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2P3/2 S
hrödinger equation:states with same n have same energyDira
 equation with Coulomb sour
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al Origin of Lamb Shift
radiative 
orre
tions lead to�nite ele
tron 
harge radius va
uum polarisation leads to
harge s
reening
 
orre
tions to Coulomb potential indu
e energy shift:

∆E = 〈nS|δV |nS〉 ∼ |ψ(0)|2
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/se
�
al
ulation by Bethe yields 1040 MHz1949 exp. value is 1062(5) MHz [Retherford, Lamb℄theory gives 1051.41(15) MHz [Bethe, Brown, Stehn℄1952/53 
al
ulation of relativisti
 
orre
tions byKarplus, Klein, S
hwinger and Baranger, Bethe, Feynman
 7.1 MHz 
orre
tion
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hwob et al. '98℄theory 1057.814(5) MHz rp = 0.805(11) fm [Eides et al. '01℄1057.833(5) MHz rp = 0.862(12) fm
 error dominated by un
ertainty in proton 
harge radiusextra
t rp from Lamb shift: rp = 0.891(18) fmagrees with re
ent analysis of e-p s
attering: rp = 0.895(18) fm [Si
k '03℄more pre
ise value from measurement of Lamb shiftin muoni
 hydrogen at PSI
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orre
tion of O(α2(Zα)5):

al
ulation was done by Pa
hu
ki, and Eides and Shelyutoresults: B

nvp
50

= −7.6(2) [Pa
hu
ki '94℄
B

nvp
50

= −7.725(1) [Eides, Shelyuto '95℄
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ombinationsour approa
h:Feynman diagramsdimensional regularisation
Rξ gaugeredu
tion to master integrals with IBP[Chetyrkin, Tka
hov '81℄
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tions:assume that the nu
leus is in�nitely heavy: M → ∞
onstru
t expansion around this limitdis
ard all sub-leading terms
 e�e
tive photon propagator:
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tion to Master Integrals
∫

dDk

2P · k + iε
. . . −

∫

dDk

2P · k − iε
. . .use Laporta algorithm [Laporta, Remiddi℄FIRE [A. Smirnov℄

iε pres
ription is irrelevant for IBP relationsdis
ard integrals without nu
leon propagator
al
ulation redu
es to 32 master integrals(in
luding 7 with numerator)
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ulation Results SummaryEvaluation of Master Integrals
MB representation for�easy� integralsMB, MBresolveFIESTAnumeri
al integration with CUBAfor most 
ompli
ated integraluse basis 
hange as 
ross-
he
k

[Czakon℄[A. Smirnov,V. Smirnov℄[A. Smirnov, Tentyukov℄[Hahn℄
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al
ulated B50 
ontribution to Lamb shiftexpli
itly 
he
ked gauge independen
eimproved pre
ision of previous 
al
ulationsfound new analyti
al results for several diagrams
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B
nvp
50

= −7.6(2) [Pa
hu
ki '94℄
B

nvp
50

= −7.725(1) [Eides, Shelyuto '95℄
B

nvp
50

= −7.7239(5) preliminaryva
uum-polarisation 
ontribution:
B

vp
50

= 0.862814(3) [Pa
hu
ki '93℄
B

vp
50

= 0.86281422(5) preliminary
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∆E(B50) =

α2 (Zα)5

π n3

( µ

m

)3

m (Bnvp
50

+B
vp
50

) δl0

∆E(n = 2) = −36.5(9) kHz [Pa
hu
ki '94℄
∆E(n = 2) = −37.112(5) kHz [Eides, Shelyuto '95℄
∆E(n = 2) = −37.109(3) kHz preliminarymeasured value: 1057845(3) kHz [S
hwob et al. '98℄predi
tion: 1057833(5) kHz [Eides et al. '01℄
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