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Introdution Calulation Results SummaryHydrogen Spetrum

1S1/2

1S Lamb shift
2S1/2Lamb splitting 2P1/2

2P3/2 Shrödinger equation:states with same n have same energyDira equation with Coulomb soure:relativisti orretions and eletron spinenergy depends on n and jdegeneray lifted by:�nite size of Coulomb sourereoil orretionsQED loopsLamb shift is �eld theoreti e�et



Introdution Calulation Results SummaryPhysial Origin of Lamb Shift
radiative orretions lead to�nite eletron harge radius vauum polarisation leads toharge sreening
 orretions to Coulomb potential indue energy shift:

∆E = 〈nS|δV |nS〉 ∼ |ψ(0)|2



Introdution Calulation Results SummaryEarly History of Lamb Splitting1947 experimental observation by Lamb and Retherford:�22S1/2 state is higher than the 22P1/2 by about 1000 M/se�alulation by Bethe yields 1040 MHz1949 exp. value is 1062(5) MHz [Retherford, Lamb℄theory gives 1051.41(15) MHz [Bethe, Brown, Stehn℄1952/53 alulation of relativisti orretions byKarplus, Klein, Shwinger and Baranger, Bethe, Feynman
 7.1 MHz orretion
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exp. 1057.845(3) MHz [Shwob et al. '98℄theory 1057.814(5) MHz rp = 0.805(11) fm [Eides et al. '01℄1057.833(5) MHz rp = 0.862(12) fm
 error dominated by unertainty in proton harge radius



Introdution Calulation Results SummaryStatus
exp. 1057.845(3) MHz [Shwob et al. '98℄theory 1057.814(5) MHz rp = 0.805(11) fm [Eides et al. '01℄1057.833(5) MHz rp = 0.862(12) fm
 error dominated by unertainty in proton harge radiusextrat rp from Lamb shift: rp = 0.891(18) fmagrees with reent analysis of e-p sattering: rp = 0.895(18) fm [Sik '03℄more preise value from measurement of Lamb shiftin muoni hydrogen at PSI
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B50

 orretion of O(α2(Zα)5):
alulation was done by Pahuki, and Eides and Shelyutoresults: B

nvp
50

= −7.6(2) [Pahuki '94℄
B

nvp
50

= −7.725(1) [Eides, Shelyuto '95℄
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Introdution Calulation Results SummaryComparison of the Calulationsprevious alulations:e�etive Dira equationFried-Yennie gauge for IR divergenesalulate UV-�nite ombinationsour approah:Feynman diagramsdimensional regularisation
Rξ gaugeredution to master integrals with IBP[Chetyrkin, Tkahov '81℄
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Introdution Calulation Results SummaryInteration with the Nuleusnon-reoil orretions:assume that the nuleus is in�nitely heavy: M → ∞onstrut expansion around this limitdisard all sub-leading terms
 e�etive photon propagator:
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Introdution Calulation Results SummaryRedution to Master Integrals
∫

dDk

2P · k + iε
. . . −

∫

dDk

2P · k − iε
. . .use Laporta algorithm [Laporta, Remiddi℄FIRE [A. Smirnov℄

iε presription is irrelevant for IBP relationsdisard integrals without nuleon propagatoralulation redues to 32 master integrals(inluding 7 with numerator)



Introdution Calulation Results SummaryEvaluation of Master Integrals
MB representation for�easy� integralsMB, MBresolveFIESTAnumerial integration with CUBAfor most ompliated integraluse basis hange as ross-hek

[Czakon℄[A. Smirnov,V. Smirnov℄[A. Smirnov, Tentyukov℄[Hahn℄



Introdution Calulation Results SummaryOverview
alulated B50 ontribution to Lamb shiftexpliitly heked gauge independeneimproved preision of previous alulationsfound new analytial results for several diagrams
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B
nvp
50

= −7.6(2) [Pahuki '94℄
B

nvp
50

= −7.725(1) [Eides, Shelyuto '95℄
B

nvp
50

= −7.7239(5) preliminaryvauum-polarisation ontribution:
B

vp
50

= 0.862814(3) [Pahuki '93℄
B

vp
50

= 0.86281422(5) preliminary



Introdution Calulation Results SummaryE�et on Lamb Splitting
∆E(B50) =

α2 (Zα)5

π n3

( µ

m

)3

m (Bnvp
50

+B
vp
50

) δl0

∆E(n = 2) = −36.5(9) kHz [Pahuki '94℄
∆E(n = 2) = −37.112(5) kHz [Eides, Shelyuto '95℄
∆E(n = 2) = −37.109(3) kHz preliminarymeasured value: 1057845(3) kHz [Shwob et al. '98℄predition: 1057833(5) kHz [Eides et al. '01℄
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new alulation of B50ontribution to Lamb shiftalulation uses dimensionalregularisation and othertehniques from multi-loopalulationsresult agrees with previousalulationsunertainty an be improved 1S1=2
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