

Fig. 3(b), Pave=px0 ≪ 1=
ffiffiffi
2

p
when σ ≪ σx0. To quantify

this, in Fig. 3(c), we plot how Pave, px0, and X ave depend on
x0 and σ for A ¼ 200. This clearly shows that Pave is much
smaller than px0 and that px0 is much smaller when the ion
collapse is narrower.
We now use Pave, X ave, and the initial beam distribution

function, f0ðx; pÞ, to calculate hx2if and hp2if. As men-
tioned before, hx2if ¼ hX 2

avei. To calculate hX 2
avei, we sort
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FIG. 2. PWFAwith ion motion. (a) Nonlinear wake in H plasma
and the drive and trailing beam densities (ξ ¼ 0 is the center of
the trailing beam). (b) Plasma ion density in x-ξ plane (ξ ¼ 0 is
the center of the trailing beam). (c) Ff transverse lineouts at
different ξ’s and the initial beam density profile. (d) The trailing
beam’s projected and slice emittance evolutions. The plasma skin
depth is k−1p ¼ 16.83 μm in these plots.
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Ion motion intrinsically becomes relevant for a ~ TeV PWFA-based collider 

- Matched beta-function of trailing beam shrinks adiabatically as energy increases 

- Low emittance + high current  -> increasing peak density

- Occurs for higher bunch densities, longer bunches and lighter background ions:

- Focussing field deviates from linear (homogeneous ion channel) field

- Emittance growth


Emittance growth from ion motion

Ion motion in PWFAs: Rosenzweig, et al. PRL 95, 195002 (2005).

ions are released from the beam potential by a combination
of its time dependence, nonlinearity, and self-repulsion of
the accumulating ions.

With such a large increase in ni, the self-consistent beam
size should be reduced further. This process would take a
distance z > !eq to establish, which is much longer than
our simulation length—the time-step needed in our
present calculation is 8 attoseconds. We have analyzed
the establishment of new equilibria under the joint evolu-
tion of nb and ni in Ref. [15]; a computational approach to
understanding this problem will be undertaken in the fu-
ture. It should be noted, however, that there is violent
transverse emittance growth associated with this process,
due to both the " dependence and nonlinear r dependence
of the ion-derived fields. Indeed, the growth rate observed
in the simulation of Fig. 1 was disastrously high,
d"n;x=dz ’ 6! 10"4 m rad=m, giving 100% growth in
only 1 mm of propagation length.

We note that Ref. [6] deals with a case similar to that
given in Table I, but with even higher charge. There the
beam is also assumed round, with #x # 25 $m, whereas
in our self-consistent example we have determined that
#x $ 140 nm. Thus our value of the ion focusing wave
number ki is over 100 times larger than that deduced from
the assumed (not derived from a consistent set of beam
parameters) case of Ref. [6]. Even with !% % 0:1 deduced
for the case of [6], the ion motion is not negligible, and
occurs at a level that is also relevant to the accelerating
beam. As the ions move further after drive beam passage,
the ion perturbation due to the drive beam will be stronger
yet inside the trailing beam.

The situation is more constrained for the accelerating
beams, which have emittance and charge requirements set
by the luminosity of the collider. For beams inside of a
cylindrically symmetric ion channel that is preformed by
the drive beam, one may assume that the equilibrium !x
and !y are equal and given by Eq. (1). Thus for the case in
Ref. [7], the beam sizes #x;y are a factor of R # 10 differ-

ent. Assuming the beam has elliptical symmetry, the trans-
verse electric fields (Ex andEy) are equal at the beam edges
(y # #y, x # #x & R#y) [11]. Thus the ion motion com-
ponent contributing to the ion density perturbation is pre-
dominantly vertical.

The vertical field inside of the beam core is, in the linear
approximation,

Ey $ "
4&enb;0
'1 ( R) y # "

2eNb
!!!!!!!!!!!!!
ren0'
p

"n;y#z'1 ( R)
y (7)

$ " 2eNb
#z

!!!!!!!!!!!!!!!!
ren0'
"n;y"n;x

s
y; R #

!!!!!!!!
"n;x
"n;y

s
* 1: (8)

The linearized (for ions initially inside y < #y, x < #x)
vertical equation of motion is

y00 # " 2ZraNb
A#z

!!!!!!!!!!!!!!!!
ren0'
"n;y"n;x

s
y # "k2

i;yy: (9)

The focusing strength (k2
i ) is a factor of 2 larger than in the

round beam case, if we assume for comparison that the flat
beam !!!!!!!!!!!!!!!!"n;y"n;x

p is equivalent to "n;x in the round beam—
this is equivalent to requiring that nb;0 is the same in the
round and flat beam cases. This factor arises in the flat
beam because the field varies strongly only in the vertical
dimension. Thus in the flat beam scenario the ion collapse
is inherently faster, and even for the smaller Nb and higher
energy ('+2! 106) accelerating beam in the Ref. [7],
the maximum phase advance is

!%y %
!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!
4&ZraNb#z

A

!!!!!!!!!!!!!!!!
ren0'
"n;y"n;x

svuut $ 6:26: (10)

This is again unacceptably large, and should be mitigated
by over an order of magnitude in order to preserve the
accelerating beam quality.

One may ask if it is possible to choose parameters that
ameliorate the ion motion problem, in either the drive or
the accelerating beam. The parameters n0 and #z are not
actually independent, as

!!!!!
n0
p / kp / #z; also ' is dictated

by the collider design. Thus the only feasible approach
would be to use smaller Nb and larger "n, as these effects
reduce !%, if only as a square-root. One may not give up
Nb in the drive beam, however, without losing acceleration
gradient. On the other hand, the drive beam "n may be
made significantly larger, at the expense of ease in ma-
nipulating the beam; for example, if the emittance is too
large, one may not easily compress the beam to shorter
lengths. One must also then solve the problem of creating
the large emittance driver in the presence of a low emit-
tance trailing beam. The constraints of using the beam in
the collider interaction point are much more serious for the
accelerating beam, however. As one may not arbitrarily
choose Nb, "n;x, or R in the trailing beam, it is not likely
that the afterburner case discussed in Ref. [7] can be made
feasible.

FIG. 1 (color). Surface plot of ion density distribution in '" ; r),
as simulated by OOPIC for drive beam conditions of Table I.
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enough so that the background ions move significantly
during the bunch transit, the transverse wake can be
strongly perturbed (e.g., the wakefield strength acquires
a nonlinear dependence from the transverse coordinate and
changes slice-by-slice along the bunch), resulting in a
potentially severe degradation of the bunch emittance. This
is anticipated to occur for high bunch densities, longer
bunches, and lighter background ions, and can be quanti-
fied by the parameter

Γ ¼ Zi
m
Mi

nb;0
n0

ðkpLbÞ2 ∼ 1; ð2Þ

where Zi is the ion charge state,Mi the ion mass, and Lb the
bunch length.
Ion motion and the related bunch emittance growth is

potentially a serious issue for future PA-based LCs. For
instance, for the LC design presented in Ref. [10], the
bunch parameters are Nb ¼ 1010, Lb ≃ 20 μm, εn;x ¼
10 μm, εn;y ¼ 35 nm, and the bunch energy in the first
PA stage (n0 ≃ 1017 cm−3, nonlinear blowout regime) is
25 GeV. The matched rms bunch sizes are then σx ≃ 1 μm,
σy ≃ 60 nm, yielding nb;0=n0 ≃ 12 000, and so Γ≃ 10 for
a Hydrogen ion background. We expect ion motion to be
important in this case. Ion motion is reduced for heavier
background ions. However, in this case, the multiple
ionization states available could lead to uncontrolled
plasma formation inside the bunch, resulting in the deg-
radation of the wakefield [15,16].
In Ref. [17], the emittance growth problem was

addressed by considering an adiabatic matching section,
located at the entrance of the PA, consisting of a short
plasma section with a decreasing ion mass to allow for the
beam to remain matched to the focusing wakefield.
In this article we analyze the interaction of a highly

relativistic bunch propagating in a stationary ion back-
ground that provides focusing for the bunch. We compute
the ion response to the bunch transverse space-charge field
by solving the fluid equations describing the ion distribu-
tion together with Maxwell’s equations for the associated
electromagnetic fields. We provide, for any arbitrary bunch
shape, analytic expressions for the transverse wake in the
bunch region, and we compute the final (i.e., after phase-
space mixing) bunch emittance. Analytical results, valid in
the nonrelativistic ion motion regime where the induced ion
density perturbation, δni ¼ ni − ni;0 (ni;0 ¼ n0=Zi being
the unperturbed ion density and ni the ion density including
ion motion effects), satisfies δni=ni;0 ≲1, are compared to
fully nonlinear and self-consistent particle-in-cell (PIC)
simulations performed with the code INF&RNO [18,19].
Finally, we derived a class of initial beam distributions that
are exact equilibrium solutions, enabling ion motion with-
out emittance growth.
This article is organized as follows. In Sec. II we derive

an analytic expression for the transverse wakefield in

presence of ion motion. The ion-motion-induced bunch
emittance growth is discussed in Sec. III. Analytic expres-
sions for the final bunch emittance are presented in Sec. IV.
In Sec. V we discuss the equilibrium bunch distributions
that enable ion motion without emittance growth.
Conclusions are presented in Sec. VI.

II. TRANSVERSE WAKEFIELD IN PRESENCE
OF ION MOTION

We consider a relativistic bunch with a density profile
parametrized as

nbðζ; rÞ ¼ nb;0g∥ðζÞg⊥ðr; ζÞ; ð3Þ

where ζ ¼ z − ct is the comoving longitudinal coordinate
(z is the longitudinal coordinate, t is the time), g∥ðζÞ and
g⊥ðr; ζÞ describe, respectively, the longitudinal and the
ζ-dependent transverse profile of the bunch. We assume
that the bunch head is located at ζ ¼ 0 and that the bunch
extends for ζ < 0. We require that, for any longitudinal
slice,

Z
d2rg⊥ðr; ζÞ ¼

Z
d2rg⊥ðr; ζ ¼ 0Þ; ð4Þ

so that the bunch current density profile only depends on
the choice of g∥ðζÞ, and this can be arbitrary.
The ion dynamics may be described using a cold fluid

model [1]. By making use of the quasistatic approximation
[20], the equations for the ion density, ni, and for the
normalized fluid momentum, ui ¼ γiβi (cβi being the ion
fluid velocity, and γi the associated relativistic factor), are,
respectively,

∂ξ½nið1 − βi;zÞ% ¼ ∇ ⊥ · ðniβi;⊥Þ; ð5Þ

and

ð1 − βi;zÞ∂ζui ¼ ðβi;⊥ · ∇ ⊥Þui −
Zi

Mic2
ðEþ βi × BÞ; ð6Þ

E andB being the total fields due to the ions and the bunch.
The fluid equations for the plasma are coupled to
Maxwell’s equations, describing the evolution of the
electromagnetic fields in the wake. In particular, the
amplitude of the transverse wakefield in presence of ion
motion is given by

∂ζW⊥ ¼ 4π
c
J⊥: ð7Þ

The transverse current density in the regime of interest is
due solely to ion motion (the contribution due to the
relativistic bunch is negligible), J⊥ ¼ Zienicβi;⊥. This
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(a) Mitigation of emittance growth with asymmetric beam

- Beam with differing εx and εy 

- Combined emittance growth in both planes smaller


(b) Reduced emittance growth owing to over-focussing

- Focussing beam to size smaller than matched size

- Beam-core is closer to matching in ion-deformed channel 

An et al. PRL 118, 244801 (2017)

Asymmetric beams and ‘over-focussing’

- Emittance growth intrinsically smaller 
than previously expected because only 
core of beam deteriorates from ion 
collapse.

Emittance growth intrinsically smaller

The corresponding Ff is significantly perturbed around the
axis, as seen in Fig. 2(c), where F⃗f · x̂ in the y ¼ 0 plane is
plotted for several values of ξ. The slope of F⃗f · x̂ is nearly
the same in each slice, but the maximum value and width
grows through the beam. The initial transverse density
profile of the beam is shown as a reference. From Fig. 2(c),
we can also estimate the perturbation of Ez using Panofsky-
Wenzel theorem ΔEz¼

R
dr∂Ff=∂ξ≈ΔrΔFf=2Δξ, which

is on the order of 0.002 for Δr ¼ 0.1, ΔFf ¼ 0.02, and
Δξ ¼ 0.5. The ΔEz is negligible compared to −1.0, which
is that felt by the trailing beam. This is consistent with the
lower resolution simulations where the bubble excitation is
also modeled. The basic reason for such a small perturba-
tion on Ez is that, for each slice, the total charge contained
in the ion density peak is very small, and it changes slowly
along ξ.
In Fig. 2(d), we plot the emittance growth for slices at the

same values of ξ, as well as the projected emittance. The
emittance is seen to rapidly grow and then saturate for each
slice. The projected emittance (and the slice in the middle
of the beam) grows by less than a factor of 1.8, and slices in
the rear of the beam grow only by a factor of 2.1. This
emittance growth is much less than the anticipated growth
[16,17] and that seen in Fig. 1(b) for A ¼ 200 and σ ¼ σx0.
The fundamental reason for the significantly smaller than

expected emittance growth is that the ion compression is
much narrower than the initial beam spot size. This can be

seen in Fig. 3(a), where a lineout of the ion density vs x (for
y ¼ 0) is shown in the middle of the beam; i.e., ξ ¼ 0 is
shown from the above simulation. For comparison, the
initial trailing beam profile (the dashed gray line) and the
prescribed form for the ion density (the dashed red line) for
A ¼ 135.9 and σ ¼ 0.1σx0 are also shown. The narrower
ion compression leads to a smaller value of px0 and to an
anharmonic motion, such that the time average over a
particle’s orbit is less than px0=

ffiffiffi
2

p
. We note that the ion

collapse develops a pedestal outside the core as one moves
through the bunch, although the width of the core remains
unchanged. This effectively increases σ for the later slices.
To quantify the emittance growth, we first note that

just as the emittance quickly reaches a steady state [as seen
in Fig. 2(d)], so too does the beam phase space and the
ion density. In the steady state (where the spot size does
not change), hxpxif ¼ 0, so the final emittance of the beam

is ϵNxf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hx2ifhp2

xif
q

. In addition, in the steady state,

hx2if ¼ fhx2igt;Δt ¼ hfx2gt;Δti, where fgt;Δt represents
the time average of a quantity at time t during a duration
Δt. We can choose a Δt ¼ T that is much larger
than every particle’s oscillation period τ. Therefore,
fx2gt;T ¼ fx2gt;τ ≡ X 2

ave ¼ ð
R x0
0

dx
vx
x2=

R x0
0

dx
vx
Þ ¼ ð

R x0
0 dxx2=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx; ξÞ− ψðx0; ξÞ%

p
Þ = ð

R x0
0 dx =

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx; ξÞ− ψðx0; ξÞ%

p
Þ,

where x0 is the maximum value of x, vx ¼ px=γ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½ψðx; ξÞ − ψðx0; ξÞ%=γ

p
, and ψ is the wake potential

[FfðxÞ ¼ −∂ψ=∂x]. For highly relativistic beams, there is
no phase slippage, so each slice evolves independently with
a different phase space distribution. We henceforth assume
that γ does not change, so it can be brought out of the
integrals. In reality, γ changes adiabatically, and including
this in the numerical work does not alter the results.
Following analogous reasoning leads to fp2

xgt;T¼P2
ave¼

γð
R x0
0 dx

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx;ξÞ−ψðx0;ξÞ%

p
Þ=ð

R x0
0 dx=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½ψðx;ξÞ−ψðx0;ξÞ%

p
Þ.

In Fig. 3(b), we plot px and x vs s ¼ z ≈ ct for an
electron starting at rest at x0 ¼ σx0 in a focusing force with
A ¼ 200 and σ ¼ 0.1σx0 or σ ¼ σx0. The s axis is normal-
ized to the period of the oscillation for each case, while px
and x are normalized to their maximum values px0 and x0.
It is clearly seen that the xðsÞ motion is essentially
harmonic for both cases, while the pxðsÞ motion is very
different for the σ ¼ 0.1σx0 (narrow ion collapse) case; i.e.,
it is anharmonic. Because the xðsÞ motion is harmonic,
X ave=x0 ≈ 1=

ffiffiffi
2

p
for both cases, while, by inspection of

Fig. 3(b), Pave=px0 ≪ 1=
ffiffiffi
2

p
when σ ≪ σx0. To quantify

this, in Fig. 3(c), we plot how Pave, px0, and X ave depend on
x0 and σ for A ¼ 200. This clearly shows that Pave is much
smaller than px0 and that px0 is much smaller when the ion
collapse is narrower.
We now use Pave, X ave, and the initial beam distribution

function, f0ðx; pÞ, to calculate hx2if and hp2if. As men-
tioned before, hx2if ¼ hX 2

avei. To calculate hX 2
avei, we sort
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FIG. 2. PWFAwith ion motion. (a) Nonlinear wake in H plasma
and the drive and trailing beam densities (ξ ¼ 0 is the center of
the trailing beam). (b) Plasma ion density in x-ξ plane (ξ ¼ 0 is
the center of the trailing beam). (c) Ff transverse lineouts at
different ξ’s and the initial beam density profile. (d) The trailing
beam’s projected and slice emittance evolutions. The plasma skin
depth is k−1p ¼ 16.83 μm in these plots.
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all the electrons by their orbits in phase space. All electrons
with a maximum x value between x0 and x0 þ dx0,
where dx0 ≪ x0, will have the same X2

aveðx0Þ. Therefore,
hx2if ¼ hX2

avei ¼ ð1=NÞ
R∞
0 dx0Nx0X

2
aveðx0Þ, where N is

the total particle number and Nx0dx0 is the number of
particles with orbits that have a maximum x between
x0 and x0 þ dx0.Nx0 will not change in time and, according
to its definition, it can be calculated using f0ðx; pÞ. It
follows that Nx0 ¼ 4

R x0
0 dxf0ðx; pxÞð∂px=∂x0Þ, where

∂px=∂x0 ¼ ffiffiffi
γ

p
Ffðx0Þ=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2½ψðxÞ−ψðx0Þ&

p
. We can use

f0 since the ion collapse is in a quasi steady state
even during the duration of the initial emittance
growth. Following the same reasoning, we have
hp2

xif ¼ ð1=NÞ
R∞
0 dx0Nx0P

2
aveðx0Þ. In Fig. 3(c), we also

plot Nx0 for a case where there is no ion collapse (A ¼ 0),
and for A ¼ 200 with different σ’s. This plot shows that
when there is ion collapse the ensemble average is
weighted towards particles with smaller x0’s.
The final emittance (assuming 1D-like motion) can be

predicted for each slice using only ψ and f0. In Fig. 3(d),
we show the predicted final emittance growth (compared to
the simulated results) for slices with initially Gaussian
beams with matched spot sizes for the parameters described
earlier. The curves correspond to different widths for the
ion collapse with A ¼ 200. The curves show significantly
smaller emittance growth than what would be naively
predicted from a

ffiffiffiffi
A

p
scaling.

In LC designs, asymmetric emittances are used to
minimize the beamstrahlung [23] that occurs during dis-
ruption [24] at the final focus. In such a case, the ion
collapse also becomes asymmetric, and developing a model
for the emittance growth is much more complicated.
Therefore, we rely on highly resolved QuickPIC simulations.
In Fig. 4, we plot the emittance growth for a case where
the initial emittances in the two transverse planes are
ϵNx ¼ 2.0 μm, ϵNy ¼ 0.005 μm ( ffiffiffiffiffiffiffiffiffiffiffiffiffiffiϵNxϵNy

p ¼ 0.1μm is the
same as before). We still match the initial beam spot sizes
to the r=2 focusing field, so σrtx ¼ 463.9 nm and
σrty ¼ 23.2 nm. The solid red and blue lines show the
evolution of the trailing beam’s projected emittances for a
hydrogen plasma.
It can be seen that the projected emittance growth in the

plane with the larger emittance, ϵNx, grows by only 10%. In
the other plane, ϵNy grows by 120%. Therefore, the growth
of ffiffiffiffiffiffiffiffiffiffiffiffiffiffiϵNxϵNy

p is only 55.6%, which is even smaller than the
symmetric case. This appears to be mostly due to the fact
that the peak ion density is smaller. To further mitigate the
emittance growth, one could use a heavier ion, such as Liþ.
In Fig. 4(a), we show the emittance evolution of the same
beam in a lithium plasma as the red and blue dotted lines.
The emittance growth in the two planes is now less than 1%
and 40%, respectively, which are both reduced compared to
the hydrogen plasma. The growth of ffiffiffiffiffiffiffiffiffiffiffiffiffiffiϵNxϵNy

p for Li is only
18.9%. An issue for a Li plasma that requires further
investigation is that the tightly focused trailing beam may
further ionize the Liþ ion if the transverse electric field
exceeds ∼400 GV=m, which would cause additional mod-
ifications to the focusing force.
Another way to mitigate emittance growth is to use an

initial beam spot size less than the matched spot size
(overfocused) for fixed ions, but closer to the steady state
value when there is ion collapse. Figure 4(b) shows the
projected emittance growth for a symmetric beam with an
initially unmatched spot size. The beam has the same initial
emittance used to generate Fig. 2, but it has a smaller spot
size, σrt ¼ 50.0 nm. The projected emittance growth is
substantially less, but it now appears to oscillate. The
amplitude of the oscillations decreases over time, indicating

(a) (b)

FIG. 4. Emittance growth of (a) an asymmetric beam in
hydrogen and lithium and (b) a symmetric beam with an initially
unmatched beam spot size in hydrogen (compared to the initially
matched case).

(a) (b)

(c) (d)

FIG. 3. (a) Plasma ion density lineout at ξ ¼ 0 (the blue dashed
line) compared with the initial trailing beam distribution (the gray
dashed line) and a Gaussian fit for the core of the ion density (the
red dashed line). (b) px and x vs s in different focusing field (the
solid line for σ=σx0 ¼ 1.0 and the dotted line for σ=σx0 ¼ 0.1) for
the particle initially located at x ¼ σx0. (c) Xaveðx0Þ, Paveðx0Þ,
px0ðx0Þ, and Nx0 (in an arbitrary unit) in the focusing field with
A ¼ 200 and different σ’s. (d) Slice beam emittance evolution in
the focusing field with A ¼ 200 and different σ’s and final
emittance growth from the simulation and theory.
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- Adiabatic matching by tapering from high 
mass ion species to ion species with 
greater ion mass

Gholizadeh, et al. PRL 104, 155001 (2010).

Tapered plasma species
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Tailor transverse beam profile slice by slice to self-consistently match to ion fields

- Emittance is preserved 

Benedetti et al. PRAB 20, 111301 (2017)

Emittance preservation with tailored beams

the components of the fields of the bunch are given by
Ex ≃ 0, and Ey ≃ −4πe

R y
0 nbðx; y0Þdy0. In this case, the

wakefield in the y direction is affected by ion motion, while
the one in the x direction is essentially unperturbed, namely
Wx=E0 ¼ kpx=2. From Eq. (8), assuming, as before, a
longitudinal flat-top distribution and a transverse Gaussian
distribution, g⊥ ¼ expð−x2=2σ2x − y2=2σ2yÞ, we have

Wy

E0

¼
kp
2

!
1þ Zi

m
Mi

nb;0
n0

ðkpζÞ2 exp
"
−

x2

2σ2x

#
K
"

yffiffiffi
2

p
σy

#%
;

ð12Þ

where KðqÞ ¼ ð
ffiffiffi
π

p
=2ÞerfðqÞ=q. We see that in the non-

symmetric case the degree of perturbation of the wakefield
is approximately twice as large compared to the symmetric
case Eq. (11).

III. EMITTANCE GROWTH FROM
ION MOTION

For a bunch initially matched in the linear (unperturbed)
wakefield, the modification of the transverse wake due to
ion motion results in the growth of the total projected rms
bunch emittance. Figure 2(a) (black curve) shows the
evolution, as a function of the (normalized) propagation
distance kβz [kβ ¼ kp=ð2γbÞ1=2 being the betatron wave
number], of the normalized emittance for a bunch in an ion
column (no acceleration) with parameters taken from the
TeV-class LC presented in Ref. [10], namely Nb ¼ 1010,
Lb ≃ 20 μm (we use a flat longitudinal current profile),
and γb ¼ 49 000 (first PA stage). For simplicity, we
consider a symmetrized bunch with initial emittances
εn;x ¼ εn;y ¼ εn;0 ¼ 0.6μm (this value is the geometric
average of the emittances in Ref. [10]), yielding a matched
rms bunch size σx ¼ σy ¼ 0.245μm. The transverse bunch
profile is Gaussian. The background Hydrogen ion density
is ni;0 ¼ n0 ¼ 1017 cm−3, yielding nb;0=n0 ≃ 12 000, and
so Γ≃ 10. The modeling shows that in a propagation
distance kβz≃ 4 (corresponding to ≃2 cm), the projected
bunch emittance increases by ∼20%. Furthermore, the
slice-dependent nature of the wake perturbation causes
the final (i.e., after saturation) bunch emittance to be slice-
dependent (i.e., we expect the final emittance of a bunch
slice located towards the tail of the bunch to be higher than
that of a slice towards the head of the bunch). This is shown
in Fig. 2(b) [black line], where we plot the bunch slice
emittance for kβz ¼ 12. A slice-dependent emittance can
pose major practical issues for bunch transport and
manipulation (e.g., transport between PA stages, final
focus). For instance, staging of PAs to reach high energy
[22] requires coupling the bunch extracted from a depleted
PA stage to the entrance of the subsequent PA stage, using
some focusing optic [23]. Conventional focusing optics,

which, for any fixed distance, are designed to focus
bunches with a given value of the emittance and energy,
a slice-dependent emittance can result in an imperfect
coupling (mismatch) of the bunch to the entrance of the
PA stage.

IV. EXPRESSION FOR THE ION-MOTION
INDUCED EMITTANCE GROWTH AT

SATURATION

Analytical expressions for the final (saturated) bunch
emittance can be obtained by analyzing the transverse
dynamics of the particles in the wakefield given by Eq. (8).
For simplicity, we will neglect acceleration (i.e., γb is

(a)

(b)

FIG. 2. (a) Emittance evolution for: Gaussian bunch initially
matched in the unperturbed wakefield [black]; matched equilib-
rium bunch obtained solving Eqs. (23), (28) [red]; approximate
equilibrium bunch where the transverse profile is Gaussian but
with the same rms properties of the exact equilibrium [blue].
(b) Slice emittance measured for kβz ¼ 12 (saturation) for the
three types of bunches in (a). The bunch parameters are
Nb ¼ 1010, Lb ≃ 20 μm (flat longitudinal current profile),
γb ¼ 49 000, εn;x ¼ εn;y ¼ εn;0 ¼ 0.6μm. The background Hy-
drogen ion density is ni;0 ¼ n0 ¼ 1017 cm−3.
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corresponding slice emittance measured for kβz ¼ 12. No
emittance growth is observed in this case, and the slice
emittance is constant along the bunch.
The experimental realization of the matched equilibrium

solution requires an exact preparation of the initial trans-
verse phase space of the bunch, and this can be difficult to
achieve in practice. For instance, the transverse bunch
shape given by Eq. (23) changes continuously along the
bunch and is, in general, non-Gaussian. We investigated the
behavior of an approximate equilibrium solution with a
bunch structure much simpler compared to the exact
equilibrium case. The approximate solution is such that,
at any longitudinal location, the transverse density profile is
Gaussian with the same rms properties of the exact
equilibrium. The blue line in Fig. 2(a) shows the emittance
evolution for the approximate equilibrium bunch. In Fig. 2
(b) we show (blue curve) the corresponding slice emittance
measured for kβz ¼ 12. As expected, we observe some
emittance growth in this case. However, the final emittance

increase is very moderate (∼3%), and the slice emittance
shows a maximum increase ≲10%, much smaller compared
to the nontailored Gaussian case (black curve). The pos-
sibility of generating a tapered, low-emittance electron
bunch via ionization injection [25] using a laser pulse with
a properly tailored evolution is currently under investigation.

VI. CONCLUSIONS

In this article we analyzed ion motion and the associated
emittance growth of a relativistic bunch propagating in an
ion column for parameters relevant to the design of next
generation PA-based LCs. The model derived here well
describes the transverse dynamics of a bunch in the
nonlinear wakefield generated by a particle or a laser
driver in a PA. We provided analytical expressions, valid
in the regime of nonrelativistic ion motion, for the structure
of the transverse wake, and for the corresponding ion-
motion-induced bunch emittance growth. The analytical
results are in good agreement with numerical modeling. We
proposed and analyzed a solution that completely elimi-
nates ion-motion-induced emittance growth. This solution
requires a head-to-tail shaping of the bunch distribution.
Controlling emittance growth is critical to high-energy
physics applications of plasma accelerators.
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- Experimentally generate ion-taper

- Devise methods to tailor beams to 

preserve emittance
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Radiation and scattering 
Benefits and challenges

Illustration of betatron radiation in a LWFA 
Albert et al. PPCF 56, 084015 (2014) 

Plasma Phys. Control. Fusion 56 (2014) 084015 F Albert et al

Figure 1. Principle of laser wakefield acceleration, showing the laser
pulse, accelerated electron bunch, and longitudinal electrical field.

of the laser in plasma, vg = c
!

1 − ω2
p/ω

2
0, where ω0 is the

laser frequency. A more substantial analysis has been given
by a mixture of particle-in-cell simulations and scaling laws
developed in [50, 51]. By these scalings, the maximum energy
gain, that can be realistically expected, scales as

"E/mec
2 ≈

"
ω2

0

ω2
p

# $
λ0

1 µm

% &
I

1018 W cm−2 , (1)

where λ0 is the laser wavelength and I is the focused intensity.
It is important to note that this formula assumes a matched
spot-size and a matched beam length. For the scalings of Lu
et al [51] the pulse duration would be cτFWHM = 2rb/3, the
spot-size kpw0 = 2

√
a0 = rb, where rb is the blowout radius,

and a0 the laser peak normalized vector potential.

2.2. Betatron radiation

In the three-dimensional (3D), highly non-linear LWFA
regime, when a short laser pulse with an intensity
I > 1018 W cm−2 is focused inside a plasma, the laser
ponderomotive force completely expels the plasma electrons
away from the strong intensity regions to form an ion bubble
in the wake of the pulse [51]. Electrons trapped at the back of
this structure are accelerated and wiggled by the focusing force
of the more massive and immobile ions to produce broadband,
synchrotron-like radiation in the keV energy range (figure 2).
One of the many exciting prospects of LWFA sources is that
the electron bunch durations produced in such interactions have
been demonstrated to be of fs duration [52, 53]. The radiation
pulse generated by the electron beam will have equivalent
duration, and hence fs x-ray pulses are likely to be generated by
such interactions. This has very exciting implications for time-
resolved pump–probe experiments using such laser-generated
x-ray pulses.

The spectrum of plasma betatron radiation is characterized
by a betatron strength parameter aβ = γ kβrβ , where kβ is the
wavenumber of the betatron oscillation and rβ is the radius
of the oscillation [33, 54]. For aβ ≪ 1, the spectrum is a
Doppler shifted peak at 2γ 2ωβ corresponding to the betatron
frequency ωβ . For aβ ≫ 1, the on axis spectrum is equivalent
to the characteristic synchrotron spectrum [33, 55]. In this case
the spectrum is broad (synchrotron-like) and extends up to a
critical energy,

Ecrit = 3γ 3ωβ . (2)

Figure 2. Principle of betatron x-ray emission from a LWFA.
Electrons trapped at the back of the wakefield are subject to
transverse and longitudinal electrical forces; they are subsequently
accelerated and wiggled to produce broadband, synchrotron-like
radiation in the keV energy range.

The average number of photons radiated by a single electron
is [33]:

N = π

3
e2

4πϵ0ch̄

"

1 +
α2

β

2

#

α2
βNβ/n, (3)

where Nβ is the number of betatron oscillations, and n

is the average harmonic number, which for synchrotron-
like emission (large αβ), is n = Ecrit/h̄ωβ . Taking into
account the acceleration of the electrons results in a more
complicated interaction, but the spectrum is still broadband
with a peak energy lower than that predicted by the critical
energy corresponding to the highest energy the electrons
gain [36, 43, 56].

2.3. Compton scattering

Another mechanism for radiation generation is Compton
scattering of the electron beam from electromagnetic radiation.
An electron, initially at rest, oscillating in a laser field
experiencing non-relativistic motion emits radiation at the
laser frequency. If the electron is initiated with a relativistic
momentum counter-propagating with respect to the laser pulse,
then it gains a Doppler upshift. For a very relativistic electron
with Lorentz factor γ0, and a lower laser intensity, the upshift in
frequency results in emission in a spectral peak at a frequency
ω1 = 4γ 2

0 ω0.
As the laser intensity increases, the Lorentz force due to

the magnetic field begins to become significant, and hence
the motion of the electron becomes more complicated. The
radiation spectrum starts to pick up higher harmonics of the
laser frequency, which gives rise to ‘non-linear’ Compton
scattering. As the intensity increases further, the relativistic
motion of the electron in the direction of the laser propagation
results in a Doppler-shift of the fundamental frequency, in
addition to increasing the spectral power in the harmonics of
the down-shifted frequency. For a higher laser intensity, there
is a slight down-shift of the up-shifted frequency, as the laser
accelerates the electron beam against its motion. However, the
normalized laser field strength parameter, a0 = eE0/mecω0,
where E0 is the peak electric field, and the normalized betatron
(wiggler) parameter, aβ , are almost interchangeable in the
description of Compton scattering for a relativistic electron
colliding with a laser pulse [57]. Hence, as the strength

3
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- Betatron radiation reduces emittance

- BUT: increases energy spread!

Michel et al. PR E 74, 026501 (2006).

Emittance cooling

- Tradeoff between transverse emittance cooling and 
longitudinal emittance heating?


- Oide limit for (final) focussing

- CSR between stages

Remaining challenges/To do’s

+ … ?

B. Electron beam dynamics

In contrast to beam cooling and radiation damping using
Thomson scattering !18" or using a magnetic undulator !13",
the energy damping of electrons in a plasma focusing chan-
nel depends strongly on the radial distribution of the elec-
trons. Specifically, the radiative damping rate is quadratic
with respect to the amplitude of the transverse betatron os-
cillation. Electrons initially injected close to the axis will
undergo only very small oscillations and lose almost no en-
ergy compared to those injected farther from the axis. This
will eventually lead to a significant increase of the energy
spread, at least for a radially symmetric beam centered about
the axis, which is examined in the following sections.

1. Mean energy

To describe the properties of an electron beam, the
appropriate single electron quantities are averaged over an
ensemble of beam electrons. For the case of the mean energy
of the beam, consider the expression for ! of a single
electron given by Eq. #12$. Single electron quantities will be
expanded about the ensemble averaged value of that quantity
plus a small perturbation. For example, the initial energy
of a single electron is !0= %!0&+"!0, where the angular
brackets denote an ensemble average over the beam, e.g.,
%!0&='i !0i /Np, where !0i is the initial energy of the ith
particle and Np is the number of particles in the beam.
Also, by definition, %!0&= %!&0, where %!&0= %!&#t=0$ and
%!&='i !i /Np, as well as %"!0

2&= %!0
2&− %!0&2(#!0

2 , since
%"!0&=0. Similar relations hold for other physical quantities,
some details of which are presented in Appendix A.

To the lowest order, assuming that the beam is centered
about and injected on axis, the mean energy is

%!& = %!&0#1 + $̄!t$−1, #31$

where the mean radiative damping rate is

$̄! = %Rc2K4%!&0%xm
2 &/2, #32$

with %xm
2 &)#x0

2 +c2#ux0
2 / #&̄'

2%!&0
2$ and &̄'=ck̄'=Kc / %!&0

1/2.
In terms of the mean betatron strength parameter
%a'

2&= k̄'
2%!&0

2%xm
2 &, the mean radiative damping rate is

$̄! = %R&'
2%!&0%a'

2&/2. #33$

2. Energy spread

The relative energy spread is #! / %!&, where #!
2 = %"!2&

= %!2&− %!&2. To derive an expression for the energy spread,
the single electron expression for ! is expanded to second
order in the energy perturbation #to "!2$, and to fourth order
for the position and momentum #to "x0

4 and "ux0
4 $.

The fourth-order development is necessary since the second-
order contribution vanishes. The cross-correlation terms
#e.g., %"x0"!0&, etc.$ are neglected. Note that for a beam
centered about and injected on axis, x0="x0, ux0="ux0, and
%x&0= %ux&0=0.

After some algebra #see Appendix A$, the normalized
energy spread is

#!
2

%!&2 )
#!0

2

%!&0
2 +

1
2

%R
2c4K8*%!&0

2#x0
4 +

#ux0
4

K4 +t2, #34$

where Gaussian distributions for the initial positions and mo-
menta are assumed, i.e., %x0

4&=3#x0
4 . Equation #34$ indicates

that the energy spread will always increase if the beam is
initially centered on axis. This is due to the dependence of
the damping on the initial oscillation amplitudes of the elec-
trons #in contrast to the case of radiation via Thomson
scattering or from magnetic undulators$.

If the beam is initially matched in the channel, such that
in the absence of radiation there are no betatron oscillations
in the electron beam radial envelope, then #x0

2 =(nx0 / k̄'%!&0,
which implies that %!&0#x0

2 =#ux0
2 /K2 and %xm

2 &=2#x0
2 . In this

case the relative energy spread simplifies to

#!
2/%!&2 ) #!0

2 /%!&0
2 + $̄!m

2 t2, #35$

where $̄!m=%Rc2K4%!&0#x0
2 . Note that for the plasma channel

in a blown-out regime, K2=kp
2 /2 and $̄!m=%Rc2kp

4%!&0#x0
2 /4.

Also, for a beam with no initial energy spread ##!0=0$,
#! / %!&) $̄!t. This result indicates that the relative energy
spread due to the radiation effects for a beam injected on axis
will be equal #or greater for a finite initial energy spread$ to
the relative energy decrease. For example, if the radiation
leads to a 10% decrease of the mean beam energy, then the
relative energy spread will be at least #! / %!&) 10%.

3. Transverse emittance

The beam radius and momentum follow from Eqs. #28$
and #30$,

#x
2 =

1
2

%xm
2 & −

1
16

%Rc2K4%!&0%xm
4 &t , #36$
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where the kurtosis is %xm
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4 + #2/ k̄'
2$#x0

2 #ux0
2 / %!&0

2

+ #3/ k̄'
4$#ux0

4 / %!&0
4. Neglecting correlations between x

and ux, i.e., (nx)#x#ux, it can be shown that the normalized
transverse emittance of the beam is
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k̄'%!&0

2
%xm

2 &*1 −
3
8

%Rc2K4%!&0
%xm

4 &
%xm

2 &
t+. #38$

Note that if the beam is initially matched to the plasma
channel, then #x0

2 =(nx0 / %!&0k̄', which also implies that

#x0=#ux0 / %!&0k̄'. This leads to %xm
2 &=2#x0

2 and %xm
4 &=8#x0

4 .
The expression for the normalized emittance of a matched
beam then simplifies to

(nx ) (nx0#1 − 3$̄!mt/2$ , #39$

where (nx0= k̄'%!0&#x0
2 and $̄!m=%Rc2K4%!&0#x0

2 .

4. Example

Consider a beam of 1 GeV #%!&0=2000$, with
#!0 / %!&0=1%, injected into a blown-out plasma channel

MICHEL et al. PHYSICAL REVIEW E 74, 026501 #2006$
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B. Electron beam dynamics

In contrast to beam cooling and radiation damping using
Thomson scattering !18" or using a magnetic undulator !13",
the energy damping of electrons in a plasma focusing chan-
nel depends strongly on the radial distribution of the elec-
trons. Specifically, the radiative damping rate is quadratic
with respect to the amplitude of the transverse betatron os-
cillation. Electrons initially injected close to the axis will
undergo only very small oscillations and lose almost no en-
ergy compared to those injected farther from the axis. This
will eventually lead to a significant increase of the energy
spread, at least for a radially symmetric beam centered about
the axis, which is examined in the following sections.

1. Mean energy

To describe the properties of an electron beam, the
appropriate single electron quantities are averaged over an
ensemble of beam electrons. For the case of the mean energy
of the beam, consider the expression for ! of a single
electron given by Eq. #12$. Single electron quantities will be
expanded about the ensemble averaged value of that quantity
plus a small perturbation. For example, the initial energy
of a single electron is !0= %!0&+"!0, where the angular
brackets denote an ensemble average over the beam, e.g.,
%!0&='i !0i /Np, where !0i is the initial energy of the ith
particle and Np is the number of particles in the beam.
Also, by definition, %!0&= %!&0, where %!&0= %!&#t=0$ and
%!&='i !i /Np, as well as %"!0

2&= %!0
2&− %!0&2(#!0

2 , since
%"!0&=0. Similar relations hold for other physical quantities,
some details of which are presented in Appendix A.

To the lowest order, assuming that the beam is centered
about and injected on axis, the mean energy is

%!& = %!&0#1 + $̄!t$−1, #31$

where the mean radiative damping rate is

$̄! = %Rc2K4%!&0%xm
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2. Energy spread

The relative energy spread is #! / %!&, where #!
2 = %"!2&

= %!2&− %!&2. To derive an expression for the energy spread,
the single electron expression for ! is expanded to second
order in the energy perturbation #to "!2$, and to fourth order
for the position and momentum #to "x0

4 and "ux0
4 $.

The fourth-order development is necessary since the second-
order contribution vanishes. The cross-correlation terms
#e.g., %"x0"!0&, etc.$ are neglected. Note that for a beam
centered about and injected on axis, x0="x0, ux0="ux0, and
%x&0= %ux&0=0.

After some algebra #see Appendix A$, the normalized
energy spread is
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where Gaussian distributions for the initial positions and mo-
menta are assumed, i.e., %x0

4&=3#x0
4 . Equation #34$ indicates

that the energy spread will always increase if the beam is
initially centered on axis. This is due to the dependence of
the damping on the initial oscillation amplitudes of the elec-
trons #in contrast to the case of radiation via Thomson
scattering or from magnetic undulators$.

If the beam is initially matched in the channel, such that
in the absence of radiation there are no betatron oscillations
in the electron beam radial envelope, then #x0

2 =(nx0 / k̄'%!&0,
which implies that %!&0#x0

2 =#ux0
2 /K2 and %xm

2 &=2#x0
2 . In this

case the relative energy spread simplifies to

#!
2/%!&2 ) #!0

2 /%!&0
2 + $̄!m

2 t2, #35$

where $̄!m=%Rc2K4%!&0#x0
2 . Note that for the plasma channel

in a blown-out regime, K2=kp
2 /2 and $̄!m=%Rc2kp

4%!&0#x0
2 /4.

Also, for a beam with no initial energy spread ##!0=0$,
#! / %!&) $̄!t. This result indicates that the relative energy
spread due to the radiation effects for a beam injected on axis
will be equal #or greater for a finite initial energy spread$ to
the relative energy decrease. For example, if the radiation
leads to a 10% decrease of the mean beam energy, then the
relative energy spread will be at least #! / %!&) 10%.

3. Transverse emittance

The beam radius and momentum follow from Eqs. #28$
and #30$,

#x
2 =

1
2

%xm
2 & −

1
16

%Rc2K4%!&0%xm
4 &t , #36$

#ux
2 = k̄'

2%!&0
2,%xm

2 & −
1
2

%Rc2K4%!&0%xm
4 &t-, #37$

where the kurtosis is %xm
4 &)3#x0

4 + #2/ k̄'
2$#x0

2 #ux0
2 / %!&0

2

+ #3/ k̄'
4$#ux0

4 / %!&0
4. Neglecting correlations between x

and ux, i.e., (nx)#x#ux, it can be shown that the normalized
transverse emittance of the beam is

(nx )
k̄'%!&0

2
%xm

2 &*1 −
3
8

%Rc2K4%!&0
%xm

4 &
%xm

2 &
t+. #38$

Note that if the beam is initially matched to the plasma
channel, then #x0

2 =(nx0 / %!&0k̄', which also implies that

#x0=#ux0 / %!&0k̄'. This leads to %xm
2 &=2#x0

2 and %xm
4 &=8#x0

4 .
The expression for the normalized emittance of a matched
beam then simplifies to

(nx ) (nx0#1 − 3$̄!mt/2$ , #39$

where (nx0= k̄'%!0&#x0
2 and $̄!m=%Rc2K4%!&0#x0

2 .

4. Example

Consider a beam of 1 GeV #%!&0=2000$, with
#!0 / %!&0=1%, injected into a blown-out plasma channel
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with a background electron density n0=5!1018 cm−3. Be-
cause the effect of radiation damping is much stronger for
larger beams, as an illustrative example, a very large initial
emittance "nx0!313 #m rad is chosen, for which the beam
matching condition imposes a relatively large beam radius of
4.86 #m. The mean energy, normalized energy spread, and
transverse normalized emittance are shown in Fig. 1, where
the analytical estimates from Eqs. "31#, "35#, and "39# are
plotted together with the results from a particle transport
code with a set of Np particles "Np =105 in this example#.
This code integrates the initial set of coupled equations of
motion, Eqs. "7# and "8#, using a fourth-order Runge-Kutta
algorithm. While the mean energy and emittance decrease by
only about 1.3% and 2%, respectively, the stronger effect is
the evolution of the relative energy spread, which increases
by more than 60%. The analytical estimates are in excellent
agreement with the numerical solutions.

III. FOCUSING CHANNEL WITH CONSTANT
ACCELERATION

In addition to the focusing forces discussed above, this
section includes the effects of a constant accelerating force.
The accelerating force is assumed to be of the same order as
the focusing force, as is typical in plasma-based accelerators.

The radiation reaction force is a perturbation in comparison
to the accelerating and focusing forces.

It can be shown that the expression of the radiation reac-
tion force remains the same when an accelerating gradient is
present. This is because the terms corresponding to the trans-
verse forces dominate the radiation reaction force "cf. Ref.
$19%#, and whenever the particle is close enough to the chan-
nel axis for the focusing force to become too small, the ra-
diation will likewise be negligible.

A. Single particle dynamics

Including the accelerating force into the equations of mo-
tion for a single electron gives

ẋ = cu x/$ ! cu x/u z, "40#

u̇ x = − cK2x − %RK2c2u x"1 + K2$x2# , "41#

u̇ z = E − %Rc2K4$2x2, "42#

where E=Ez0e /mc and Ez0 is the accelerating gradient. In the
case of a linear wakefield, Ez0!kp&0, or E='p"e&0 /mc2#.
The particle dynamics are described by the following
coupled equations,

ẍ + Eẋ/$ + c2K2x/$ = 0, "43#

$̇ = E − %Rc2K4$2x2, "44#

which, in terms of normalized quantities, can be written

X! + (X"/) + X/) = 0, "45#

)" = ( − 2"X2)2, "46#

where (=E / "$0'*#.

1. Particle orbits without radiation

As in Sec. II A 3, a time scale separation is assumed
"+ 1, allowing the perturbation series: X!X"0#+"X"1# and
)!)"0#+")"1#. The zeroth-order "without radiation# coupled
equations derived from Eqs. "45#– "46# are

"X"0##! + ("X"0##"/)"0# + X"0#/)"0# = 0, "47#

")"0##" = ( . "48#

The solution for the energy evolution is )"0#=1+(%, or
$"0#=$0+Et, i.e., the linear energy increases due to the con-
stant accelerating gradient.

Equation "47# for X"0# can be solved using the WKB
method, since the envelope variations are assumed slow
compared to the betatron oscillations; the solution is

X"0# = ")"0##−1/4cos , , "49#

with ,=2")"0##1/2 /(−2/(+-. Equation "49# can be written

x = xm"1 + Et/$0#−1/4cos , . "50#

2. Particle energy with radiative damping

The first-order equation for )"1#, which includes the
effects of radiation, is

FIG. 1. "Color online# Mean energy, relative energy spread, and
normalized transverse emittance "#m rad# for a matched beam with
a large initial emittance of 313 #m rad, injected into a blown-out
plasma channel with density n0=5!1018 cm−3. The maximum
propagation distance '̄*tmax corresponds to a propagation of 2 cm.
Plotted are the analytical estimates from Eqs. "31#, "35#, and "39#,
and the numerical results from a particle transport code that inte-
grates the single particle equations of motion for a set of 105

particles.
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Radiation 
Benefits and challenges
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Scattering 
A challenge?

“The scattering off plasma nuclei and plasma 
electrons is almost negligible in the blow-out 
regime, but may become significant in the 
opposite, quasilinear regime. The inverse 
dependence is true for betatron radiation. Both 
effects might be mitigated by accelerating in a 
hollow plasma channel […]”.


Also see:

Zimmermann J.Phys.Conf.Ser. 874 (2017) no.1, 
012030 (2017);

Scattering

Kirby et al. PAC, (2007); Mete et al. IPAC (2015)
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