Three-loop vertex corrections
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Outline

|. Massless quark and gluon form factor
with P.A. Baikov, K.G. Chetyrkin, A.V Smirnov, V.A. Smirnov

Il. Matching coefficient to the vector current
with P. Marquard, J.H. Piclum, D. Seidel

2
; P o i Matthias Steinhauser — p.2



Outline

|. Massless quark and gluon form factor

massless QCD

Il. Matching coefficient to the vector current

QCD, 1 heavy fermion, mass Mg
¢ = q5 = M¢
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|. Form factors

Photon-quark vertex: 2 yﬂFq((f)

Higgs-gluon vertex:
O (9" qa2 — ¢{dy) Fy(q?)

F,: construct effective theory for m; — oo:

MO Leg = C1E2GLG™ + ...

T /N
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Form factor (2)




Known results

(2)
> Fq [ (Gonsalves’83); Kramer,Lampe’86; Matsuura, van Neerven’'87; Matsuura, van der Marck, van Neerven'88]

(2)
.. Fg [Harlander’00; Ravindran,Smith,van Neerven'04]

-. Fq(z) and Fg(z) tO 0(62) [Gehrmann,Huber,Maitre’05]
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o Fq(2)
o Fg(2)

Known results

[ (Gonsalves’83); Kramer,Lampe’86; Matsuura, van Neerven’'87; Matsuura, van der Marck, van Neerven'88]

[Harlander’00; Ravindran,Smith,van Neerven'04]

o F? and F/Y to O(e?)

[Gehrmann,Huber,Maitre’05]
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o Fq(z)
o Fg(2)

o F? and F/Y to O(e?)
® 1/e poles for FQ(S) and Fg(?’)

Known results

[ (Gonsalves’83); Kramer,Lampe’86; Matsuura, van Neerven’87; Matsuura, van der Marck, van Neerven’'88]

[Harlander’00; Ravindran,Smith,van Neerven'04]

[Gehrmann,Huber,Maitre’05]

[Moch,Vermaseren,Vogt'05]
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Applications

Virtual NNNLO corrections to

® e — 2 Jets é

& soft-gluon resummation
# cusp anomalous dimension

T 7
aj:g‘ 6\ 2 . .
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Sometechnical details

1. Reduction to Mls
2. Compute Mis
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1. Reduction to MIs

Main approach:

® equivalence for recurrence relations between N-loop

2-point and (N — 1)-loop 3-point functions [Baikov,Smirnov'9e]
-~
N /
~1 \\
.. Slmllar tO BAI CER [Baikov,Chetyrkin,Kiihn'02...08]
9 Pal' FC]?M TFOQM [Tentyukov,Vermaseren,...04...09]

® “Baikov-method”
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1. Reduction to MIs

Main approach:

® equivalence for recurrence relations between N-loop

2-point and (N — 1)-loop 3-point functions [Baikov,Smirnov'9e]
® similar to BAlI CER [Baikov,Chetyrkin,Kiihn'02..’08]
N Pal’ FOQM TFOQM [Tentyukov,Vermaseren,...04...09]
# “Baikov-method”

: : S IOR

For singlet diagrams:
Independent calculation with
FI RE: Laporta & Grobner smimovos ‘%"
[1]22 Mls 0000 S
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*
°

22 master integrals

19 MIS [Gehrmann,Heinrich,Huber,Studerus’06; Heinrich,Huber,Maitre’08]

3 most complicated Mls:
pal A
\k \1\L

extract by comparison with F,

[Moch,Vermaseren,Vogt'05]

1/e—poles

F, . consistency check

1/e—poles

3 remaining coefficients in ¢ expansion:
FI ESTA [Smirnov, Tentukov'08] Mellln Barnes, IVB [Czakon'06]

|ndependent (eXp|ICIt) Ca|CUIat|0n [Heinrich,Huber,Kosower,Smirnov’09]

[Talk by T. Huber]
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2. M1s(2)

-
Ag,]_ A9,2 A9,4 [Baikov,Chetyrkin,Smirnov,Smirnov,Steinhauser'09]
[Heinrich,Huber,Kosower,Smirnov’09]
1 g8 1 43¢(2) 1 (14 106¢(2) = 109¢(3)
A = — — — (1 —
04 O¢S 9€5+€4(+ 18 )+€3<9+ 9o T 9
1 311¢(2) . 608¢(3)  481¢(4)
— | =17 — —
= ( ’ 18 9 144
1 11¢(2)  949¢(3)  425¢C(4)  3463¢(5)  2975((2)¢(3)
_ 4 — A S —
i e(8 T3 L T 18
+ Xo9,4 + O (e)

§
I Fihe
&‘(I 5% Matthias Steinhauser — p.11



Results

o Fq(g) and Fg(g): agreement with poles och vemaseren vogtos)

3
» Fq( ) [Moch,Vermaseren,Vogt'05]
ns—part

> FC](?)),Szng Can be eXtraCted frOm [Moch,Vermaseren,Vogt'04]
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Results

[Baikov,Chetyrkin,Smirnov,Smirnov,Steinhauser’09]
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s
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1428.9963678666183591 ,
528.0583 £ 0.0326 , X9 4 ~ —2085.380547 £ 0.000025
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Results

[Baikov,Chetyrkin,Smirnov,Smirnov,Steinhauser’09]

2 5¢(2)  7¢(3) ¢(4)  40¢(5)

FéS),sing’ | 2 gavegabe ( )
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Results

[Baikov,Chetyrkin,Smirnov,Smirnov,Steinhauser’09]

SYM (CA = (Cp = 2T, ng = 1):

Fq(3)’g‘|‘nf

_ oo (389216 155935¢(2)  54703¢(3) N 23897 (4) N 15875¢(2)¢(3)
an A\ 243 972 162 72 36

11279§(5)+545(§(3))2 ~ 167695¢(6)
10 36 256

— Xog,1 + 2X9,2>

F®)

_ oo [ 676219 . 61937¢(2)  93295¢(3) N 95171¢(4) N 16361¢(2)¢(3)
an A\ 486 972 162 288 36

1645¢(5)  545(¢(3))%  167695¢(6)
D T 256
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1. ¢, and NRQCD
_QCD — NRQCD (— pNRQCD) |

[Caswell,Lepage’86] [Bodwin,Braaten,Lepage’95] [Pineda,Soto’98;Brambilla,Pineda,Soto,Vairo’00]

#® Quarkonia

- Missing ingredients:
® tt @ threshold

#® 3-loop matching of

14 | | | | | | vector current (QCD —
12| 7 NRQCD)
L (3)
x 0.8 ¢ Cv
06 # 3-loop static potential: as
04 | ,/’/ 7 [V. Smirnov’s talk]
0.2 |
| | | | | | ® O(e) of 2-loop 1/m,
349 350 351 352 353 354 .
[Beneke,Kiyo,Schuller’08] \/S— pOtentIaI

® my from T sum rules
(Iow—moment SRs: mp = 4.163 = 0.016 GeV [Chetyrkin etal.’09])
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1. ¢, and NRQCD
_QCD — NRQCD (— pNRQCD) |

[Caswell,Lepage’86] [Bodwin,Braaten,Lepage’95] [Pineda,Soto’98;Brambilla,Pineda,Soto,Vairo’00]

#® Quarkonia

© Missing ingredients:
® tt @ threshold

#® 3-loop matching of

14 | | | | | | vector current (QCD —
12 7 NRQCD)
L (3)
x 0.8 ¢ Cu
06 # 3-loop static potential: as
04 | ,/’/ 7 [V. Smirnov’s talk]
0.2 |
| | | | | | ® O(e) of 2-loop 1/m,
349 350 351 352 353 354 .
[Beneke,Kiyo,Schuller’08] \/S— pOtentIaI

® my from T sum rules
(Iow—moment SRs: mp = 4.163 = 0.016 GeV [Chetyrkin etal.’09])
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ete” — tt @ threshold

[Beneke,Kiyo,Schuller’08] \ S
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[Melnikov,v.Ritbergen’00]
[Marquard,Mihaila,Piclum,Steinhauser’07]
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¢y (2)

cy = 1+ %01()1) -+ (%)2 05)2) T (%)3 01()3) -+ C’)(Oz;l)

s m s
(1)
CrU [Kallen, Sarby’55]
(2) <3
CrU [Czarnecki,Melnikov’'97; Beneke,Signer,Smirnov’97] @ ®) © (C)
(3) y T
CrU [Marquard,Piclum,Seidel,Steinhauser’06]
(3) TR © 0 © ()
CrU [Marquard,Piclum,Seidel,Steinhauser’08]
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Automated calculation
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Automated calculation
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diagram generation -

/

Y

mapping to
topologies

3-point topology definitions
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Automated calculation

Y

diagram generation -

/

Y

mapping to
topologies

/

FORM [

AT A

MATAD

3-point topology definitions
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Automated calculation

Y

diagram generation -

/

Y

mapping to
topologies /

FORM [

AT A

3-point topology definitions

MATAD >| Reduction |-
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Automated calculation

Y

diagram generation -

/

Y

mapping to
topologies /

FORM [

AT A

3-point topology definitions

MATAD >| Reduction |-

\

Identification of masters
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Automated calculation

Y

Y

mapping to 3-point topology definitions
topologies

FORM [— —— MATAD >| Reduction | Crusher'

\

Identification of masters

Calculation of
masters
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Automated calculation

Y

mapping to
topologies
FORM [ — 1 MATAD

Y

3-point topology definitions

V7
T
FB_TR9
Karisruhe Institute of Technology

Y

Reduction |-

Combme

Y

\

Identification of masters

Calculation of
masters

final result
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Checks

finiteness

gauge parameter independece (¢')

| f Cut dependence (n; contribution)

change basis of Mls (to be done for non-n ¢ term)

© o o 0o o

compare with “exact” result
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o finiteness
® gauge parameter independece (¢1)
o | f Cut dependence (n; contribution)

® change basis of Mls (to be done for non-n, term)

01 |
02 |
03 |

04 |
05 |
06 |
07 |
08 |
09 L—

Checks

i i -
CFAH
l Cern
el u---tJ r-H~ 4-"'?
107 107 107 107

[fCut

rornnare with “exact” result
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finiteness

e o 0o 0o

Checks

gauge parameter independece (¢')
| f Cut dependence (n; contribution)

change basis of Mls (to be done for non-n ¢ term)

basis 1 basis 2 basis 3
cFFHlog | —0.496(2) —0.50(1) | —0.496(8)
CFFH —0.841(3) —0.85(6) —0.86(2)
CRAT —0.10(2) —0.15(9) —0.13(4)
cpun | 0.05126(1) | 0.0513(1) | 0.0513(1)
érur | —0.27029(4) | —0.27028(3) | —0.2703(2)

#» compare with “exact” result

AT

;‘ff;ie('\
54
SFB_TR9
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Checks

o finiteness
® gauge parameter independece (¢1)
o | f Cut dependence (n; contribution)
® change basis of Mls (to be done for non-n ¢ term)
#® compare with “exact” result
“numerical” “exact”
&2 —42.5138(2) —42.5140
CFFL 46.692(1) 46.7(1)
CRAL 39.623(1) 39.6(1)
CRHL —0.27029(4) —0.27025
CRLL —2.46833(3) —2.46834
A3 | g (120.660(3) — 0.8228n;) | ny (121. — 0.8228n;)

§
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~S

Ly

[Marquard,Piclum,Seidel,Steinhauser]

_ (n1) 2 1 1 2
Z, = 1+ (as ('u)> (EC% -+ gOFCA) 7T—

s €

(n1) 3 5
as (1) lo v le)™
+ ( - ) CFT{’N,Z [(54CF—|— 36CA> 5

25 37 2 2
— <—CF—|— —CA> %] —|—Cp’nhﬂ-} —+ ...

324 432 60e

» analytIC reSUIt [Kniehl,Penin,Smirnov,Steinhauser'02, Beneke,Kiyo,Penin’07]
# (numerical) agreement better than 1%

§
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Results

Cks O{S 2

colp=mq) = 1—2.67— 4 (~44.55 + 0.41m) (=)
o\ [ Qs\3

+ (—Qxxa:.xa: + 120.66n; — O.82nl) (—)

14 |

12
® o>n) check missing (base change) L
® large corrections ~ g'i 7
® MS scheme 0:4 :
$ combine with US contributions 02

s‘f ®

S

/a8
i ‘ SFB_TR9

[Marquard,Piclum,Seidel,Steinhauser]

T

-
349 350 351 352 353 354
\/? [Beneke,Kiyo,Schuller'08]
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Summary

|. Massless quark and gluon form factor
® 3-loop corrections for £j, and F,

#® 3 most complicated Mis

o applications: NNNLO contribution to

(|

# Independent check of 3-loop cusp anomalous
dimension

Il. Matching QCD — NRQCD

# Dbuilding block:
o(ete” — tt), my from T sum rules

# large numercial corrections in MS scheme
A\‘(IT % Matthias Steinhauser —p.21
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