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Introduce the light cone vectors ny and n»

1

m =(1,0,0,1), n2—§(100 1), nf=n, =nmnp=1

For any p define p*
1 _
p*=m&=509+f), p~ =pn =p° - p?,
p? =2p*p” - p?
The scalar products:

p=pni+pn+p, (pk)=p'k,=p k +p k" - pk.
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Wilson line describing interaction with external field b,” made of
slow gluons with p* < "

. %) _ - 4 .
Ul = pei9 - oz bi(20) = / (Zw,))“e’pzb (p)6(e"—p").
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Introduction

Dipole picture s > Q2 > A3,

1
oy (6, @) = [ APV, (1, Q)P agp(t ), oap(r.s) =2 [ db(i — < -F(br.s)
c

r =rqy — rg —dipole size, b = %(n + ry) — impact parameter, F = tr(U; UZT), — dipole Green function,
U; = U" — Wilson lines, describing fast moving quarks interacting with the target.
i i 1¢]

n — rapidity divide, gluons with p* > e belong to photon wavefunction, gluons with p* < e" belong to Wilson

lines, describing the field of the target.
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Introduction

tr( Uy U;) obeys the LO Balitsky-Kovchegov evolution equation

otr(UiUf)  as 73 ; ; ;
=5 dr4?1§r4§ [tr(U1U)tr(U4U) thr(u1uz)}.

=TT
LO equation was obtained in 1996 (Balitsky) - 99 (Kovchegov),
NLO —in 2007-2010 (Balitsky and Chirilli).
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For a fast moving particle with the velocity —3 and the field
strength tensor F(x™, x—, X) in its rest frame, in the observer’s
frame the field will look like

. . N 1 .
'yt y .Y)=AF (Ayﬂxy J) =y F (),

in the Regge limit A — 400, A = /125.
Therefore the natural choice for the gauge is b+ = 0,

b~ is the solution of the equations

It is the shock-wave field.

A.V. Grabovsky NLO low x evolution equations for 4-point colorless operators



Propagator in the shock wave background

Choose the gluon field A in the gauge An, = 0 as a sum of
external classical b and quantum A.

A=A+b, b"(x)=3(x")B(Z)n.

The A-b interaction lagrangian has only one vertex

g 9
. I racb c B a Y
L 2f (b7)°gT Aaax—Aﬁ .

The free propagator G5”(x*, p*, p) =

_ _d(g“/ (p+a pJ_)

52,0+
opr € (B(P") ~ 0(-x (P g

pins +pin  npngp?
p+ (p+)?

d)” (p) = g" —
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Propagator in the shock-wave background
TOOO0000" + @mgm + @W +oee

@ b does not depend on x—, hence the conservation of p*,
520t _\t
P ) . .
@ b~ d(x"), hence e 20" — 1in every internal vertex,
® g'"dv,,g" = g\?, hence no dependence on p —

conservation of X in every internal vertex

Sum the diagrams

Propagator in the shock-wave background:

' U, T
G (XYl w0y- = 21A1(x) [ d20(2")F ¥ (2) Z5F 1 (2) A% 9).
9z~

where the interaction with b is through Wilson line

. + =
U; = Pel9Jyr 92707 (277)
5 .
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Dipole picture

ﬂ A~ St

y

<[] T
!

Color field of a fast moving particle A~ ~ §(z)A"(z,)
A(z, ) contains slow components with rapidities < 7

Quark propagator in such an external field G(x, y) ~ U"(z,)

DIS matrix element contains a Wilson loop = color dipole
operator U, = tr(U"(z1,)U" (25, )). Balitsky 1996
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Balitsky derivation of the BK equation

To derive the evolution equation we have to change n — n+ An
and integrate over the fields with the rapidities in the strip An

(0| T(Upy'el [ £2%2)|0)

m+An _ m
Yz = Ui b g rer T e@a) )

oul,  as Z2
2 =55 | i (UL UL — NeUS ).
on ~ 2n? 213242 12
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Dipole picture, Evolution equation for
BK equation for dipole quadrupole operator
tf(U1 Ug) IT(U1 U2TU3U1)
and double dipole operator
tr(Us UY)tr(Us Uj)
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LO Evolution equation for quadrupole

tl’(U,lJ/TUkU/T) = UijT.__lea

Jalilian-Marian Kovchegov Dumitru 2004, 2010
Dominguez Mueller Munier Xiao 2011

—

Migiaa _ as [gp [ Na” UgioU 01
“on 42 Io ﬁ( 101 Uozraar + UsgigUqz2i30t — (0 — 1))

Ro“r.
r122
+=—5=— (U1t Uozraar + UzigU1gizar — (0 — 1))
F102r202
Io4?
— 55275 (UtotUpziasr + UspiUgsriar — (0 — 4))
22021402
M5 (UaioUsaiaor + UpioU (0 1))
D7, o2T502 | 410121301 2toYsat 1ot

+(1+ 3,2+ 4)}.
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LO Evolution equation for double dipole

tr(UUY . UcUT) = Ui,
Follows from Balitsky 1996

Uy
on

— = 2 2 92 2 92
Qg - r132 23 M4 24
o5 A2 5 555 33t 5575
4r ro“rso r0<r3o ro<rao ra0=ra0

* (Uzt1atg + Uataats — Uniroraaro — Uzroatsott):

OUyi3
on

OU151Ugyi

an + Uypiy

=Uyts
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Color algebra relations

Dipole limits, e.g. 7y — 13, etc:
Ui2tUsgt — NeUyar, Uiatasr — Uy

SU(3) relation at N, = 3:

Bi23 = Uyt Ugpt — Uqpigor

where Bjo3 is the 3-quark Wilson loop (baryon) operator
defined as N o
Biag = "1 ejp Uy Uy Uly-

All these relations are satisfied by the corresponding evolution
equations.

Evolution equation for B: LO Gerasimov Grabovsky 2012, NLO
Balitsky Grabovsky 2014
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NLO corrections

NLO evolution of 1 and 2 Wilson lines with open indices from
Balitsky and Chirilli 2013
NLO evolution of 3 Wilson lines Grabovsky 2013

2 2
(Koo © Usgrsur) = g% [ diads (Gy+Ga)+ o [ d (G + @),

A.V. Grabovsky NLO low x evolution equations for 4-point colorless operators



NLO corrections: symmetric part

Gs1 = ({Uoizat1siozts — UsioUztsUoraats — (5 = 0)} 4 (5 > 0)) (L12 + Lsz — L13)
+ ({Uot1stoztaats — UoisUst1Uztaaio — (5 = 0)} + (5 <+ 0)) (L12 + L1a — Laz),

) is+U t U isUst
Gq :({ 0734112 SNC 2134115T0 OTSNg 3411 U2T5U01‘34T1 _ (5 - 0)} + (5 o 0))
c

1 1
X5 (LYo + L3, — Lf5) + > (L3, + LY, — L)
) is + U + Uyi5Ust
><({ 0712134 SNC 2734t15T0 0T5N§ 3411 U5T1U2734T0 _ (5 N 0)} + (5 PN 0))7
c

2Gso=(Upt 1510213415 — UprsUsi Uzragio + (5 <> 0)) (M* + M;% 4 (5 «» 0))
+ (Ugraatrstozts — UsioUzisUprasts + (5 <> 0)) (M + M5' + (5 «» 0))
+ (Uoraatszrostt — Uot1UzsUstosts + (5 ¢+ 0)) (MP* — ME* + Mg® — Mz° + (5 - 0);
+ (Ugtastozrsatt — UotaUzisUgtisio + (5 ¢ 0)) (M5* — ME* + Mg" — M" + (5 - 0);
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NLO corrections: antisymmetric part

Ga - Ga1 + Ga2 + Ga34

Gat=(Ugi1UaisUsiosts + Upiaaisarostt — (5 ¢ 0)) (M3 — MS* — M + Mi®)

+ (Ugi3UaisUsi1sto + Upiasioarsars — (5 ¢+ 0)) (M3° — Mp* — M52 + Mg")
+(1+ 3,2+ 4).

1

Ga2:§ (Ustaatistoars — (5 <> 0)) (Lis + 2Mz1 — 2Mes — M;” + M5' — (5 ¢ 0))
1

+5 (Uptsstoziaars — (5 <> 0)) (Lez — 2Miz + 2Mys + Mz* — MiZ — (5 < 0))

2
+(1+ 3,2+ 4).

—_

Gas=15 (UpisUst1Uzigato — (5 4 0)) (Liz + Lig — 2Mog + M3* + Mi? — (5 <+ 0))
1

+3 (UsoUztsUgiaats — (5 > 0)) (Lot + Log — 2Mys + M2 + M5' — (5 < 0))
+(1+ 3,2+ 4).
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NLO correction

Pomeron contribution L12(0 <+ 5) = Ly2

= 4 - 2 - 2= 2 - 2= 2

L |V el (1 1 N\ e Toehs t+lories

T | Ror2hs? —Tp?his? \ 8 \Toi2fss? | Fophs?) | Tos? 475
017125 027115 017125 027115 05 05

+7122 1 1 In To12Fas® n 1
8ros2 \ T2?hs2  To12Fas2 Fi52T022 2ros*

2-point contribution to odderon L12(0 «» 5) = —Ly2

2 2 2 2 2 22 2
j_ T Fio 1 1 lo1° 25
12 = G5 |55 55 35> 5 = 55 5= 5 = 55 5= e .
8 | 1012022115252 012 1o52 52 F022 10521152 F152 1022

Nonconformal structure

=

012002 P252 1352 T0121052T25%T352  T012T0221052F35%  Fo12 1052 F352

1 To2?
x—In( =2 ).
4 f252

2 22 2 2 22 2 2 22 2 = 2
[y ( r2"r23 5" I23 03" 2 3 )
b° =
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NLO corrections: 5-functional contribution

2 2
rq
Gs =55 5= 2M1B4 (U0t Ugzizat + UsigUqatg0r — (0 — 1))
f1o a0

Fi22
+5—55—

>z -182 (Us01 U234t + UaroUioraer — (0 — 1))
o I’20

2

r:
—ﬁ/\ﬂi (Utot Ugziaar 4 Uspr Upargot — (0 — 4))
r32
21021302
+(1 < 3,2 4).

o 5) 0 8) ()
2 i? rs fo1/ \foz  To1

(11 2 1 _(m_2n W) o
1= (5 sm) a3 s (s )*s 3 o w

Mfs (UsroU12t30t + UaigUszsr1ot — (0 — 1))
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NLO corrections: 1gluon contribution

G =G + Go.
2 2 2 = 2 2 2
Ne (Uyi,U UyiaUyiy) Fa n I3 s r24
=—(Uyt T + 7 S5 5 T T o9 5 T oo
4 \TAmTRE 4retem 1027402 2021302 Fi02F302 202402

— - — - 2 - 2 - 2
<IN Fi0? In Fao? i fis? " o4 I __he
7.2 702 7 02F2 | PBoo2la?  Tan2l?  Pon2Fio2
12 12 10130 20140 30140 20°M10
2 2 = 2
Iz . 2 17 A IZ
xIn (22 )in( 20 In 2° In a0’ +1In o* In o’
F142 142 f242 I’242 I’132 Fi32
= 2 = 2
r- r-
ro“rzo ro“rao

fi2? fro° 02\ , No
G=-—>>In (T) In (T) - (2NeUsia411 — Upi1Uztaaio — UzioUst1ots)
02202 Fi2? r122 2

+ (Ust1otaato — UzroUstsUpry — (0 — 1))}

A’y (T2 gy (o (Ne on,u Uy, U U.ioUsia011)
= 57 5 > 5 ry t34t1 — t 3410 — T t30f
I’102I’40 f14 f142 2 Cc™213411 011%273470 470273071

+ (Ustgot1ato — UgtoUoatsUpry — (0 — 1))}
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NLO corrections: 1gluon contribution

1 I3 Fro? f30 24 ro° | I
2 \ I1?F30? 1’132 32 T202T0 24 24
X {(UgtoUzt1 + Ust1Uz10)Upts — Uztoat 10t — Uatostsors — (0 — 3)}

+{UotoUst1Ugtz — UztoUgt1Usat + Ustiotaato — Uotaatoats }

22 oo 22 202
y 1 (I’zs _he ) n Fo? In 30_ F3o? i 1 <f14 _he ) n Fo? In 40~ Fao?
2r02 \ o2 Tro? Fis?  Fa? | 2FRo? \Tw? o2 Foa? a2

X {Uz13U410Ugt1 — UatgUot1Usat + Untigtaato — Uotiatonta}

+ {Usi0Uz2i1Uoiz — NeUzioUsr101s + Uzraars — Usioaiaort }
- 2 22 22 -2 22 2o 22 =02
1 23 ns o 2o 1 rNa g Mo 2o
2302 \ o o 22 = rf2 20202 \ Fo 2o 22 = 2
X {UstoU2t1Uots — NeUot1Uztaato + Uztaatt — Uzrostsort}
+ {UztoUst1Ugts — NeUgtUqor30t + Uziaaty — Uotostrora}
22 =02 22 =2 22 =202 22 22
1 T34 T3 o T30 1 2 24 o T30
X = =% T 7 5 |nT2nT2+ = =% T 7 5 |nT2nT2
2r30 a0 o ra ra 2r20 Mo I10 ra ra

X {UptqUst1Uptz — NeUgt1Ugataar + Uaiaats — Uatgatiora) + (1 <> 3,2 <> 4).
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Conformal basis

Rewrite the results via the conformal operators (Balitsky Chirilli
2009, Kovner Lublinsky Mullian 2014)

oot — 04 199
72 72 F2a\ o’
2 0n | 4y — 2y In( S35
r.-r. r.=r. r.=r.
im-in m-in m-in

E. g. the conformal dipole reads

2 7.2
conf anz
U g% [t in (22 ) (Unolrs — Mol

The evolution equation in the conformal basis is
quasi-conformal, i.e. has nonconformal terms only ~ f.
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Results

@ The nonlinear NLO low-x evolution equation for a
quadrupole and a double dipole Green functions satisfying
all the color identities.

@ Transformation of the NLO equations to the
quasi-conformal form.
Plans

@ NLO evolution equation for Weizsacker-Williams gluon

distribution xG ~ tr(24 UL 522 UY).
1 !

Thank you for your attention
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