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o Factorization for soft gluon and Coulomb resummation
o All-order diagonal colour basis for the leading soft function
o Two-loop anomalous dimension at threshold

o Threshold expansion of the top-quark pair production at O(a?2)
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Pair production and resummation

Partonic cross sections qg, qg, g¢ — HH' + X contain
2 " 2
[asln (l—z)] , 2= My, /3

which should be resummed, if the total hadronic cross section is dominated by the partonic thres-
hold. (ff: Catani et al., 1996; Bonciani et al, 1998; Kidonakis et al, 2001; ...; Moch, Uwer, 2008; ...; Hagiwara et.al, 2008; Kiyo
et al., 2008; Sparticle pairs: Kulesza, Motyka, 2008; Langenfeld, Moch, 2009; Beenakker et al)

o Invariant mass distribution with o Total cross section with My = my + myr,
Mypr > few X (mpg + my), such such that the threshold is dominated by
that H, H' are relativistic. non-relativistic H, H' (1 — z = 3%).
Colour exchange and s, t-dependent Colour exchange and simple anomalous
anomalous dimensions. dimensions. Coulomb singularities (cv/3)" in

addition to threshold logs (o In? 3)".

[Formalism for 2 — 2 scattering processes
with massless coloured particles was set up by Combined resummation?
(Kidonakis, Sterman; 1997)]

Not clear why the partonic threshold should be relevant at LHC energies for 7. Perhaps for
sparticles with masses mpy > 1 TeV. [See P. Falgari’s talk]




Systematics and the factorization formula

Expansion of the partonic cross section

k
@ Z (i—s) exp [lnﬁgo(ax In B) 4 g1 (asIn B) + asga(as In B) + . . ]
=0 B —— —— N—

(LL) (NLL) (NNLL)
x {1 (LLNLL); oy, 8 (NNLL); &2, a3, 3° (NNNLL); . . } ;

In fixed order [Note: NNLL can be ay/B[Coulomb] X B[sub-leading soft] X In? 3 — beyond the standard soft gluon

approximation!]
1 1
LL Dtx{*yllIZﬂ};af — B,ln4ﬂ PO
B B B

NLL agn 3; a?{%,lnzﬁ};u.,

1
NNLL o {1,5 x 2! 5}; o? {E,lnz’l 8,8 x 1n4’35};.,4,

Factorization formula [sum over a includes sub-leading powers in 3.]

60 = S St p) [ do 3 g5 (B = )W (o0

a i R
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Soft-gluon decoupling

From the initial state:

=& (m D+ilp . —— D llh.c) Zt & — %lf (Fﬁwpfw)

by the SCET field redefinitions (Bauer, Pirol, Stewart, 200 &(x) = SU(x—) € (x), A%, (x) =
58 (_) ALD (x), such that n - D — n - D..

From the final state:

&5 iy 52 iC
c =y (Dl + — + T (D) + — + )
PNRQCD = ¥ (l s 2mH B P+ > ) P

mH/
+/ MT

(2o

by the PNRQCD field redefinition 14, (x) = S5 (x0) () (x), such that DY — &°.

[Sy drops out from the Coulomb interaction, since S( )t (R>“S(R)1L [ST ]”” (R)D

of 7]

in any rep R; S,q is real and independent

Proves decoupling of soft gluon and Coulomb resummation, since soft gluons disappear from
the leading-order Lagrangians for the other fields. Sub-leading interactions can be treated as
perturbations in /3.
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Leading term

~ w Re
60,10 = S Hir ) [ deo 3 g, (B~ 5) Wl (o).
ii’ : Ra
e H;» = C;C}; - colour-unaveraged partonic (hard) cross section directly at threshold.
C; related to matching coefficient of (’)%?a} (p) = [¢c;a1 ¢5;azzj):,r3 w{,j] ™)
[No spin-separation needed at NNLL.] '

e Jg, —sums Coulomb-exchange to all orders for HH' "inrep Rq,.
Related to a correlation function of non-relativistic fields in PNRQCD.

JRe (E) o< Im [7%{1 72”1;(1 + as(fDRa)[% In (78”;;?E>+ ’(0(1 - 2\;%)]}}

° Wl,lf,o‘ — generalized soft function (one for each rep R, ). Fourier transform of

Wﬁ,“ (z,p) = Pl{a]‘j}cg} ng} (z, u)c({i;)}*. c?l} - colour basis element. {a} = ajaraza.

sk} _ Tro + + o o +
WL (o) = COITIS, gty S S1 iy ST i, TSm0, 7,008 30381 1,0, 1O)10),
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All-order diagonal colour basis for W,.If,"

e Decompose initial and final state rep product into irreducible reps: r ® r' = > ra, and
R®R =3 s Rs-

Number of basis elements (i = 1. ..n) = number of pairs P; = (ra, R ﬁ) of equivalent
representations ro and Rg,e.g. for8®8 — 8®8:

P € {(171)7 (85’85)7 (8A785)7 (8A78A)7 (8S:8A)7 (10» 10)7 (1 i1 )7 (27727)}'

° Wl,’f,“ is diagonal to all orders in the orthonormal
basis:

1 R

T

Cg)} = T Caalm Caa;a4
9 Vdim(re) T

Clebsch-Gordon coefficient]

[cee,

Oéﬂl 112
e Properties of CGKs imply that element Wl.lf," is non-zero only, if in P; = (ra, Rg) and
Py = (ros, Rgr) the final state reps Rg, Rg/ are identical to Re,, and rq, rl,, are equivalent to
Rq. This leaves only gg[8s] coupling to HH'[84] (and interchanged), but this vanishes by Bose
symmetry for the Wilson line operators.

[Explicit construction of the colour bases for all interesting cases, see MB, P. Falgari, C. Schwinn, 0907.1443 [hep-ph] appendix.]
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Two-loop soft anomalous dimension at threshold

e NNLL soft-gluon resummation needs the 3-loop cusp anomalous dimension and 2-loop soft
anomalous dimension in

&R r r R &R
T Whe() = ((rcusp + M)l — ZWW%-) Whe (1),

[We use a generalization of the momentum space formalism developed for Drell-Yan production by (Becher, Neubert, Xu,
2007). See P. Falgari’s talk.]
o At threshold the Wilson lines of the two heavy particle combine to a sum of single particle soft
: Ra  oR)  o(R)  _ o(Ra) ~Ra P « »
functions C43,a, Sv,al by SM2 by = Svﬂ 3C8 0y The soft function is the “square” of the soft
function for the amplitude discussed recently by (Becher, Neubert, 2009; Mitov et al, 2009).
For a2 — 1 process the three-particle correlations f**T¢T*T¢ vanish by colour conservation.

. Lo . . .. Ra _ _R /

The anomalous d1m§n51oq is a sum over S{ngle parpcle terms: % = vy + Y5 4+ v5 . The
2-loop anomalous dimension satisfies Casimir scaling and can be extracted from (Becher, Neubert,
2009; Korchesmky, Radyushkin, 1992; Kidonakis, 2009).

o In Mellin space resummation formalism:

(DR 460 4x? 176
DHH/ = —CRry, Ca T — — +8¢ | + TCRC‘TFH‘/‘

[Differs from ansatz by Moch, Uwer, 2008; confirmed by Czakon et al., 2009]




NNLL at O(a?) for 7

2-loop anomalous dimension not enough for NNLL resummation.
Consider o2 In 3 terms for 77:

o 50 x a% In B from singular heavy-quark potentials (l/r2 etc.)

? Can be obtained from eTe™ — ££X calculation [MB, Signer, Smirnov,
Q&
X 1999] (+ colour, spin adjustment)
Y, Diagonal in the singlet-octet basis.
i o 50 x a? In>! B from sub-leading (non-eikonal) B-suppressed soft

interactions in SCET and NRQCD. Implies new soft functions with
operator insertions between Wilson lines.

Couomb Off-diagonal in the singlet-octet basis.
{ Corresponds to three-particle correlations.
'@ Vanish for the total cross section to all orders in ag
A (Lorentz-invariance + scaling), but not for the amplitude.
- e Above + diagonal leading soft function consistent with (Ferroglia et al.,
z'E » th_F 2009). No extra terms for 77 total cross section, though.

[NNLL resummation for the total cross section requires non-relativistic factorization. 2-loop anomalous dimension from (Ferroglia et

al., 2009) applies to relativistic production.]
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Expansion of the partonic top-pair production section

Qs

50 =5(5)" (4

2T¢ 1 4
) {% + 3 {qz n’ 8 + cypln g+ Cll)} + cos n* B+ co3 In’ B+ con n? B + o1 In! [i]

e () — double Coulomb
c12 — Coulomb x 1-loop soft
c11 — Coulomb x soft, running Coulomb potential
c10 — ..., 1-loop Coulomb potential, 1-loop hard matching coefficient [extracted from Czakon,
Mitov, 2008]
co4, €03, Co2 — 2-loop soft ¢ — ..., NRQCD logs from singular potentials

Obtained with two largely independent methods. [See M. Czakon’s talk]
Example: gg — [17]sX
NG @ (s [ A 21l S o) 6 se2 127
O =20 () |55+ (vt o+ (5 - mm2)ma Swam S0 - 8

s 65152 4 ) o 204944\
+4608log" 5+ (276481n2 — —= )} log’ i+ ( 599041n2° — 96576 1n2 — 30887 + —— ) log" 3

9 9

3 ) ) 6590872 1244776
+ ( 55206102° — 1379521027 — 926477 In2 + 2023521 2 + 33120¢(3) + log 8
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Conclusion

1) Factorization of soft and Coulomb gluon summation proved (SCET x
NRQCD
Leading soft function diagonal to all orders in a simple colour basis
2-loop anomalous dimension at threshold determined.

2) Soft gluon resummation at NNLL for total cross section possible.
For complete NNLL combine with non-relativstic log resummation.

3) Top pair cross section at threshold known at (’)(af) at threshold up to the
constant term.
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