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Introduction

Introduction

vacuum polarization function

(9% = (—9°0u + 9,9,)M(9%) + 9,0, M1L(9%)

=i [ X e O 00LO)0), =Ty
related to R(s) = o(ete™ — hadrons)/o(ete™ — putu™)

through
R(s) = 127ImM(q? + ie)

Iow-energy expansion
3 q2
2 n
”(q)_l—BZE Cnhz", Z=—
n>0

main application: determination of heavy quark masses from
low-energy sum-rules, cp. talk by J. Kiihn
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Low-energy moments
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Calculation of low-energy expansion — Status

@ calculate Taylor expansion of M(g?) around g = 0 in
perturbative QCD up to NNNLO i.e. four loops

@ at one and two loops M(g?) is known analytically aien et aiss)

@ at three loops 30 terms are known in the low-energy
eXpanSion [Chetyrkin et al; Boughezal et al; Maier et al]

@ at four IOOpS first [Chetyrkin et al; Boughezal et al]
second and third moment are known [Maier et al]

@ terms « n? first 30 terms known at four loops [Czakon et al

@ terms o a2n"~* known to all orders in as [Grozin et al



Low-energy moments
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Calculation of low-energy expansion — Third moment

700 four-loop Feynman diagrams of the form
expansion around g% = 0

- @)

results in 4.5 - 10° four-loop vacuum integrals which have to be
calculated



Low-energy moments
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Calculation cont'd

@ direct calculation of all these integrals not feasible

@ but vacuum integrals are not independent, related by
IBP'identitieS [Chetyrkin et al '81]

@ perform reduction to master integrals using Laporta’s
algorithm
needed: 4.5 - 10°, calculated: 2 - 108, naive: 1013

@ in this case there are only 13 four-loop master integrals, all
are known analytically

[Chetyrkin et al; Laporta; Kniehl et al; Schroder et al]

@ Tools: qgr af [Nogueira], ( T) F(RMVermaseren], Crusher [PM, Seidel]



Low-energy moments
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Third moment — Result
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Padé approximation
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What do we know about M(g?)

@ at one and two loops known analytically [Kallen et al
3 (20 4 4(1-z)(1+22)
Oy = = (2=, - _
M7) = 162 < 9 3z 3z c@)
3 5 13 342z
W(zy= = |24+ 2 _(1-
nt(z) 6.2 {6+62 (1-2) - G(z)
1-16z , 142z d\ I(z)
+(1-2) 52 G(z)" — 52 (14—22(1—2)5) T]
1-1_
G(z):2i log (u) , u=+_—-2
Z/1-1 1-1+41
@ at three loops full behavior reconstructed using Padé
appl’OXimationS [Chetyrkin et al]

@ try Padé approximation at four loops [Hoang et al]



Padé approximation
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N(g?) at four loops

Collect information of behavior in low-energy, threshold and
high-energy region (example for vector current and n; = 3)
@ low-energy:

M3(z) = 6.95649z + 7.2478z°% + 7.318552° + O(z*)



Padé approximation
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N(g?) at four loops

Collect information of behavior in low-energy, threshold and
high-energy region (example for vector current and n; = 3)
@ low-energy: M3(z) = --- + O(z%)
@ threshold:

M3(z) = 2.63641/(1 — z)
+ (—25.2331 — 7.75157log(1 — 2))/V1 -z
—11.0654 log(1 — z) + 1.42833log?(1 — z)
—0.421875l0g(1 — z) + Ko + O(V1 — 2)
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N(g?) at four loops

Collect information of behavior in low-energy, threshold and
high-energy region (example for vector current and n; = 3)
@ low-energy: M3(z) = --- + O(z%)
@ threshold: MN3(z) = --- + Ko + O(V1 —2)
@ high-energy:

M3(z) = —6.172 — 0.070log(—4z)
+0.121log?(—4z) — 0.037 log®(—4z)
+1/z2(—4.333 — 3.756 log(—4z)
+2.118log?(—4z) — 0.319log®(—4z2))
+1/2%(D, — 5.130log(—4z) + 0.318log?(—4z)
+ 0.401log®(—4z) — 0.079log*(—42)) + 0(1/z%)
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N(g?) at four loops

Collect information of behavior in low-energy, threshold and
high-energy region (example for vector current and n; = 3)
@ low-energy: M3(z) = --- + O(z%)
@ threshold: MN3(z) = --- + Ko + O(V1 —2)
@ high-energy: M3(z) = --- +1/22D, + O(1/z3)
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N(g?) at four loops

Collect information of behavior in low-energy, threshold and
high-energy region (example for vector current and n; = 3)

@ low-energy: M3(z) = --- + O(z%)
@ threshold: MN3(z) = --- + Ko + O(V1 —2)
@ high-energy: M3(z) = --- +1/2°D, + O(1/23)
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N(g?) at four loops

Collect information of behavior in low-energy, threshold and
high-energy region (example for vector current and n; = 3)

@ low-energy: M3(z) = --- + O(z%)
@ threshold: MN3(z) = --- + Ko + O(V1 —2)
@ high-energy: M3(z) = --- +1/2°D, + O(1/23)

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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@ Find approximating function and determine further terms in

low-energy expansion and the missing constants Ko and
D».



Padé approximation
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Padé approximation |

@ Next Step: Construct the Padé approximation

@ But: I(z) logarithmically divergent forz — 1 and z — oo,
can not be approximated by rational function

@ split MN(z) in two parts
M(z) = MNreg(z) + Mg (2),

where [, (z) contains all logarithmic contributions



Padé approximation
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Pade approximation Il — Meg(z)

@ How to construct Myg(z) ?
@ Use one- and two-loop results as building blocks
@ threshold behavior

+0(V1-2)
nt(z) = ~ 16 109(1 — 2) + const + O(V1 - 2)
@ high-energy behavior
~ —log(—4z) s
G(z)_i22 +0(z79)
@ Ansatz for Mg(z)

threshold high-energy



Padé approximation
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Pade approximation Il — MNyeg(2)

® Mieg(z) = MN(z) — Miog(z) is free of logarithmic singularities
@ perform a conformal mapping to the unit circle
zZ — 4w/(1+ w)?

@ fit by Padé approximation of the form

_ Yioaw
Pm(w) = 1+5M bw

with n +m + 1 = 9 degrees of freedom
@ error estimate: modify Miog(z), vary a; and by,
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Padé approximation Il — Quality of Fit

@ Distribution of the O(8000) reconstructed values for the
first missing low-energy constant C,4
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@ strongly peaked, very narrow distribution
(383.04 < C4 < 383.12)

@ choose standard deviation as measure for error
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Padé approximation IV — Results

‘ n =3 n=4 n=>5 ‘
c®V] 366.1748  308.0188  252.8399
V1 3815091  330.5835  282.0129
V] 3852331  338.7065  294.2224

9] 383.073(11) 339.913(10) 298.576(9)

cl¥V | 378.688(32) 338.233(32) 299.433(27)

)

]

]

]

]

cB)V373536(61) 335.320(63) 298.622(54)
c®V] 368.23(9) 331.90(10)  296.99(9)
cV]| 363.03(13) 328.33(14) 294.94(12)
V'] 358.06(17) 324.78(18) 292.72(16)
c?V| 353.35(20) 321.31(22) 290.44(19)
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Padé approximation IV — Results

‘ n =3 n=4 n=>5 ‘
c®V] 366.1748  308.0188  252.8399
V1 3815091  330.5835  282.0129
V] 3852331  338.7065  294.2224

9] 383.073(11) 339.913(10) 298.576(9)

cl¥V | 378.688(32) 338.233(32) 299.433(27)

)

]

]

]

]

cB)V373536(61) 335.320(63) 298.622(54)
c®V] 36823(9) 331.90(10) 296.99(9)
cV]| 363.03(13) 328.33(14) 294.94(12)
V| 358.06(17) 324.78(18) 292.72(16)
c?V| 353.35(20) 321.31(22) 290.44(19)
KT 17(10) 17(29) 16(10) |
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Padé approximation IV — Results

‘ n =3 n=4 n=>5 ‘
c®V] 366.1748  308.0188  252.8399
V1 3815091  330.5835  282.0129
V] 3852331  338.7065  294.2224

9] 383.073(11) 339.913(10) 298.576(9)

cl¥V | 378.688(32) 338.233(32) 299.433(27)

)

]

]

]

]

c¥V]373.536(61) 335.320(63) 298.622(54)
c®V] 36823(9) 331.90(10) 296.99(9)
cV]| 363.03(13) 328.33(14) 294.94(12)
V| 358.06(17) 324.78(18) 292.72(16)
c?V| 353.35(20) 321.31(22) 290.44(19)
KT 17(10) 17(29) 16(10) |
DIV | 2.0(42) 1.2(83) 14(21) |
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Padé approximation IV — Results

‘ n=3 n =4 n=>5 ‘
c®V] 3661748  308.0188  252.8399
CV| 3815001 3305835 2820129 Noor79+0.57
CVV( 3852331 ) 3387065  294.2224

9V 1 388.023(34) 339.913(10) 298.576(9)

)
)
)
)
cl¥V | 378.688(32) 338.233(32) 299.433(27)
)
)
)
)
)

c®V [ 373.536(61) 335.320(63) 298.622(54)
cV] 368.23(9) 331.90(10) 296.99(9)

cV]| 363.03(13) 328.33(14) 294.94(12)
cB)V] 358.06(17) 324.78(18) 292.72(16)
cPV] 353.35(20) 321.31(22) 290.44(19) {( -10+11

KOV 1711) ) 729)  16(10) |

D . 1.2(83) 14(21) |
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Padé approximation V — R(Ss)

@ reconstruction of M(g?) below and R(s) above threshold

@ red error band corresponds to three times the local
standard deviation

(1—-2)N(z) VR(V)
below threshold above threshold

(1-zn®v

o = N W A~ O O N

o
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Conclusion

Conclusion

@ calculated third low-energy moment at NNNLO

@ reconstructed M(g?) and therefore R(s)

@ very precise prediction for the low-energy moments of
M(g?) upton =10

@ no precise predictions for missing threshold and
high-energy constants Ky and D>

@ for the discussion of the impact on the determination of
heavy quark masses see talk by J. Kihn
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