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Motivation:

Tevatron and LHC: machines for QCD precision physics
= new discovery potential related to how good we understand
what we already know
For precise predictions we need a precise determination of
strong coupling constant o
parton distributions

guark masses

Need for higher order calculations: NLO, NNLO, ...
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Subtraction at NLO

For an m-jet cross section, need to integrate numerically over
phase space:

LO:
dJLO:/ A0 ree divergent numerical
APy, Integral
NLO:

R V
APt dd,,

Problem: same divergent structure as virtual part but summation

occur only after phase space integration
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Subtraction at NLO

For an m-jet cross section, need to integrate numerically over
phase space:

LO:
dO-LO :/ dO_tree
d®m Local counter term
NLO: integral
donro :/ (donro )+ +/ dO_KLO]
dd,, 41 4®,,

Solution: Introduce subtraction term which reproduces o in

all singular limits, and can be integrated analytically
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General subtraction methods at NLO

At NLO different subtraction methods exists

* Dipole subtraction:

NNLO:

' e-prescription:

NNLO:

' Antenna Subtraction:

NNLO:
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NLO antenna subtraction

How is doy; o constructed within the antenna frame work?

It must satisfy:

R soft & collinear limit S
donro - doxro

Exploit factorization of phase space and matrix element in soft and coll. limit:
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NLO antenna subtraction

NLO antenna function X%k contains all soft and collinear configuration of parton j

emitted between two hard color-connected partons ¢ and k

2
0
XO ‘ka‘ dPd d(I)3
ijk — z‘jk,IKT ) X0 = =
| M7y : B
Aggq o
Integrated subtraction term can be computed analytically
M,,|? T dd,, x |My|? J™dd,,
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Hadronic initial state

Cross section for hadronic initial state: (pp,pp)

d&p d
do = Y / det 51 (&, uy) £7? (o, nF) dGab (61P1, 2P, i)

T & Sz
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Hadronic initial state

Cross section for hadronic initial state: (ep)
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Hadronic initial state

final-final:

Initial-final:

Needed for vector boson plus jet production
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m-jet cross section

n-parton contribution to the m-jet cross section (p = &1 Py, r = £&.55):

n

[ da—ZLb (p7r) :NZ dq)n (k17' . n,p,’l") o ‘Mn (kla' . '7kn;p7r)‘2 J’r(rr'bl) (kla' . 7k'n)]

LO: n =m

NLO: n=m-+1

Subtraction term for initial-final singularity:

: 1
deS ) —Af Z d®,n 11 (k1, .. kmt1;p,7)

m-+1 Sm+1
2 Z X0 Mo (Bt ks 2p, 7)) 2T (R, - Bmy1)
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I-F NLO phase space factorization

Kinematicsisnow: ¢+p — k;j +kr = q+azp — Kg

Limits:
 zp—p K — kp when j soft
» zp —p Kk — kj +kr whenjllk
Y ap - p—k; Kg — kg when j || ¢

Phase space factorization for m + 1 particles:
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I-F NLO matrix element factorization

Obtain antennae functions by crossing final-final NLO antennae

2 m 2 m
> M| " T — Y dP [ M [P TS Y I
m—+1 m—+41 J

Again integrated subtraction term can be computed analytically:
1 eI

2
o, 2 XY — €
C(E) /d 2 9 1,5k y C(E) (47T) {72

X'(?jk (z) =

1
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NLO Iintegrated subtraction term

Integrated subtraction term has to be convoluted with PDFs

Make change of variable and obtain

=SS [ [ T (2) e

m—+1

x C(e) Xi(?jk:( )d6P (61 P, & Py)

Mass factorization can be carried out

Phase space integration in dé” and convolutions can be done

numerically
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Subtraction at NNLO

Structure of NNLO m-jet cross section

donNLO =/ (dall\D}NLo — ) +
d®.m 42

w0 (odito - )+
d®m 41
A
+/ donNLo-
d®.m,

. real radiation subtraction term for daﬁNLO

. one loop real subtraction term for doy ;o

V2 . . :
doNLo: two loop virtual corrections

Each column is numerically finite and free of IR e-poles
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NNLO double real subtraction

doXnr.o: double real subtraction — different configurations

(a) one unresolved parton
S
dONNLO

(a): one unresolved parton:

L -

one unresolved parton but the experimental observable selects only m jets,

three parton antenna function X,?jk can be used (like at NLO)
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NNLO double real subtraction

doXnr.o: double real subtraction — different configurations

g (b) two color-connected unresolved partons
doNNLO

(b): two color-connected unresolved partons:

J

UL - — - L

- 0
four parton antenna function X7,

complete set of four parton antennae for i-f configuration is now available
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NNLO double real subtraction

doXnr.o: double real subtraction — different configurations

dagNLO
(c) two almost color-connected unresolved partons

(c): two almost color-connected unresolved partons:

i J k1 m ¢

UL — Ul -

share a common radiator
accounted for by products of two tree-level three-parton antennae functions

distinguish cases where common radiator is in the initial or final configuration
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NNLO double real subtraction

doXnr.o: double real subtraction — different configurations

S
dONNLO
(d) two color-unconnected unresolved partons

(d): two color-unconnected unresolved partons:

n o P

~UUU-UUU -

two well separated partons in the colour chain

product of independent three-parton antenna functions
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NNLO Antenna subtraction

dal‘\?ﬁfo: one loop real subtraction — several requirements

(a) remove explicit IR poles from loop

1
dO_VS,

NNLO

(a): remove poles from loop integral:

virtual correction has IR poles which have to be removed by
means of the real counterpart

subtraction term contains integrated antenna XZ{’ ik
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NNLO Antenna subtraction

dal‘\?ﬁfo: one loop real subtraction — several requirements

dO'VS 1 (b) subtract single unresolved limits

NNLO

(b): subtraction of single unresolved limits:

subtraction of singular configurations originating when the real
radiation correction to the one loop amplitude becomes soft or

collinear.

subtraction term is a combination of three-parton tree-level
0 1 .
X, ;. and three parton one-loop X; ., antenna functions.

Eh ) ° ° ° ° ° ° ° ° °®
s 2 Universitat Zlrich
RADCOR 2009. Ascona. CSF — p. 15/24



NNLO Antenna subtraction

dal‘\?ﬁfo: one loop real subtraction — several requirements

15V 5!
ONNLO

(c) remove oversubtracted terms

(c): remove oversubtracted terms:

remove terms which are common to both previous

contributions and are oversubtracted

subtraction term contains initial-final and final-final antenna

NN ° ° ° ° ° ° ° ° °
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I-F NNLO: double real radiation

Obtain antennae functions by crossing final-final NNLO antennae

Phase space factorization similar to NLO, with one particle more

dq)m—I—Q (k17° . -akjakk:7kl7' - '7km—|—2;p7r) —

Q2 dx
d@m (k]_,...,KL,...,km-'—Q;mp,T) d@X il (kj7kk7kl7p7q)
27-(- (ZW} x

Again integrated subtraction term can be computed analytically

2 — 3 particle phase space

§ ,1:‘,%\ [} [} [} [} [} [} [} [}
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I-F NNLO: one-loop real radiation

Single unresolved limit of 1-loop amplitude:

7 unresolved

Loopmy1~ —  Splittree X Loopm + Splitioop X Treem

‘ 1 |2 ML P
: 1 _ Q. . wk’ 0 ’ I’K’
Thus: Xi,jk = Si,jkiI, K e i3k 0 |2
M M3
[ [ [ [ [ [ [ [ [
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Initial-final antenna functions

1 A1 A1
~ Aqagq qugq Aq,gq
0 0
Aq,ggq Aq,ggq
0 R0
Bq,q/é’q Bq,q/d’q

co . Co _ CY

4,999 4,999 4,999

D! D!

9,99 9,99

aqa'q Ef},q’q’ E;,q’ti/
E((J),q’q/g Eg,q/ti’g B

B E;,qq’ qu,qq’
Egjqq/g Eg,qq’g

Gl., GL G}

q9,99 q9,99 q,99

0 ~0
Gq,qgg G‘ngg
HO

q,99’q’
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Integrated antenna computation

Reduce phase space integrals to master
Integrals

Integration over inclusive 2- or 3-particle
phase space

Functions of ¢* and z = —5—

szi"%
l& BB 5
12 Bk 2)
% [ $)

Universitat Zdrich




Computation of master integrals

O real and 6 virtual masters:

1[0] I[2] 112, 6]

1}<

V[1,3] V[1,4] V [2,4]

I, 25] |[235] |[249]
1234] V[12345 C[1234]

I[1I3I4l6] I[213l516] I[1I214l5]
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Computation of master integrals

Masters computed using differential equations

Example: (d = 4 — 2¢)

gl == o] e (1 L
QP = @d-9I12 =

boundary condition from explicit computation at z = 1
putting all together:

27T I'(1—¢)° Sz — 2

I[2] = 1 — ) 722 (0%) %5 F (1 — 26,1 —€e,2 —2¢. 1 —
[] T3—2€ F(3—36)F(2—2e)1—2e( 33) x(Q> 2 1( €, €, €, 33)

For simple masters exact result in e — expanded with HypEXxp

For the others expansion up to needed power of ¢
;} ° ° ° ° °
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Check with DIS structure functions

Completed full set of integrated 2 — 3 tree-leveland 2 — 2
one-loop antennae
Cross check with NNLO DIS structure functions

DIS cross section for photon exchange

d2 2
o= g s [+ (1= ) Pa(0.Q%) = 42, Q)

Checks A, B and C type antenna functions

At NLO (before mass factorization)

1 n d=1_q
— <F< ) _ fz«ﬁ;) = 4A4%  +83(1—2z) FWY

1 v _4d-1,m 0
(F — i) = —4Ab
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Check with DIS structure functions

Completed full set of integrated 2 — 3 tree-level and 2 — 2

one-loop antennae
Cross check with NNLO DIS structure functions

DIS cross section for photon exchange

d2 2
o= g s [+ (1= ) Pa(0.Q%) = 42, Q)

Checks A, B and C type antenna functions

At NLO (before mass factorization)
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Check with ¢-DIS structure functions

Structure functions for a scalar particle coupling only to gluons

Permits to check integrated F, G and H-type antenna functions
DIS cross section for scalar exchange has only one structure
function: T,; ,fori=gq,g

Some example

1
TS = 2NFD,  +2n5Gqq+46(1—z2) FY
1 (1) 0
T = —4N
Cf (1 _ e) ?,q gq,qg
(2) . 0 1 2 1
L4 N2 F o999 T 4T 9,99 0 (1 =2) <8F§§ ) +4F§§ ))
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Check with ¢-DIS structure functions

Structure functions for a scalar particle coupling only to gluons

Permits to check integrated F, G and H-type antenna functions
DIS cross section for scalar exchange has only one structure
function: T,; ,fori=gq,g

Some example

1
75 +45(1—2)FY
1 (1)
T
Cf (1 — E) ,q
(2) 2 1
gl L 5(1—2) (8Fg< ) + 4F >)
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Conclusions and outlook

Antenna subtraction scheme

subtraction method based on collecting all IR and collinear
radiation between two pair of color connected hard partons

final-final case applied successfully at NNLO for ete~ — 3-jet
all ingredient for initial-final subtraction now available
cross check of initial-final antennae with DIS structure
functions is completed

Potential applications:
NNLO DIS (2+1)-jet production

contribution to hadron-collider jet production
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