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Question: Where IS the next scale?
O(1 TeV)? MGUT? MPlanck?
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• LHC (300 fb−1), HL-LHC (3 ab−1) lead to way: 2015−2030

• HE-LHC at 27 TeV, 15 ab−1 under consideration: start 2035−2040?

• ILC as a Higgs factory (250 GeV) and beyond: 2020−2030?

(250/500/1000 GeV, 250/500/1000 fb−1).

• FCCee (4×2.5 ab−1)/CEPC as a Higgs factory: 2028−2035?
• FCChh/SPPC/VLHC (100 TeV, 3 ab−1) to the energy frontier: 2040?

∗Nature News (July, 2014)
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Rutherford’s legendary method continues to date!
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e+e−
√
s L δE/E f polar. L

Colliders (TeV) (cm−2s−1) (MHz) (km)

ILC 0.5−1 2.5× 1034 0.1% 3 80,60% 14− 33
CEPC 0.25−0.35 2× 1034 0.13% 50-100
CLIC 3−5 ∼ 1035 0.35% 1500 80,60% 33− 53
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• With symmetric beams between the electrons and positrons,

the laboratory frame is the same as the c.m. frame,

=⇒ the total c.m. energy is fully exploited to reach the highest

possible physics threshold.

• With well-understood beam properties,

=⇒ the scattering kinematics is well-constrained.

• Backgrounds low and well-undercontrol:

For σ ≈ 10 pb ⇒ 0.1 Hz at 1034 cm−2s−1.

• Linear Collider: possible to achieve high degrees of beam polarizations,

=⇒ chiral couplings and other asymmetries can be effectively explored.
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Thus, a multi-hundred GeV e+e− collider will have to be made

a linear accelerator.

• This becomes a major challenge for achieving a high luminosity

when a storage ring is not utilized;

beamsstrahlung severe.
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Thus, a multi-hundred GeV e+e− collider will have to be made

a linear accelerator.

• This becomes a major challenge for achieving a high luminosity

when a storage ring is not utilized;

beamsstrahlung severe.

CEPC/FCCee Higgs Factory

It has been discussed to build a circular e+e− collider

Ecm = 245 GeV−350 GeV

with multiple interaction points for very high luminosities.
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Advantages

• Higher c.m. energy, thus higher energy threshold:√
S = 14 TeV: M2

new ∼ s = x1x2S ⇒ Mnew ∼ 0.3
√
S ∼ 4 TeV.
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• Initial state unknown:

colliding partons unknown on event-by-event basis;

parton c.m. energy unknown: E2
cm ≡ s = x1x2S;

parton c.m. frame unknown.

⇒ largely rely on final state reconstruction.

• The large rate turns to a hostile environment:

⇒ Severe backgrounds!

Our primary job !



(D). Particle Detection:

The detector complex:

Utilize the strong and electromagnetic interactions

between detector materials and produced particles.

hadronic calorimeter

E-CAL

tracking

vertex detector

muon chambers

beam

pipe

( in B field )
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For a relativistic particle, the travel distance:

d = (βc τ)γ ≈ (300 µm)(
τ

10−12 s
) γ

• stable particles directly “seen”:

p, p̄, e±, γ

• quasi-stable particles of a life-time τ ≥ 10−10 s also directly “seen”:

n,Λ,K0
L, ..., µ±, π±,K±...

• a life-time τ ∼ 10−12 s may display a secondary decay vertex,

“vertex-tagged particles”:

B0,±, D0,±, τ±...

• short-lived not “directly seen”, but “reconstructable”:

π0, ρ0,±... , Z,W±, t,H...

• missing particles are weakly-interacting and neutral:

ν, χ̃0, GKK...



† For stable and quasi-stable particles of a life-time

τ ≥ 10−10 − 10−12 s, they show up as
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A closer look:

Theorists should know:

For charged tracks : ∆p/p ∝ p,

typical resolution : ∼ p/(104 GeV).

For calorimetry : ∆E/E ∝ 1√
E
,

typical resolution : ∼ (10%ecal, 50%hcal)/
√

E/GeV
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† For vertex-tagged particles τ ≈ 10−12 s,

heavy flavor tagging: the secondary vertex:

Typical resolution: d0 ∼ 30− 50 µm or so

⇒ Better have two (non-collinear) charged tracks for a secondary vertex;

Or use the “impact parameter” w.r.t. the primary vertex.

For theorists: just multiply a “tagging efficiency”:

ǫb ∼ 70%; ǫc ∼ 40%; ǫτ ∼ 40%.
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† For short-lived particles: τ < 10−12 s or so,

make use of final state kinematics to reconstruct the resonance.

† For missing particles:

make use of energy-momentum conservation to deduce their existence.

pi1 + pi2 =
obs.
∑

f

pf + pmiss.

But in hadron collisions, the longitudinal momenta unknown,

thus transverse direction only:

0 =
obs.
∑

f

~pf T + ~pmiss T .

often called “missing pT” (p/T ) or (conventionally) “missing ET” (E/T ).

Note: “missing ET” (MET) is conceptually ill-defined!

It is only sensible for massless particles: E/T =
√

~p2miss T +m2.
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How to search for new particles?

Leptons
(e, µ)

Photons

Taus

Jets
Missing ET

y98014_416dPauss rd

H → WW→lνjj
H → ZZ→lljjZZH

H→WW→lνlν

H→WW→lνlν

→ → νν

H
 →

 Z
 Z

  
 →

 4
 l
e

p
to

n
s

*(
(

H γγ→

H ZZ→0

n lept.+ x

∼
g → n jets + E

M
T

→ n leptons + X

q similar
∼

H
+→τν

0
H, A , h

0 0→ττ
(H  ) γγ→h

0 0

g∼ → h + x0

χ   χ∼ ∼0 +→

*( (

W'→lν

V,ρ    →WZTC
→ lνll

Z' → ll

unpredicted

discovery

4l→

g, q →b jets + X
∼ ∼

b-


Jet-tag

W
H→

lν
b
b

ttH→
lν

b
b
+

X

––

H ll→ ττZZ→



I-B. Basic Techniques

and Tools for Collider Physics

(A). Scattering cross section

For a 2 → n scattering process:

σ(ab → 1+ 2+ ...n) =
1

2s

∑

|M|2 dPSn,

dPSn ≡ (2π)4 δ4



P −
n
∑

i=1

pi



Πn
i=1

1

(2π)3
d3~pi
2Ei

,

s = (pa + pb)
2 ≡ P2 =





n
∑

i=1

pi





2

,

where
∑|M|2: dynamics (dimension 4− 2n);

dPSn: kinematics (Lorentz invariant, dimension 2n− 4.)
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For a 1 → n decay process, the partial width in the rest frame:

Γ(a → 1 + 2+ ...n) =
1

2Ma

∑

|M|2 dPSn.

τ = Γ−1
tot = (

∑

f

Γf)
−1.



(B). Phase space and kinematics ∗

One-particle Final State a+ b → 1:

dPS1 ≡ (2π)
d3~p1
2E1

δ4(P − p1)

.
= π|~p1|dΩ1δ

3(~P − ~p1)
.
= 2π δ(s−m2

1).

where the first and second equal signs made use of the identities:

|~p|d|~p| = EdE,
d3~p

2E
=
∫

d4p δ(p2 −m2).

∗E.Byckling, K. Kajantie: Particle Kinemaitcs (1973).
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dPS1 ≡ (2π)
d3~p1
2E1

δ4(P − p1)

.
= π|~p1|dΩ1δ

3(~P − ~p1)
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where the first and second equal signs made use of the identities:

|~p|d|~p| = EdE,
d3~p
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=
∫
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Kinematical relations:

~P ≡ ~pa + ~pb = ~p1, Ecm
1 =

√
s in the c.m. frame,

s = (pa + pb)
2 = m2

1.

The “dimensinless phase-space volume” is s(dPS1) = 2π.

∗E.Byckling, K. Kajantie: Particle Kinemaitcs (1973).



Two-particle Final State a+ b → 1+ 2:

dPS2 ≡ 1

(2π)2
δ4 (P − p1 − p2)

d3~p1
2E1

d3~p2
2E2

.
=

1

(4π)2
|~pcm1 |√

s
dΩ1 =

1

(4π)2
|~pcm1 |√

s
d cos θ1dφ1

=
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The phase-space volume of the two-body is scaled down
with respect to that of the one-particle by a factor

dPS2

s dPS1

≈ 1

(4π)2
.

just like a “loop factor”.



Consider a 2 → 2 scattering process pa + pb → p1 + p2,

the (Lorentz invariant) Mandelstam variables are defined as
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2 = (p1 + p2)

2 = E2
cm,

t = (pa − p1)
2 = (pb − p2)

2 = m2
a +m2

1 − 2(EaE1 − pap1 cos θa1),

u = (pa − p2)
2 = (pb − p1)

2 = m2
a +m2

2 − 2(EaE2 − pap2 cos θa2),

s+ t+ u = m2
a +m2

b +m2
1 +m2

2.

The two-body phase space can be thus written as

dPS2 =
1

(4π)2
dt dφ1

s λ1/2
(

1,m2
a/s,m

2
b /s

).



Three-particle Final State a+ b → 1+ 2+ 3:

dPS3 ≡ 1

(2π)5
δ4 (P − p1 − p2 − p3)

d3~p1
2E1

d3~p2
2E2

d3~p3
2E3

.
=

|~p1|2 d|~p1| dΩ1

(2π)3 2E1

1

(4π)2
|~p(23)2 |
m23

dΩ2

=
1

(4π)3
λ1/2
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2
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23

,
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3

m2
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The particle energy spectrum is not monochromatic.

The maximum value (the end-point) for particle 1 in c.m. frame is

Emax
1 =

s+m2
1 − (m2 +m3)

2

2
√
s

, m1 ≤ E1 ≤ Emax
1 ,

|~pmax
1 | =

λ1/2(s,m2
1, (m2 +m3)

2)

2
√
s

, 0 ≤ p1 ≤ pmax
1 .



With mi = 10, 20, 30,
√
s = 100 GeV.

More intuitive to work out the end-point for the kinetic energy,

– recall the direct neutrino mass bound in β-decay:

Kmax
1 = Emax

1 −m1 =
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√
s−m1 −m2 −m3)(
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s−m1 +m2 +m3)
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.



With mi = 10, 20, 30,
√
s = 100 GeV.

More intuitive to work out the end-point for the kinetic energy,

– recall the direct neutrino mass bound in β-decay:

Kmax
1 = Emax

1 −m1 =
(
√
s−m1 −m2 −m3)(

√
s−m1 +m2 +m3)

2
√
s

.

For n → p+e−ν̄e,

Kmax
e ≈ (mn −mp −me)−mν.





In general, the 3-body phase space boundaries are non-trivial.

That leads to the “Dalitz Plots”.

One practically useful formula is: A particle of mass M decays to 3 particles

M → abc.

Show that the phase space element can be expressed as

dPS3 =
1

27π3
M2dxadxb.

xi =
2Ei

M
, (i = a, b, c,

∑

i

xi = 2).

where the integration limits for ma = mb = mc = 0 are

0 ≤ xa ≤ 1, 1− xa ≤ xb ≤ 1.
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Recursion relation P → 1+ 2+ 3...+ n:

p p
n

p
n−1, n

p
1 p

2  
. . . p

n−1

dPSn(P ; p1, ..., pn) = dPSn−1(P ; p1, ..., pn−1,n)

dPS2(pn−1,n; pn−1, pn)
dm2

n−1,n

2π
.

For instance,

dPS3 = dPS2(i)
dm2

prop

2π
dPS2(f).

This is generically true, but particularly useful

when the diagram has an s-channel particle propagation.



Breit-Wigner Resonance, the Narrow Width Approximation

An unstable particle of mass M and total width ΓV , the propagator is
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An unstable particle of mass M and total width ΓV , the propagator is

R(s) =
1

(s−M2
V )2 +Γ2

VM2
V

.

the Narrow Width Approximation

1

(m2∗ −M2
V )2 +Γ2

VM2
V

≈ π

ΓVMV
δ(m2

∗ −M2
V ).

Consider a three-body decay of a top quark,

t → bW ∗ → b eν. Making use of the phase space recursion relation

and the narrow width approximation for the intermediate W boson,

show that the partial decay width of the top quark can be expressed as

(ignore spin correlations)

Γ(t → bW ∗ → b eν) ≈ Γ(t → bW ) ·BR(W → eν).



“Proof”: Consider an intermediate state V ∗

a → bV ∗ → b p1p2.

By the reduction formula, the resonant integral reads
∫ (mmax

∗ )2=(ma−mb)2

(mmin
∗ )2=(m1+m2)2

dm2
∗ .

Variable change

tan θ =
m2

∗ −M2
V

ΓVMV
,

resulting in a flat integrand over θ
∫ (mmax

∗ )2

(mmin
∗ )2

dm2
∗

(m2∗ −M2
V )

2 +Γ2
VM

2
V

=

∫ θmax

θmin

dθ

ΓVMV
.

In the limit

(m1 +m2) + ΓV ≪ MV ≪ ma −mb − ΓV ,

θmin = tan−1 (m1 +m2)2 −M2
V

ΓVMV
→ −π,

θmax = tan−1 (ma −mb)
2 −M2

V

ΓVMV
→ 0,

then the Narrow Width Approximation

1

(m2∗ −M2
V )

2 +Γ2
VM

2
V

≈ π

ΓVMV
δ(m2

∗ −M2
V ).
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(C). Matrix element: The dynamics

Properties of scattering amplitudes T (s, t, u)

• Analyticity: A scattering amplitude is analytical except:

simple poles (corresponding to single particle states, bound states etc.);

branch cuts (corresponding to thresholds).

• Crossing symmetry: A scattering amplitude for a 2 → 2 process is sym-

metric among the s-, t-, u-channels.

• Unitarity:

S-matrix unitarity leads to :

−i(T − T †) = TT †



Partial wave expansion for a+ b → 1+ 2:

M(s, t) = 16π
∞
∑

J=M

(2J +1)aJ(s)d
J
µµ′(cos θ)

aJ(s) =
1

32π

∫ 1

−1
M(s, t) dJµµ′(cos θ)d cos θ.

where µ = sa − sb, µ′ = s1 − s2, M = max(|µ|, |µ′|).
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∞
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li
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(b). kinematical thresholds: aJ(s) ∝ β
li
i β

lf
f (J = L+ S).

⇒ well-known behavior: σ ∝ β
2lf+1

f .



(D). Calculational Tools
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Event rate of a reaction:
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II. Physics at an e+e− Collider

(A.) Simple Formalism

Event rate of a reaction:

R(s) = σ(s)L, for constant L

= L
∫

dτ
dL(s, τ)

dτ
σ(ŝ), τ =

ŝ

s
.

As for the differential production cross section of two-particle a, b,

dσ(e+e− → ab)

d cos θ
=

β

32πs

∑

|M|2

where

• β = λ1/2(1,m2
a/s,m

2
b /s), is the speed factor for the out-going particles

in the c.m. frame, and pcm = β
√
s/2,

• ∑|M|2 the squared matrix element, summed and averaged over quantum

numbers (like color and spins etc.)

• unpolarized beams so that the azimuthal angle trivially integrated out,



Total cross sections and event rates for SM processes:



(B). Resonant production: Breit-Wigner formula

1

(s−M2
V )2 +Γ2

VM2
V

If the energy spread δ
√
s ≪ ΓV , the line-shape mapped out:
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(s−M2
V )2 +Γ2

VM2
V

If the energy spread δ
√
s ≪ ΓV , the line-shape mapped out:

σ(e+e− → V ∗ → X) =
4π(2j +1)Γ(V → e+e−)Γ(V → X)

(s−M2
V )

2 +Γ2
VM

2
V
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V
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(physical examples?)

If δ
√
s ≫ ΓV , the narrow-width approximation:

1

(s−M2
V )

2 +Γ2
VM

2
V

→ π

MVΓV
δ(s−M2

V ),

σ(e+e− → V ∗ → X) =
2π2(2j +1)Γ(V → e+e−)BF (V → X)

M2
V

dL(ŝ = M2
V )

d
√
ŝ

(physical examples?)
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Away from resonance

For an s-channel or a finite-angle scattering:

σ ∼ 1

s
.

For forward (co-linear) scattering:

σ ∼ 1

M2
V

ln2
s

M2
V

.

• The simplest reaction

σ(e+e− → γ∗ → µ+µ−) ≡ σpt =
4πα2

3s
.

In fact, σpt ≈ 100 fb/(
√
s/TeV)2 has become standard units to measure

the size of cross sections.



(C). Gauge boson radiation:

A qualitatively different process is initiated from gauge boson radiation,

typically off fermions:

f
f

a

pγ / f
X

’

The simplest case is the photon radiation off an electron, like:

e+e− → e+, γ∗e− → e+e−.

The dominant features are due to the result of a t-channel singularity,

induced by the collinear photon splitting:

σ(e−a → e−X) ≈
∫

dx Pγ/e(x) σ(γa → X).

The so called the effective photon approximation.



For an electron of energy E, the probability of finding a collinear photon

of energy xE is given by

Pγ/e(x) =
α

2π

1+ (1− x)2

x
ln

E2

m2
e
,

known as the Weizsäcker-Williams spectrum.

Exercise 3.3: Try to derive this splitting function.

We see that:

• me enters the log to regularize the collinear singularity;

• 1/x leads to the infrared behavior of the photon;

• This picture of the photon probability distribution is also valid for other

photon spectrum:

Based on the back-scattering laser technique, it has been proposed to

produce much harder photon spectrum, to construct a “photon collider”...



(massive) Gauge boson radiation:

A similar picture may be envisioned for the electroweak massive gauge

bosons, V = W±, Z.

Consider a fermion f of energy E, the probability of finding a (nearly)

collinear gauge boson V of energy xE and transverse momentum pT (with

respect to ~pf) is approximated by

PT
V/f(x, p

2
T ) =

g2V + g2A
8π2

1 + (1− x)2

x

p2T
(p2T + (1− x)M2

V )2
,

PL
V/f(x, p

2
T ) =

g2V + g2A
4π2

1− x

x

(1− x)M2
V

(p2T + (1− x)M2
V )2

.

Although the collinear scattering would not be a good approximation un-

til reaching very high energies
√
s ≫ MV , it is instructive to consider the

qualitative features.
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(D). Recoil mass technique:

One of the most important techniques, that distinguishes an e+e− collisions

from hadronic collisions.

Consider a process:
e+ + e− → V +X,

where V: a (bunch of) visible particle(s); X: unspecified.

Then:
pe+ + pe− = pV + pX , (pe+ + pe− − pV )2 = p2X ,

M2
X = (pe+ + pe− − pV )2 = s+M2

V − 2
√
sEV .

One thus obtain the “model-independent” inclusive measurements

a. mass of X by the recoil mass peak

b. coupling of X by simple event-count at the peak



(E). Physics at a Higgs Factory:

At peak cross section ≈ 200 fb with 5 ab−1 ⇒ 1M h0!

The key point for a Higgs factory:

Model-independent measurements on the ZZh coupling in a clean experi-

mental environment.



Consider: e+ + e− → ff̄ + h.

M2
h = (pe+ + pe− − pf − pf̄)

2 = s+M2
V − 2

√
sEff̄ .

Kinematical selection of “inclusive” signal events!



Consider: e+ + e− → ff̄ + h.

M2
h = (pe+ + pe− − pf − pf̄)

2 = s+M2
V − 2

√
sEff̄ .

Kinematical selection of “inclusive” signal events!

Marching to higher energies: 500 GeV−1 TeV:



III. Hadron Collider Physics

(A). New HEP frontier: the LHC
The Higgs discovery and more excitements ahead ...

ATLAS (90m underground) CMS



LHC Event rates for various SM processes:



LHC Event rates for various SM processes:

1034/cm2/s ⇒ 100 fb−1/yr.

Annual yield # of events = σ × Lint:

10B W±; 100M tt̄; 10M W+W−; 1M H0...

Discovery of the Higgs boson opened a new chapter of HEP!
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Unprecedented energy frontier



Theoretical challenges:

Unprecedented energy frontier

(a) Total hadronic cross section: Non-perturbative.

The order of magnitude estimate:

σpp = πr2eff ≈ π/m2
π ∼ 120 mb.



Theoretical challenges:

Unprecedented energy frontier

(a) Total hadronic cross section: Non-perturbative.

The order of magnitude estimate:

σpp = πr2eff ≈ π/m2
π ∼ 120 mb.

Energy-dependence?

σ(pp)















≈ 21.7 ( s
GeV2)

0.0808 mb, Empirical relation

< π
m2

π
ln2 s

s0
, Froissart bound.



Theoretical challenges:

Unprecedented energy frontier

(a) Total hadronic cross section: Non-perturbative.

The order of magnitude estimate:

σpp = πr2eff ≈ π/m2
π ∼ 120 mb.

Energy-dependence?

σ(pp)















≈ 21.7 ( s
GeV2)

0.0808 mb, Empirical relation

< π
m2

π
ln2 s

s0
, Froissart bound.

(b) Perturbative hadronic cross section:

σpp(S) =

∫

dx1dx2P1(x1, Q
2)P2(x2, Q

2) σ̂parton(s).



Theoretical challenges:

Unprecedented energy frontier

(a) Total hadronic cross section: Non-perturbative.

The order of magnitude estimate:

σpp = πr2eff ≈ π/m2
π ∼ 120 mb.

Energy-dependence?

σ(pp)















≈ 21.7 ( s
GeV2)

0.0808 mb, Empirical relation

< π
m2

π
ln2 s

s0
, Froissart bound.

(b) Perturbative hadronic cross section:

σpp(S) =

∫

dx1dx2P1(x1, Q
2)P2(x2, Q

2) σ̂parton(s).

• Accurate (higher orders) partonic cross sections σ̂parton(s).

• Parton distribution functions to the extreme (density):

Q2 ∼ (a few TeV )2, x ∼ 10−3 − 10−6.
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• The large rate turns to a hostile environment:

≈ 1 billion event/sec: impossible read-off !

≈ 1 interesting event per 1,000,000: selection (triggering).



Experimental challenges:

• The large rate turns to a hostile environment:

≈ 1 billion event/sec: impossible read-off !

≈ 1 interesting event per 1,000,000: selection (triggering).

≈ 25 overlapping events/bunch crossing:

. . . . . . . .

Colliding beam
n1 n2

t = 1/f

⇒ Severe backgrounds!



Triggering thresholds:

ATLAS

Objects η pT (GeV)

µ inclusive 2.4 6 (20)

e/photon inclusive 2.5 17 (26)
Two e’s or two photons 2.5 12 (15)

1-jet inclusive 3.2 180 (290)
3 jets 3.2 75 (130)
4 jets 3.2 55 (90)

τ/hadrons 2.5 43 (65)

/ET 4.9 100
Jets+/ET 3.2, 4.9 50,50 (100,100)

(η = 2.5 ⇒ 10◦; η = 5 ⇒ 0.8◦.)



Triggering thresholds:

ATLAS

Objects η pT (GeV)

µ inclusive 2.4 6 (20)

e/photon inclusive 2.5 17 (26)
Two e’s or two photons 2.5 12 (15)

1-jet inclusive 3.2 180 (290)
3 jets 3.2 75 (130)
4 jets 3.2 55 (90)

τ/hadrons 2.5 43 (65)

/ET 4.9 100
Jets+/ET 3.2, 4.9 50,50 (100,100)

(η = 2.5 ⇒ 10◦; η = 5 ⇒ 0.8◦.)

With optimal triggering and kinematical selections:

pT ≥ 30− 100 GeV, |η| ≤ 3− 5; /ET ≥ 100 GeV.



(B). Special kinematics for hadron colliders

Hadron momenta: PA = (EA,0,0, pA), PB = (EA,0,0,−pA),

The parton momenta: p1 = x1PA, p2 = x2PB.

Then the parton c.m. frame moves randomly, even by event:

βcm =
x1 − x2
x1 + x2

, or :

ycm =
1

2
ln

1+ βcm

1− βcm
=

1

2
ln

x1
x2

, (−∞ < ycm < ∞).
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Hadron momenta: PA = (EA,0,0, pA), PB = (EA,0,0,−pA),

The parton momenta: p1 = x1PA, p2 = x2PB.

Then the parton c.m. frame moves randomly, even by event:

βcm =
x1 − x2
x1 + x2

, or :

ycm =
1

2
ln

1+ βcm

1− βcm
=

1

2
ln

x1
x2

, (−∞ < ycm < ∞).

The four-momentum vector transforms as
(

E′
p′z

)

=

(

γ −γ βcm
−γ βcm γ

)(

E
pz

)

=

(

cosh ycm − sinh ycm
− sinh ycm cosh ycm

)(

E
pz

)

.

This is often called the “boost”.



One wishes to design final-state kinematics invariant under the boost:

For a four-momentum p ≡ pµ = (E, ~p),

ET =
√

p2T +m2, y =
1

2
ln

E + pz

E − pz
,

pµ = (ET cosh y, pT sinφ, pT cosφ, ET sinh y),

d3~p

E
= pTdpTdφ dy = ETdETdφ dy.
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One wishes to design final-state kinematics invariant under the boost:

For a four-momentum p ≡ pµ = (E, ~p),

ET =
√

p2T +m2, y =
1

2
ln

E + pz

E − pz
,

pµ = (ET cosh y, pT sinφ, pT cosφ, ET sinh y),

d3~p

E
= pTdpTdφ dy = ETdETdφ dy.

Due to random boost between Lab-frame/c.m. frame event-by-event,

y′ =
1

2
ln

E′ + p′z
E′ − p′z

=
1

2
ln

(1− βcm)(E + pz)

(1 + βcm)(E − pz)
= y − ycm.

In the massless limit, rapidity → pseudo-rapidity:

y → η =
1

2
ln

1+ cos θ

1− cos θ
= lncot

θ

2
.



The “Lego” plot:

A CDF di-jet event on a lego plot in the η − φ plane.



The “Lego” plot:

A CDF di-jet event on a lego plot in the η − φ plane.

φ,∆y = y2 − y1 is boost-invariant.

Thus the “separation” between two particles in an event

∆R =
√

∆φ2 +∆y2 is boost-invariant,

and lead to the “cone definition” of a jet.



(C). Characteristic observables:
Crucial for uncovering new dynamics.
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(C). Characteristic observables:
Crucial for uncovering new dynamics.

Selective experimental events

=⇒ Characteristic kinematical observables

(spatial, time, momentaum phase space)

=⇒ Dynamical parameters

(masses, couplings)

Energy momentum observables =⇒ mass parameters

Angular observables =⇒ nature of couplings;

Production rates, decay branchings/lifetimes =⇒ interaction strengths.



(D). Kinematical features:
(a). s-channel singularity: bump search we do best.

• invariant mass of two-body R → ab : m2
ab = (pa + pb)

2 = M2
R.

combined with the two-body Jacobian peak in transverse momentum:

dσ̂

dm2
ee dp2eT

∝ ΓZMZ

(m2
ee −M2

Z)
2 +Γ2

ZM
2
Z

1

m2
ee

√

1− 4p2eT/m
2
ee
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• “transverse” mass of two-body W− → e−ν̄e :

m2
eν T = (EeT + EνT)

2 − (~peT + ~pνT )
2

= 2EeTE
miss

T (1− cosφ) ≤ m2
eν.
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• H0 → W+W− → j1j2 e−ν̄e :

cluster transverse mass (I):

m2
WW T = (EW1T + EW2T)

2 − (~pjjT + ~peT + ~p miss
T )2

= (

√

p2jjT +M2
W +

√

p2eνT +M2
W )2 − (~pjjT + ~peT + ~p miss

T )2 ≤ M2
H.

where ~p miss
T ≡ ~p/T = −∑

obs ~p obs
T .
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• H0 → W+W− → e+νe e−ν̄e :

“effecive” transverse mass:

m2
eff T = (Ee1T + Ee2T + E miss

T )2 − (~pe1T + ~pe2T + ~p miss
T )2

meff T ≈ Ee1T +Ee2T +E miss
T
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• H0 → W+W− → e+νe e−ν̄e :

“effecive” transverse mass:

m2
eff T = (Ee1T + Ee2T + E miss

T )2 − (~pe1T + ~pe2T + ~p miss
T )2

meff T ≈ Ee1T +Ee2T +E miss
T

cluster transverse mass (II):

m2
WW C =

(

√

p2T,ℓℓ +M2
ℓℓ + p/T

)2

− (~pT,ℓℓ +
~p/T )

2

mWW C ≈
√

p2T,ℓℓ +M2
ℓℓ + p/T



MWW invariant mass (WW fully reconstructable): - - - - - - - -

MWW, T transverse mass (one missing particle ν): —————

Meff, T effetive trans. mass (two missing particles): - - - - - - -

MWW, C cluster trans. mass (two missing particles): ————–



MWW invariant mass (WW fully reconstructable): - - - - - - - -

MWW, T transverse mass (one missing particle ν): —————

Meff, T effetive trans. mass (two missing particles): - - - - - - -

MWW, C cluster trans. mass (two missing particles): ————–

YOU design an optimal variable/observable for the search.



• cluster transverse mass (III):

H0 → τ+τ− → µ+ ν̄τ νµ, ρ− ντ

A lot more complicated with (many) more ν′s? H
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Not really!

τ+τ− ultra-relativistic, the final states from a τ decay highly collimated:

θ ≈ γ−1
τ = mτ/Eτ = 2mτ/mH ≈ 1.5◦ (mH = 120 GeV).

We can thus take

~pτ+ = ~pµ+ + ~p ν′s
+ , ~p ν′s

+ ≈ c+~pµ+.

~pτ− = ~pρ− + ~p ν′s
− , ~p ν′s

− ≈ c−~pρ−.

where c± are proportionality constants, to be determined.
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Not really!

τ+τ− ultra-relativistic, the final states from a τ decay highly collimated:

θ ≈ γ−1
τ = mτ/Eτ = 2mτ/mH ≈ 1.5◦ (mH = 120 GeV).

We can thus take

~pτ+ = ~pµ+ + ~p ν′s
+ , ~p ν′s

+ ≈ c+~pµ+.

~pτ− = ~pρ− + ~p ν′s
− , ~p ν′s

− ≈ c−~pρ−.

where c± are proportionality constants, to be determined.

This is applicable to any decays of fast-moving particles, like

T → Wb → ℓν, b.



Experimental measurements: pρ−, pµ+, p/T :

c+(pµ+)x + c−(pρ−)x = (p/T)x,

c+(pµ+)y + c−(pρ−)y = (p/T)y.

Unique solutions for c± exist if

(pµ+)x/(pµ+)y 6= (pρ−)x/(pρ−)y.

Physically, the τ+ and τ− should form a finite angle,

or the Higgs should have a non-zero transverse momentum.
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Unique solutions for c± exist if
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Physically, the τ+ and τ− should form a finite angle,
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(b). Two-body versus three-body kinematics

• Energy end-point and mass edges:

utilizing the “two-body kinematics”

Consider a simple case:

e+e− → µ̃+R µ̃−R
with two− body decays : µ̃+R → µ+χ̃0, µ̃−R → µ−χ̃0.

In the µ̃+R -rest frame: E0
µ =

M2
µ̃R

−m2
χ

2Mµ̃R
.

In the Lab-frame:

(1− β)γE0
µ ≤ Elab

µ ≤ (1 + β)γE0
µ

with β =
(

1− 4M2
µ̃R

/s
)1/2

, γ = (1− β)−1/2.

Energy end-point: Elab
µ ⇒ M2

µ̃R
−m2

χ.

Mass edge: mmax
µ+µ− =

√
s− 2mχ.



(b). Two-body versus three-body kinematics

• Energy end-point and mass edges:

utilizing the “two-body kinematics”

Consider a simple case:

e+e− → µ̃+R µ̃−R
with two− body decays : µ̃+R → µ+χ̃0, µ̃−R → µ−χ̃0.

In the µ̃+R -rest frame: E0
µ =

M2
µ̃R

−m2
χ

2Mµ̃R
.

In the Lab-frame:

(1− β)γE0
µ ≤ Elab

µ ≤ (1 + β)γE0
µ

with β =
(

1− 4M2
µ̃R

/s
)1/2

, γ = (1− β)−1/2.

Energy end-point: Elab
µ ⇒ M2

µ̃R
−m2

χ.

Mass edge: mmax
µ+µ− =

√
s− 2mχ.

Same idea can be applied to hadron colliders ...



Consider a squark cascade decay:

�

~q

~�

0
1

l

+

q

~�

0
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�

1st edge : Mmax(ℓℓ) = Mχ0
2
−Mχ0

1
;

2nd edge : Mmax(ℓℓj) = Mq̃ −Mχ0
1
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(c). t-channel singularity: splitting.

• Gauge boson radiation off a fermion:

The familiar Weizsäcker-Williams approximation

f
f

a

pγ / f
X

’

σ(fa → f ′X) ≈
∫

dx dp2T Pγ/f(x, p
2
T ) σ(γa → X),

Pγ/e(x, p
2
T ) =

α

2π

1+ (1− x)2

x

(

1

p2T

)

|Eme
.



(c). t-channel singularity: splitting.

• Gauge boson radiation off a fermion:

The familiar Weizsäcker-Williams approximation

f
f

a

pγ / f
X

’

σ(fa → f ′X) ≈
∫

dx dp2T Pγ/f(x, p
2
T ) σ(γa → X),

Pγ/e(x, p
2
T ) =

α

2π

1+ (1− x)2

x

(

1

p2T

)

|Eme
.

† The kernel is the same as q → qg∗ ⇒ generic for parton splitting;

† The form dp2T/p
2
T → ln(E2/m2

e) reflects the collinear behavior.



• Generalize to massive gauge bosons:

PT
V/f(x, p

2
T ) =

g2V + g2A
8π2

1 + (1− x)2

x

p2T
(p2T + (1− x)M2

V )2
,

PL
V/f(x, p

2
T ) =

g2V + g2A
4π2

1− x

x

(1− x)M2
V

(p2T + (1− x)M2
V )2

.



• Generalize to massive gauge bosons:

PT
V/f(x, p

2
T ) =

g2V + g2A
8π2

1 + (1− x)2

x

p2T
(p2T + (1− x)M2

V )2
,

PL
V/f(x, p

2
T ) =

g2V + g2A
4π2

1− x

x

(1− x)M2
V

(p2T + (1− x)M2
V )2

.

Special kinematics for massive gauge boson fusion processes:

For the accompanying jets,

At low-pjT ,

p2jT ≈ (1− x)M2
V

Ej ∼ (1− x)Eq

}

forward jet tagging

At high-pjT ,

dσ(VT )
dp2jT

∝ 1/p2jT

dσ(VL)
dp2jT

∝ 1/p4jT















central jet vetoing

has become important tools for Higgs searches, single-top signal etc.



(E). Charge forward-backward asymmetry AFB:

The coupling vertex of a vector boson Vµ to an arbitrary fermion pair f

i
L,R
∑

τ
gfτ γµ Pτ → crucial to probe chiral structures.

The parton-level forward-backward asymmetry is defined as

A
i,f
FB ≡ NF −NB

NF +NB
=

3

4
AiAf ,

Af =
(g

f
L)

2 − (g
f
R)

2

(g
f
L)

2 + (g
f
R)

2
.

where NF (NB) is the number of events in the forward (backward) direction

defined in the parton c.m. frame relative to the initial-state fermion ~pi.



At hadronic level:

ALHC
FB =

∫

dx1
∑

q A
q,f
FB

(

Pq(x1)Pq̄(x2)− Pq̄(x1)Pq(x2)
)

sign(x1 − x2)
∫

dx1
∑

q

(

Pq(x1)Pq̄(x2) + Pq̄(x1)Pq(x2)
) .
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Perfectly fine for Z/Z ′-type:

In pp̄ collisions, ~pproton is the direction of ~pquark.

In pp collisions, however, what is the direction of ~pquark?



At hadronic level:

ALHC
FB =

∫

dx1
∑

q A
q,f
FB

(

Pq(x1)Pq̄(x2)− Pq̄(x1)Pq(x2)
)

sign(x1 − x2)
∫

dx1
∑

q

(

Pq(x1)Pq̄(x2) + Pq̄(x1)Pq(x2)
) .

Perfectly fine for Z/Z ′-type:

In pp̄ collisions, ~pproton is the direction of ~pquark.

In pp collisions, however, what is the direction of ~pquark?

It is the boost-direction of ℓ+ℓ−.



How about W±/W ′±(ℓ±ν)-type?
In pp̄ collisions, ~pproton is the direction of ~pquark,

AND ℓ+ (ℓ−) along the direction with q̄ (q) ⇒ OK at the Tevatron,



How about W±/W ′±(ℓ±ν)-type?
In pp̄ collisions, ~pproton is the direction of ~pquark,

AND ℓ+ (ℓ−) along the direction with q̄ (q) ⇒ OK at the Tevatron,

But: (1). cann’t get the boost-direction of ℓ±ν system;

(2). Looking at ℓ± alone, no insight for WL or WR!



How about W±/W ′±(ℓ±ν)-type?
In pp̄ collisions, ~pproton is the direction of ~pquark,

AND ℓ+ (ℓ−) along the direction with q̄ (q) ⇒ OK at the Tevatron,

But: (1). cann’t get the boost-direction of ℓ±ν system;

(2). Looking at ℓ± alone, no insight for WL or WR!

In pp̄ collisions: (1). a reconstructable system

(2). with spin correlation → only tops W ′ → t̄b → ℓ±ν b̄:
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(F). CP asymmetries ACP :

To non-ambiguously identify CP -violation effects,

one must rely on CP-odd variables.



(F). CP asymmetries ACP :

To non-ambiguously identify CP -violation effects,

one must rely on CP-odd variables.

Definition: ACP vanishes if CP-violation interactions do not exist

(for the relevant particles involved).

This is meant to be in contrast to an observable:

that’d be modified by the presence of CP-violation,

but is not zero when CP-violation is absent.

e.g. M(χ± χ0), σ(H0, A0), ...



(F). CP asymmetries ACP :

To non-ambiguously identify CP -violation effects,

one must rely on CP-odd variables.

Definition: ACP vanishes if CP-violation interactions do not exist

(for the relevant particles involved).

This is meant to be in contrast to an observable:

that’d be modified by the presence of CP-violation,

but is not zero when CP-violation is absent.

e.g. M(χ± χ0), σ(H0, A0), ...

Two ways:

a). Compare the rates between a process and its CP-conjugate process:

R(i → f)−R(̄i → f̄)

R(i → f) +R(̄i → f̄)
, e.g.

Γ(t → W+q)− Γ(t̄ → W−q̄)
Γ(t → W+q) + Γ(t̄ → W−q̄)

.



b). Construct a CP-odd kinematical variable for an initially CP-eigenstate:

M ∼ M1 +M2 sin θ,

ACP = σF − σB =

∫ 1
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b). Construct a CP-odd kinematical variable for an initially CP-eigenstate:

M ∼ M1 +M2 sin θ,

ACP = σF − σB =

∫ 1

0

dσ

d cos θ
d cos θ −

∫ 0

−1

dσ

d cos θ
d cos θ

E.g. 1: H → Z(p1)Z
∗(p2) → e+(q1)e

−(q2), µ+µ−

Z 
µ
( p

1
)

Z 
ν
( p

2
)

h

Γµν
( p

1
, p

2
)

Γµν(p1, p2) = i
2

v
h[a M2

Zg
µν+b (p

µ
1p

ν
2 − p1 · p2gµν)+b̃ ǫµνρσp1ρp2σ]

a = 1, b = b̃ = 0 for SM.

In general, a, b, b̃ complex form factors,

describing new physics at a higher scale.



For H → Z(p1)Z
∗(p2) → e+(q1)e

−(q2), µ+µ−, define:

OCP ∼ (~p1 − ~p2) · (~q1 × ~q2),

or cos θ =
(~p1 − ~p2) · (~q1 × ~q2)

|~p1 − ~p2||~q1 × ~q2)|
.



For H → Z(p1)Z
∗(p2) → e+(q1)e

−(q2), µ+µ−, define:

OCP ∼ (~p1 − ~p2) · (~q1 × ~q2),

or cos θ =
(~p1 − ~p2) · (~q1 × ~q2)

|~p1 − ~p2||~q1 × ~q2)|
.

E.g. 2: H → t(pt)t̄(pt̄) → e+(q1)ν1b1, e−(q2)ν2b2.

−mt

v
t̄(a+ bγ5)t H

OCP ∼ (~pt − ~pt̄) · (~pe+ × ~pe−).

thus define an asymmetry angle.
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A general phenomenological Approach: (mine)

– From a theory to experimental predictions

When I have (or encounter) a favorite theory, how do I carry out

the phenomenology (to the end)?

• Grasp the key points of the theory:

(motivation, and its key consequences)

EWSB ⇒ Higgs or WLWL scattering.

SUSY ⇒ s-particles.

Little Higgs ⇒ heavy T plus WH, ZH.

• Display the key structure of the theory:

(new particle spectrum, interactions, basic parameters L)
EWSB ⇒ mH and WLWL interactions.

full interaction Lagrangian
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• Identify the most characteristic state for signal observation:

EWSB ⇒ Higgs or WLWL interactions.

SUSY ⇒ LSP, g̃, t̃, χ̃...

Little Higgs ⇒ heavy T , and WH, ZH.

• Identify the best signal channels and calculate the S/B:

(in tersm of the production rate, signal identification versu background...)

EWSB ⇒ gg → H,WW → H...,H → b̄b,WW...

SUSY ⇒ LSP, g̃, t̃, χ̃...

Little Higgs ⇒ gg → T T̄ , Wb → T , DY WH , ZH.

• Either start a topic or finish a topic !

– In Choosing a Research Project:

• Follow the trend, work on things topical

• Pick a well-defined, concrete issue (Don’t have to be LARGE!)

• Something impactful, long-lasting (no “ambulance chasing”!)

• Always have ONE point to make

• Send out only when it cannot be improved (by anyone!)
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We are in a “data-rich” era:

muon g − 2; µ → eγ...; neutron/electron EDMs;

Neutrino masses and mixing;

B-Factories: Rare decays and CP violation;

Nucleon stability;

Underground Lab: Direct dark matter searches;

Astro-particle observation: Indirect dark matter searches;

Yet more to come:

LHC: precision Higgs studies, comprehensive new particle searches...

ILC (CEPC?) Higgs factory, top sector, and new light particles...

LHC Will Dominate for the Next 20 Years!


