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Electromagnetic Þeld in HIC
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In high energy heavy ion collisions +ve charged nucleus 
collide at a speed~c -> produce intense magnetic Þelds
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sNNMid central        =200GeV Au+Au collisions -> B~10 18Gauss



Field of a moving charge
Magnetic ÞeldElectric Þeld
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   At relativistic speed 
- Transverse components dominates 
- Field rapidly fall off as we move away from charge along z  
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Impact parameter and beam energy 
dependence of magnetic Þeld

Au+Au @ 200 GeV
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V Roy et al, PRC 92,064902

Au+Au ; b=10 fm 

Deng et al., P.R.C85 (2012) 044907



Effect of electromagnetic Þeld

¥  Electric charge separation in a chiral imbalanced medium.  
  a.k.a Chiral Magnetic Effect (CME)  

¥ Di-lepton and photon productions are changed
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kharzeev et al Nucl Phys. A803

K Tuchin PRC 88.024910 
PRC 83,017901

What is the effect of the magnetic Þeld on QGP evolution ? 
How electromagnetic Þeld evolves in conducting QGP?

Elliptic ßow @ 200 GeV Au+Au

eB = 10m2
!

Red line Ñ> without magnetic Þeld 

Reduced Ideal MHD simulation 

No          correction in Cooper-Frye

V Roy et al PRC
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Distribution function in 
magnetic Þeld 
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Cooper-Frey formula is ill deÞned for this case 

d3N
d3p

=
!

f 0(p)pµ d! µ
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Gauge freedom for choosing Aµ
<latexit sha1_base64="/FQzTHWZxvBomarSo3TCOmzGhHY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvUi8cIrgkka5idzCZDZmaXeQhhyUd48aDi1f/x5t84SfagiQUNRVU33V1xxpk2vv/tLS2vrK6tlzbKm1vbO7uVvf0HnVpFaEhSnqpWjDXlTNLQMMNpK1MUi5jTZjy8mfjNJ6o0S+W9GWU0ErgvWcIINk5qXj3mHWHH3UrVr/lToEUSFKQKBRrdylenlxIrqDSEY63bgZ+ZKMfKMMLpuNyxmmaYDHGfth2VWFAd5dNzx+jYKT2UpMqVNGiq/p7IsdB6JGLXKbAZ6HlvIv7nta1JLqKcycwaKslsUWI5Mima/I56TFFi+MgRTBRztyIywAoT4xIquxCC+ZcXSXhau6z5d2fV+nWRRgkO4QhOIIBzqMMtNCAEAkN4hld48zLvxXv3PmatS14xcwB/4H3+AMw7j2g=</latexit><latexit sha1_base64="/FQzTHWZxvBomarSo3TCOmzGhHY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvUi8cIrgkka5idzCZDZmaXeQhhyUd48aDi1f/x5t84SfagiQUNRVU33V1xxpk2vv/tLS2vrK6tlzbKm1vbO7uVvf0HnVpFaEhSnqpWjDXlTNLQMMNpK1MUi5jTZjy8mfjNJ6o0S+W9GWU0ErgvWcIINk5qXj3mHWHH3UrVr/lToEUSFKQKBRrdylenlxIrqDSEY63bgZ+ZKMfKMMLpuNyxmmaYDHGfth2VWFAd5dNzx+jYKT2UpMqVNGiq/p7IsdB6JGLXKbAZ6HlvIv7nta1JLqKcycwaKslsUWI5Mima/I56TFFi+MgRTBRztyIywAoT4xIquxCC+ZcXSXhau6z5d2fV+nWRRgkO4QhOIIBzqMMtNCAEAkN4hld48zLvxXv3PmatS14xcwB/4H3+AMw7j2g=</latexit><latexit sha1_base64="/FQzTHWZxvBomarSo3TCOmzGhHY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvUi8cIrgkka5idzCZDZmaXeQhhyUd48aDi1f/x5t84SfagiQUNRVU33V1xxpk2vv/tLS2vrK6tlzbKm1vbO7uVvf0HnVpFaEhSnqpWjDXlTNLQMMNpK1MUi5jTZjy8mfjNJ6o0S+W9GWU0ErgvWcIINk5qXj3mHWHH3UrVr/lToEUSFKQKBRrdylenlxIrqDSEY63bgZ+ZKMfKMMLpuNyxmmaYDHGfth2VWFAd5dNzx+jYKT2UpMqVNGiq/p7IsdB6JGLXKbAZ6HlvIv7nta1JLqKcycwaKslsUWI5Mima/I56TFFi+MgRTBRztyIywAoT4xIquxCC+ZcXSXhau6z5d2fV+nWRRgkO4QhOIIBzqMMtNCAEAkN4hld48zLvxXv3PmatS14xcwB/4H3+AMw7j2g=</latexit>

De Groot Relativistic kinetic theory

f m (p) =
1

(2! )3 exp(! " [(pµ + qAµ ) uµ ! µ])
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Alternative way to Þnd 
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Use Boltzmann transport equation to Þnd 

! f
f 0

<< 1
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Assume the correction         to be small ! f
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Here we use simplest yet effective method Relaxation 
time approximation to calculate the  ! f

<latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit><latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit><latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit>

f m (p)
<latexit sha1_base64="qPy6h7sahLecie6BS4b0z5jsvoU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7i7kYooX/CiwcVr/4eb/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77SeqNIvlvZkkNBB4KFnECDZW6kT9TEzryWm/WnMb7gxomXgFqUGBVr/61RvEJBVUGsKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LZVYUB1ks3un6MQqAxTFypY0aKb+nsiw0HoiQtspsBnpRS8X//O6qYkug4zJJDVUkvmiKOXIxCh/Hg2YosTwiSWYKGZvRWSEFSbGRlSxIXiLLy8T/6xx1XDvzmvN6yKNMhzBMdTBgwtowi20wAcCHJ7hFd6cR+fFeXc+5q0lp5g5hD9wPn8AFiaPiA==</latexit><latexit sha1_base64="qPy6h7sahLecie6BS4b0z5jsvoU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7i7kYooX/CiwcVr/4eb/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77SeqNIvlvZkkNBB4KFnECDZW6kT9TEzryWm/WnMb7gxomXgFqUGBVr/61RvEJBVUGsKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LZVYUB1ks3un6MQqAxTFypY0aKb+nsiw0HoiQtspsBnpRS8X//O6qYkug4zJJDVUkvmiKOXIxCh/Hg2YosTwiSWYKGZvRWSEFSbGRlSxIXiLLy8T/6xx1XDvzmvN6yKNMhzBMdTBgwtowi20wAcCHJ7hFd6cR+fFeXc+5q0lp5g5hD9wPn8AFiaPiA==</latexit><latexit sha1_base64="qPy6h7sahLecie6BS4b0z5jsvoU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBahXkoignorevFYwdhCG8pmu2mX7m7i7kYooX/CiwcVr/4eb/4bN20O2vpg4PHeDDPzwoQzbVz32ymtrK6tb5Q3K1vbO7t71f2DBx2nilCfxDxWnRBrypmkvmGG006iKBYhp+1wfJP77SeqNIvlvZkkNBB4KFnECDZW6kT9TEzryWm/WnMb7gxomXgFqUGBVr/61RvEJBVUGsKx1l3PTUyQYWUY4XRa6aWaJpiM8ZB2LZVYUB1ks3un6MQqAxTFypY0aKb+nsiw0HoiQtspsBnpRS8X//O6qYkug4zJJDVUkvmiKOXIxCh/Hg2YosTwiSWYKGZvRWSEFSbGRlSxIXiLLy8T/6xx1XDvzmvN6yKNMhzBMdTBgwtowi20wAcCHJ7hFd6cR+fFeXc+5q0lp5g5hD9wPn8AFiaPiA==</latexit>

We also assume the ßuid has non-zero shear viscosity



Boltzmann equation in RTA
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!
vi pj

! Vi

! xj
!

1
3

vl pl " áV
" !

! f 0

!"

"
= !

#f
$

+ q%ijk vj Bk
!# f
! pi

<latexit sha1_base64="b5/B8JL5Ou4vG9m4NAG/nA4fPWQ="></latexit><latexit sha1_base64="b5/B8JL5Ou4vG9m4NAG/nA4fPWQ="></latexit><latexit sha1_base64="b5/B8JL5Ou4vG9m4NAG/nA4fPWQ="></latexit>

Linearised Boltzmann equation in relaxation time approximation 

pl =
!
vl

<latexit sha1_base64="5UQMUKEfgWtMtIVVrBfe9BHN8PA=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1INQ9OKxgrGFJpbNdtMu3WyW3U2hhJy8+Fe8eFDx6n/w5r9x0+agrQ8GHu/NMDMvFIwq7Tjf1sLi0vLKamWtur6xubVt7+zeqySVmHg4YYlsh0gRRjnxNNWMtIUkKA4ZaYXD68JvjYhUNOF3eixIEKM+pxHFSBupax9A8ZCx/NKPJMKZT4SiLOF5NirUvGvXnLozAZwnbklqoESza3/5vQSnMeEaM6RUx3WEDjIkNcWM5FU/VUQgPER90jGUo5ioIJu8kcMjo/RglEhTXMOJ+nsiQ7FS4zg0nTHSAzXrFeJ/XifV0XmQUS5STTieLopSBnUCi0xgj0qCNRsbgrCk5laIB8gEok1yVROCO/vyPPFO6hd15/a01rgq06iAfXAIjoELzkAD3IAm8AAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/APA+maU=</latexit><latexit sha1_base64="5UQMUKEfgWtMtIVVrBfe9BHN8PA=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1INQ9OKxgrGFJpbNdtMu3WyW3U2hhJy8+Fe8eFDx6n/w5r9x0+agrQ8GHu/NMDMvFIwq7Tjf1sLi0vLKamWtur6xubVt7+zeqySVmHg4YYlsh0gRRjnxNNWMtIUkKA4ZaYXD68JvjYhUNOF3eixIEKM+pxHFSBupax9A8ZCx/NKPJMKZT4SiLOF5NirUvGvXnLozAZwnbklqoESza3/5vQSnMeEaM6RUx3WEDjIkNcWM5FU/VUQgPER90jGUo5ioIJu8kcMjo/RglEhTXMOJ+nsiQ7FS4zg0nTHSAzXrFeJ/XifV0XmQUS5STTieLopSBnUCi0xgj0qCNRsbgrCk5laIB8gEok1yVROCO/vyPPFO6hd15/a01rgq06iAfXAIjoELzkAD3IAm8AAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/APA+maU=</latexit><latexit sha1_base64="5UQMUKEfgWtMtIVVrBfe9BHN8PA=">AAACBXicbVBNS8NAEN34WetX1KMIi0XwVBIR1INQ9OKxgrGFJpbNdtMu3WyW3U2hhJy8+Fe8eFDx6n/w5r9x0+agrQ8GHu/NMDMvFIwq7Tjf1sLi0vLKamWtur6xubVt7+zeqySVmHg4YYlsh0gRRjnxNNWMtIUkKA4ZaYXD68JvjYhUNOF3eixIEKM+pxHFSBupax9A8ZCx/NKPJMKZT4SiLOF5NirUvGvXnLozAZwnbklqoESza3/5vQSnMeEaM6RUx3WEDjIkNcWM5FU/VUQgPER90jGUo5ioIJu8kcMjo/RglEhTXMOJ+nsiQ7FS4zg0nTHSAzXrFeJ/XifV0XmQUS5STTieLopSBnUCi0xgj0qCNRsbgrCk5laIB8gEok1yVROCO/vyPPFO6hd15/a01rgq06iAfXAIjoELzkAD3IAm8AAGj+AZvII368l6sd6tj2nrglXO7IE/sD5/APA+maU=</latexit>

l-th component of momentum

can be written as ! f(p) = !
!

" f0

"#

"
Cijkl (#)vi pj V kl ,! f (p)

<latexit sha1_base64="HPoGCPdfJ/+qEAdMY/1c03phPAI=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lEUG9FLx4rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/nZXVtfWNzcpWdXtnd2+/dnD4aFSuKfOpEkp3I2KY4JL5wEGwbqYZSSPBOtHodup3npg2XMkHGGcsTMlA8oRTAlYKejETQHDSyM76tbrbdGfAy8QrSR2VaPdrX71Y0TxlEqggxgSem0FYEA2cCjap9nLDMkJHZMACSyVJmQmL2ckTfGqVGCdK25KAZ+rviYKkxozTyHamBIZm0ZuK/3lBDslVWHCZ5cAknS9KcoFB4en/OOaaURBjSwjV3N6K6ZBoQsGmVLUheIsvLxP/vHnddO8v6q2bMo0KOkYnqIE8dIla6A61kY8oUugZvaI3B5wX5935mLeuOOXMEfoD5/MHs0WQaA==</latexit><latexit sha1_base64="HPoGCPdfJ/+qEAdMY/1c03phPAI=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lEUG9FLx4rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/nZXVtfWNzcpWdXtnd2+/dnD4aFSuKfOpEkp3I2KY4JL5wEGwbqYZSSPBOtHodup3npg2XMkHGGcsTMlA8oRTAlYKejETQHDSyM76tbrbdGfAy8QrSR2VaPdrX71Y0TxlEqggxgSem0FYEA2cCjap9nLDMkJHZMACSyVJmQmL2ckTfGqVGCdK25KAZ+rviYKkxozTyHamBIZm0ZuK/3lBDslVWHCZ5cAknS9KcoFB4en/OOaaURBjSwjV3N6K6ZBoQsGmVLUheIsvLxP/vHnddO8v6q2bMo0KOkYnqIE8dIla6A61kY8oUugZvaI3B5wX5935mLeuOOXMEfoD5/MHs0WQaA==</latexit><latexit sha1_base64="HPoGCPdfJ/+qEAdMY/1c03phPAI=">AAAB8XicbVBNS8NAEN34WetX1aOXxSLUS0lEUG9FLx4rGFtIQ9lsNu3SzW7YnQgl9Gd48aDi1X/jzX/jts1BWx8MPN6bYWZelAluwHW/nZXVtfWNzcpWdXtnd2+/dnD4aFSuKfOpEkp3I2KY4JL5wEGwbqYZSSPBOtHodup3npg2XMkHGGcsTMlA8oRTAlYKejETQHDSyM76tbrbdGfAy8QrSR2VaPdrX71Y0TxlEqggxgSem0FYEA2cCjap9nLDMkJHZMACSyVJmQmL2ckTfGqVGCdK25KAZ+rviYKkxozTyHamBIZm0ZuK/3lBDslVWHCZ5cAknS9KcoFB4en/OOaaURBjSwjV3N6K6ZBoQsGmVLUheIsvLxP/vHnddO8v6q2bMo0KOkYnqIE8dIla6A61kY8oUugZvaI3B5wX5935mLeuOOXMEfoD5/MHs0WQaA==</latexit>

V kl =
1
2

!
! V k

! xl +
! V l

! xk

"

<latexit sha1_base64="Mx8mCh/ts/soWJFYeif3h+UtL3U="></latexit><latexit sha1_base64="Mx8mCh/ts/soWJFYeif3h+UtL3U="></latexit><latexit sha1_base64="Mx8mCh/ts/soWJFYeif3h+UtL3U="></latexit>

Lifshitz-Pitaevski vol-10,
Offengeim et al, EPL, 112 (2015) 59001

! =
<latexit sha1_base64="2CNos7rrl+Lm70bL+w8+0GzL/+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUA9C0YvHCqYttKFstpt27SYbdidCCf0PXjyoePUHefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmnGPKal0O6CGSxFzDwVK3k40p1EgeSsY3U791hPXRqj4AccJ9yM6iEUoGEUrNbtIU3LdK1fcqjsDWSa1nFQgR6NX/ur2FUsjHiOT1JhOzU3Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RBqiy8vE++selV1788r9Zs8jSIcwTGcQg0uoA530AAPGDzCM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AWfnjow=</latexit><latexit sha1_base64="2CNos7rrl+Lm70bL+w8+0GzL/+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUA9C0YvHCqYttKFstpt27SYbdidCCf0PXjyoePUHefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmnGPKal0O6CGSxFzDwVK3k40p1EgeSsY3U791hPXRqj4AccJ9yM6iEUoGEUrNbtIU3LdK1fcqjsDWSa1nFQgR6NX/ur2FUsjHiOT1JhOzU3Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RBqiy8vE++selV1788r9Zs8jSIcwTGcQg0uoA530AAPGDzCM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AWfnjow=</latexit><latexit sha1_base64="2CNos7rrl+Lm70bL+w8+0GzL/+k=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUA9C0YvHCqYttKFstpt27SYbdidCCf0PXjyoePUHefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewsrq2vlHcLG1t7+zulfcPmkalmnGPKal0O6CGSxFzDwVK3k40p1EgeSsY3U791hPXRqj4AccJ9yM6iEUoGEUrNbtIU3LdK1fcqjsDWSa1nFQgR6NX/ur2FUsjHiOT1JhOzU3Qz6hGwSSflLqp4QllIzrgHUtjGnHjZ7NrJ+TEKn0SKm0rRjJTf09kNDJmHAW2M6I4NIveVPzP66QYXvqZiJMUeczmi8JUElRk+jrpC80ZyrEllGlhbyVsSDVlaAMq2RBqiy8vE++selV1788r9Zs8jSIcwTGcQg0uoA530AAPGDzCM7zCm6OcF+fd+Zi3Fpx85hD+wPn8AWfnjow=</latexit>

relaxation time



The shear viscosity in 
magnetic Þeld 
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! ij = !
g

(2" )3

!
#f (p)vi pj d3p = $ijkl Vkl

<latexit sha1_base64="dSbTPX8qu1GiwJTk36Eei+MpzeY="></latexit><latexit sha1_base64="dSbTPX8qu1GiwJTk36Eei+MpzeY="></latexit><latexit sha1_base64="dSbTPX8qu1GiwJTk36Eei+MpzeY="></latexit>

¥ Shear stress :

¥ Further ! ij =
4!

n =0

" (n ) S
ij
(n )

<latexit sha1_base64="7ZEfs8cwap1CdG330wieaqmnZZY=">AAACGnicbVDLSgMxFM34rPU16tJNsAh1U2ZKQV0Uim5cVrS20GmHTJppY5PMkGSEMsx/uPFX3LhQcSdu/BvTx0JbD1w4Oedecu8JYkaVdpxva2l5ZXVtPbeR39za3tm19/bvVJRITBo4YpFsBUgRRgVpaKoZacWSIB4w0gyGl2O/+UCkopG41aOYdDjqCxpSjLSRfLsMPUX7HHVTep9VPZVwPxVVJ+umlcwjGvlpUZxk8GbiTx++XXBKzgRwkbgzUgAz1H370+tFOOFEaMyQUm3XiXUnRVJTzEiW9xJFYoSHqE/ahgrEieqkk9syeGyUHgwjaUpoOFF/T6SIKzXigenkSA/UvDcW//PaiQ7POikVcaKJwNOPwoRBHcFxULBHJcGajQxBWFKzK8QDJBHWJs68CcGdP3mRNMql85JzXSnULmZp5MAhOAJF4IJTUANXoA4aAINH8AxewZv1ZL1Y79bHtHXJms0cgD+wvn4AW3qhMA==</latexit><latexit sha1_base64="7ZEfs8cwap1CdG330wieaqmnZZY=">AAACGnicbVDLSgMxFM34rPU16tJNsAh1U2ZKQV0Uim5cVrS20GmHTJppY5PMkGSEMsx/uPFX3LhQcSdu/BvTx0JbD1w4Oedecu8JYkaVdpxva2l5ZXVtPbeR39za3tm19/bvVJRITBo4YpFsBUgRRgVpaKoZacWSIB4w0gyGl2O/+UCkopG41aOYdDjqCxpSjLSRfLsMPUX7HHVTep9VPZVwPxVVJ+umlcwjGvlpUZxk8GbiTx++XXBKzgRwkbgzUgAz1H370+tFOOFEaMyQUm3XiXUnRVJTzEiW9xJFYoSHqE/ahgrEieqkk9syeGyUHgwjaUpoOFF/T6SIKzXigenkSA/UvDcW//PaiQ7POikVcaKJwNOPwoRBHcFxULBHJcGajQxBWFKzK8QDJBHWJs68CcGdP3mRNMql85JzXSnULmZp5MAhOAJF4IJTUANXoA4aAINH8AxewZv1ZL1Y79bHtHXJms0cgD+wvn4AW3qhMA==</latexit><latexit sha1_base64="7ZEfs8cwap1CdG330wieaqmnZZY=">AAACGnicbVDLSgMxFM34rPU16tJNsAh1U2ZKQV0Uim5cVrS20GmHTJppY5PMkGSEMsx/uPFX3LhQcSdu/BvTx0JbD1w4Oedecu8JYkaVdpxva2l5ZXVtPbeR39za3tm19/bvVJRITBo4YpFsBUgRRgVpaKoZacWSIB4w0gyGl2O/+UCkopG41aOYdDjqCxpSjLSRfLsMPUX7HHVTep9VPZVwPxVVJ+umlcwjGvlpUZxk8GbiTx++XXBKzgRwkbgzUgAz1H370+tFOOFEaMyQUm3XiXUnRVJTzEiW9xJFYoSHqE/ahgrEieqkk9syeGyUHgwjaUpoOFF/T6SIKzXigenkSA/UvDcW//PaiQ7POikVcaKJwNOPwoRBHcFxULBHJcGajQxBWFKzK8QDJBHWJs68CcGdP3mRNMql85JzXSnULmZp5MAhOAJF4IJTUANXoA4aAINH8AxewZv1ZL1Y79bHtHXJms0cgD+wvn4AW3qhMA==</latexit>

2nd rank symmetric traceless tensor 
Combination of norm mag Þeld, Kroneckar delta and V ij

¥ Using the     in deÞnition of ! ij
<latexit sha1_base64="lo9tmj7YaoFwTCWtW+eiFc8lXIk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQxLLZbtq1u5uwuxFK6N/w4kHFq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJ8Kaciapb5jhtJMqikXEaTsaXU/99hNVmiXyzoxTGgo8kCxmBBsrBSjQbCDwQ84eJ71qza27M6Bl4hWkBgVavepX0E9IJqg0hGOtu56bmjDHyjDC6aQSZJqmmIzwgHYtlVhQHeazmyfoxCp9FCfKljRopv6eyLHQeiwi2ymwGepFbyr+53UzE1+EOZNpZqgk80VxxpFJ0DQA1GeKEsPHlmCimL0VkSFWmBgbU8WG4C2+vEz8s/pl3b09rzWvijTKcATHcAoeNKAJN9ACHwik8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBsYpF7</latexit><latexit sha1_base64="lo9tmj7YaoFwTCWtW+eiFc8lXIk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQxLLZbtq1u5uwuxFK6N/w4kHFq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJ8Kaciapb5jhtJMqikXEaTsaXU/99hNVmiXyzoxTGgo8kCxmBBsrBSjQbCDwQ84eJ71qza27M6Bl4hWkBgVavepX0E9IJqg0hGOtu56bmjDHyjDC6aQSZJqmmIzwgHYtlVhQHeazmyfoxCp9FCfKljRopv6eyLHQeiwi2ymwGepFbyr+53UzE1+EOZNpZqgk80VxxpFJ0DQA1GeKEsPHlmCimL0VkSFWmBgbU8WG4C2+vEz8s/pl3b09rzWvijTKcATHcAoeNKAJN9ACHwik8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBsYpF7</latexit><latexit sha1_base64="lo9tmj7YaoFwTCWtW+eiFc8lXIk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN6KXjxWMLbQxLLZbtq1u5uwuxFK6N/w4kHFq7/Gm//GbZuDtj4YeLw3w8y8KOVMG9f9dkorq2vrG+XNytb2zu5edf/gXieZItQnCU9UJ8Kaciapb5jhtJMqikXEaTsaXU/99hNVmiXyzoxTGgo8kCxmBBsrBSjQbCDwQ84eJ71qza27M6Bl4hWkBgVavepX0E9IJqg0hGOtu56bmjDHyjDC6aQSZJqmmIzwgHYtlVhQHeazmyfoxCp9FCfKljRopv6eyLHQeiwi2ymwGepFbyr+53UzE1+EOZNpZqgk80VxxpFJ0DQA1GeKEsPHlmCimL0VkSFWmBgbU8WG4C2+vEz8s/pl3b09rzWvijTKcATHcAoeNKAJN9ACHwik8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBsYpF7</latexit>

! f
<latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit><latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit><latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit>

! ijkl =
g

(2" )3

! "
#f 0

#$

#
Cklmn ($)vm pn vi pj d3p

<latexit sha1_base64="qEntTpnffTqQjjyW3iFOMmCyRZc="></latexit><latexit sha1_base64="qEntTpnffTqQjjyW3iFOMmCyRZc="></latexit><latexit sha1_base64="qEntTpnffTqQjjyW3iFOMmCyRZc="></latexit>

Using above equations and by taking appropriate tensor contraction we obtain the Þve 
viscosity coefÞcients ! (0) , ...., ! (4)

<latexit sha1_base64="SCTteTjrI4YfXUPLx8cU1AecKBE=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBahhRISKai7ohuXFYwttCFMppN26GQSZiZCCQE3/oobFypu/Qp3/o3TNgttPXDhzDn3MveeIGFUKtv+Nkorq2vrG+XNytb2zu6euX9wL+NUYOLimMWiGyBJGOXEVVQx0k0EQVHASCcYX0/9zgMRksb8Tk0S4kVoyGlIMVJa8s2jPlHIz2p2PW9YGo3i3aznvlm1LXsGuEycglRBgbZvfvUHMU4jwhVmSMqeYyfKy5BQFDOSV/qpJAnCYzQkPU05ioj0stkNOTzVygCGsdDFFZypvycyFEk5iQLdGSE1koveVPzP66UqvPAyypNUEY7nH4UpgyqG00DggAqCFZtogrCgeleIR0ggrHRsFR2Cs3jyMnHPrEvLvm1WW1dFGmVwDE5ADTjgHLTADWgDF2DwCJ7BK3gznowX4934mLeWjGLmEPyB8fkDGn+Vcg==</latexit><latexit sha1_base64="SCTteTjrI4YfXUPLx8cU1AecKBE=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBahhRISKai7ohuXFYwttCFMppN26GQSZiZCCQE3/oobFypu/Qp3/o3TNgttPXDhzDn3MveeIGFUKtv+Nkorq2vrG+XNytb2zu6euX9wL+NUYOLimMWiGyBJGOXEVVQx0k0EQVHASCcYX0/9zgMRksb8Tk0S4kVoyGlIMVJa8s2jPlHIz2p2PW9YGo3i3aznvlm1LXsGuEycglRBgbZvfvUHMU4jwhVmSMqeYyfKy5BQFDOSV/qpJAnCYzQkPU05ioj0stkNOTzVygCGsdDFFZypvycyFEk5iQLdGSE1koveVPzP66UqvPAyypNUEY7nH4UpgyqG00DggAqCFZtogrCgeleIR0ggrHRsFR2Cs3jyMnHPrEvLvm1WW1dFGmVwDE5ADTjgHLTADWgDF2DwCJ7BK3gznowX4934mLeWjGLmEPyB8fkDGn+Vcg==</latexit><latexit sha1_base64="SCTteTjrI4YfXUPLx8cU1AecKBE=">AAACAnicbVDLSsNAFJ3UV62vqDvdDBahhRISKai7ohuXFYwttCFMppN26GQSZiZCCQE3/oobFypu/Qp3/o3TNgttPXDhzDn3MveeIGFUKtv+Nkorq2vrG+XNytb2zu6euX9wL+NUYOLimMWiGyBJGOXEVVQx0k0EQVHASCcYX0/9zgMRksb8Tk0S4kVoyGlIMVJa8s2jPlHIz2p2PW9YGo3i3aznvlm1LXsGuEycglRBgbZvfvUHMU4jwhVmSMqeYyfKy5BQFDOSV/qpJAnCYzQkPU05ioj0stkNOTzVygCGsdDFFZypvycyFEk5iQLdGSE1koveVPzP66UqvPAyypNUEY7nH4UpgyqG00DggAqCFZtogrCgeleIR0ggrHRsFR2Cs3jyMnHPrEvLvm1WW1dFGmVwDE5ADTjgHLTADWgDF2DwCJ7BK3gznowX4934mLeWjGLmEPyB8fkDGn+Vcg==</latexit>



Evaluation of       and 

11

Cijkl
<latexit sha1_base64="CGsNA2CWBl1DeIwUEUHU15Nmyxk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG/FXjxWMLbQhrLZbtq1m03cnQgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j+4N3GqGfdYLGPdDqjhUijuoUDJ24nmNAokbwWjxtRvPXFtRKzucJxwP6IDJULBKFqp3ehl4mEkJ71yxa26M5BlUstJBXI0e+Wvbj9macQVMkmN6dTcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+b3TshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nzpC80ZyjHllCmhb2VsCHVlKGNqGRDqC2+vEy8s+pV1b09r9Sv8zSKcATHcAo1uIA63EATPGAg4Rle4c15dF6cd+dj3lpw8plD+APn8web9Y/h</latexit><latexit sha1_base64="CGsNA2CWBl1DeIwUEUHU15Nmyxk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG/FXjxWMLbQhrLZbtq1m03cnQgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j+4N3GqGfdYLGPdDqjhUijuoUDJ24nmNAokbwWjxtRvPXFtRKzucJxwP6IDJULBKFqp3ehl4mEkJ71yxa26M5BlUstJBXI0e+Wvbj9macQVMkmN6dTcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+b3TshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nzpC80ZyjHllCmhb2VsCHVlKGNqGRDqC2+vEy8s+pV1b09r9Sv8zSKcATHcAo1uIA63EATPGAg4Rle4c15dF6cd+dj3lpw8plD+APn8web9Y/h</latexit><latexit sha1_base64="CGsNA2CWBl1DeIwUEUHU15Nmyxk=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG/FXjxWMLbQhrLZbtq1m03cnQgl9E948aDi1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLK6tr6RnGztLW9s7tX3j+4N3GqGfdYLGPdDqjhUijuoUDJ24nmNAokbwWjxtRvPXFtRKzucJxwP6IDJULBKFqp3ehl4mEkJ71yxa26M5BlUstJBXI0e+Wvbj9macQVMkmN6dTcBP2MahRM8kmpmxqeUDaiA96xVNGIGz+b3TshJ1bpkzDWthSSmfp7IqORMeMosJ0RxaFZ9Kbif14nxfDSz4RKUuSKzReFqSQYk+nzpC80ZyjHllCmhb2VsCHVlKGNqGRDqC2+vEy8s+pV1b09r9Sv8zSKcATHcAo1uIA63EATPGAg4Rle4c15dF6cd+dj3lpw8plD+APn8web9Y/h</latexit>

! f
<latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit><latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit><latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit>

¥Symmetry Cijkl = Cjikl = Cijlk
<latexit sha1_base64="zayJDvrTcOUB0m4F087mP+yUINc=">AAACAnicbZDLSsNAFIZP6q3WW9SdbgaL4KokIqgLodiNywrGFtoQJtNJO+3kwsxEKCHgxldx40LFrU/hzrdx2mahrT8MfPznHM6c3084k8qyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FYQ6JOaxaPtYUs4i6iimOG0nguLQ57TljxqTeuuBCsni6E6NE+qGuB+xgBGstOWZBw0vY8MRz680DFkBbMhHuWdWrZo1FVoEu4AqFGp65le3F5M0pJEiHEvZsa1EuRkWihFO80o3lTTBZIT7tKMxwiGVbja9IUfH2umhIBb6RQpN3d8TGQ6lHIe+7gyxGsj52sT8r9ZJVXDhZixKUkUjMlsUpBypGE0CQT0mKFF8rAETwfRfERlggYnSsVV0CPb8yYvgnNYua9btWbV+XaRRhkM4ghOw4RzqcANNcIDAIzzDK7wZT8aL8W58zFpLRjGzD39kfP4AuzOXyA==</latexit><latexit sha1_base64="zayJDvrTcOUB0m4F087mP+yUINc=">AAACAnicbZDLSsNAFIZP6q3WW9SdbgaL4KokIqgLodiNywrGFtoQJtNJO+3kwsxEKCHgxldx40LFrU/hzrdx2mahrT8MfPznHM6c3084k8qyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FYQ6JOaxaPtYUs4i6iimOG0nguLQ57TljxqTeuuBCsni6E6NE+qGuB+xgBGstOWZBw0vY8MRz680DFkBbMhHuWdWrZo1FVoEu4AqFGp65le3F5M0pJEiHEvZsa1EuRkWihFO80o3lTTBZIT7tKMxwiGVbja9IUfH2umhIBb6RQpN3d8TGQ6lHIe+7gyxGsj52sT8r9ZJVXDhZixKUkUjMlsUpBypGE0CQT0mKFF8rAETwfRfERlggYnSsVV0CPb8yYvgnNYua9btWbV+XaRRhkM4ghOw4RzqcANNcIDAIzzDK7wZT8aL8W58zFpLRjGzD39kfP4AuzOXyA==</latexit><latexit sha1_base64="zayJDvrTcOUB0m4F087mP+yUINc=">AAACAnicbZDLSsNAFIZP6q3WW9SdbgaL4KokIqgLodiNywrGFtoQJtNJO+3kwsxEKCHgxldx40LFrU/hzrdx2mahrT8MfPznHM6c3084k8qyvo3S0vLK6lp5vbKxubW9Y+7u3cs4FYQ6JOaxaPtYUs4i6iimOG0nguLQ57TljxqTeuuBCsni6E6NE+qGuB+xgBGstOWZBw0vY8MRz680DFkBbMhHuWdWrZo1FVoEu4AqFGp65le3F5M0pJEiHEvZsa1EuRkWihFO80o3lTTBZIT7tKMxwiGVbja9IUfH2umhIBb6RQpN3d8TGQ6lHIe+7gyxGsj52sT8r9ZJVXDhZixKUkUjMlsUpBypGE0CQT0mKFF8rAETwfRfERlggYnSsVV0CPb8yYvgnNYua9btWbV+XaRRhkM4ghOw4RzqcANNcIDAIzzDK7wZT8aL8W58zFpLRjGzD39kfP4AuzOXyA==</latexit>

Cijkl (! ) =
8!

n =1

c(n ) (! )" (n )
ijkl

<latexit sha1_base64="Ar3tHRybxXZDKSElzigRVszcsFA=">AAACK3icbVDNSsNAGNz4W+tf1aOXxSK0l5KIYD0Uir14rGBtoUnDZrtp1242YXcjlpAH8uKrCOLBilffw22bQ20dWBhm5uPbb7yIUalMc2KsrW9sbm3ndvK7e/sHh4Wj4wcZxgKTFg5ZKDoekoRRTlqKKkY6kSAo8Bhpe6PG1G8/ESFpyO/VOCJOgAac+hQjpSW30Gi4CX0csbRkk0hSFvJyzZZx4Ca8ZqW9pJpC3EtKvLwQsJ/pXMpG3ULRrJgzwFViZaQIMjTdwrvdD3EcEK4wQ1J2LTNSToKEopiRNG/HkkQIj9CAdDXlKCDSSWbHpvBcK33oh0I/ruBMXZxIUCDlOPB0MkBqKJe9qfif142VX3USyqNYEY7ni/yYQRXCaXOwTwXBio01QVhQ/VeIh0ggrHS/eV2CtXzyKmldVK4r5t1lsX6TtZEDp+AMlIAFrkAd3IImaAEMXsAb+AQT49X4ML6M73l0zchmTsAfGD+/++ioSA==</latexit><latexit sha1_base64="Ar3tHRybxXZDKSElzigRVszcsFA=">AAACK3icbVDNSsNAGNz4W+tf1aOXxSK0l5KIYD0Uir14rGBtoUnDZrtp1242YXcjlpAH8uKrCOLBilffw22bQ20dWBhm5uPbb7yIUalMc2KsrW9sbm3ndvK7e/sHh4Wj4wcZxgKTFg5ZKDoekoRRTlqKKkY6kSAo8Bhpe6PG1G8/ESFpyO/VOCJOgAac+hQjpSW30Gi4CX0csbRkk0hSFvJyzZZx4Ca8ZqW9pJpC3EtKvLwQsJ/pXMpG3ULRrJgzwFViZaQIMjTdwrvdD3EcEK4wQ1J2LTNSToKEopiRNG/HkkQIj9CAdDXlKCDSSWbHpvBcK33oh0I/ruBMXZxIUCDlOPB0MkBqKJe9qfif142VX3USyqNYEY7ni/yYQRXCaXOwTwXBio01QVhQ/VeIh0ggrHS/eV2CtXzyKmldVK4r5t1lsX6TtZEDp+AMlIAFrkAd3IImaAEMXsAb+AQT49X4ML6M73l0zchmTsAfGD+/++ioSA==</latexit><latexit sha1_base64="Ar3tHRybxXZDKSElzigRVszcsFA=">AAACK3icbVDNSsNAGNz4W+tf1aOXxSK0l5KIYD0Uir14rGBtoUnDZrtp1242YXcjlpAH8uKrCOLBilffw22bQ20dWBhm5uPbb7yIUalMc2KsrW9sbm3ndvK7e/sHh4Wj4wcZxgKTFg5ZKDoekoRRTlqKKkY6kSAo8Bhpe6PG1G8/ESFpyO/VOCJOgAac+hQjpSW30Gi4CX0csbRkk0hSFvJyzZZx4Ca8ZqW9pJpC3EtKvLwQsJ/pXMpG3ULRrJgzwFViZaQIMjTdwrvdD3EcEK4wQ1J2LTNSToKEopiRNG/HkkQIj9CAdDXlKCDSSWbHpvBcK33oh0I/ruBMXZxIUCDlOPB0MkBqKJe9qfif142VX3USyqNYEY7ni/yYQRXCaXOwTwXBio01QVhQ/VeIh0ggrHS/eV2CtXzyKmldVK4r5t1lsX6TtZEDp+AMlIAFrkAd3IImaAEMXsAb+AQT49X4ML6M73l0zchmTsAfGD+/++ioSA==</latexit>

¥Decomposition 

! (1)
ijkl = " ik " jl + " il " jk ,

<latexit sha1_base64="TpgI4rKqlZYjHC7AwpX0MT3oipc="></latexit><latexit sha1_base64="TpgI4rKqlZYjHC7AwpX0MT3oipc="></latexit><latexit sha1_base64="TpgI4rKqlZYjHC7AwpX0MT3oipc="></latexit>

! (2)
ijkl = " ij "kl ,

<latexit sha1_base64="ObueES4aY8fGt6OrHU9IR6m6k4E="></latexit><latexit sha1_base64="ObueES4aY8fGt6OrHU9IR6m6k4E="></latexit><latexit sha1_base64="ObueES4aY8fGt6OrHU9IR6m6k4E="></latexit>

! (3)
ijkl = " ik bj bl + " jk bi bl + " il bj bk + " jl bi bk ,

<latexit sha1_base64="21O9StAZMX4A23adB6mm+4jERB0="></latexit><latexit sha1_base64="21O9StAZMX4A23adB6mm+4jERB0="></latexit><latexit sha1_base64="21O9StAZMX4A23adB6mm+4jERB0="></latexit>

! (4)
ijkl = " ij bk bl ,

<latexit sha1_base64="C6JNt2Z4Uj8PdC5zkJAtagT7SXw="></latexit><latexit sha1_base64="C6JNt2Z4Uj8PdC5zkJAtagT7SXw="></latexit><latexit sha1_base64="C6JNt2Z4Uj8PdC5zkJAtagT7SXw="></latexit>

! (5)
ijkl = bi bj "kl ,

<latexit sha1_base64="V3FEx8d46TdKcj7PTDLDh1HmPpI="></latexit><latexit sha1_base64="V3FEx8d46TdKcj7PTDLDh1HmPpI="></latexit><latexit sha1_base64="V3FEx8d46TdKcj7PTDLDh1HmPpI="></latexit>

! (6)
ijkl = bi bj bk bl ,

<latexit sha1_base64="DsrnAT0CogTLjh5/103PU7gVHrA="></latexit><latexit sha1_base64="DsrnAT0CogTLjh5/103PU7gVHrA="></latexit><latexit sha1_base64="DsrnAT0CogTLjh5/103PU7gVHrA="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="H6rndCT3+UOGhWXdJhmWgN/cYos="></latexit><latexit sha1_base64="H6rndCT3+UOGhWXdJhmWgN/cYos="></latexit><latexit sha1_base64="zOwPtWavdNNFAT1p+CIMCvlBsPk="></latexit><latexit sha1_base64="DsrnAT0CogTLjh5/103PU7gVHrA="></latexit><latexit sha1_base64="DsrnAT0CogTLjh5/103PU7gVHrA="></latexit><latexit sha1_base64="DsrnAT0CogTLjh5/103PU7gVHrA="></latexit><latexit sha1_base64="DsrnAT0CogTLjh5/103PU7gVHrA="></latexit><latexit sha1_base64="DsrnAT0CogTLjh5/103PU7gVHrA="></latexit>

! (7)
ijkl = bik " jl + bjk " il + bil " jk + bjl " ik ,

<latexit sha1_base64="IVYyYiq2rj6kblh8W3QC4d/MU38="></latexit><latexit sha1_base64="IVYyYiq2rj6kblh8W3QC4d/MU38="></latexit><latexit sha1_base64="IVYyYiq2rj6kblh8W3QC4d/MU38="></latexit>

! (8)
ijkl = bik bj bl + bjk bi bl + bil bj bk + bjl bi bk .

<latexit sha1_base64="s/Qc49q+8jW6KHoSVW7fZuRTimc="></latexit><latexit sha1_base64="s/Qc49q+8jW6KHoSVW7fZuRTimc="></latexit><latexit sha1_base64="s/Qc49q+8jW6KHoSVW7fZuRTimc="></latexit>



Evaluation of Cijkl
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!
! (1)

ijkl + " H ! (7)
ijkl

"
Cklmn = #

#
! (1)

ijmn !
2
3

! (2)
ijmn

$
.

<latexit sha1_base64="XH1oHfhcLDrIddXMevLAbFi7jAU="></latexit><latexit sha1_base64="XH1oHfhcLDrIddXMevLAbFi7jAU="></latexit><latexit sha1_base64="XH1oHfhcLDrIddXMevLAbFi7jAU="></latexit><latexit sha1_base64="C39OhB+IczRcjLNINXH29e9lt8M=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCpTN+pOcOOygmML7VAymTttaCYzJHeEMvQFXLhRfDB3vo3pz0KtBwIf5yTk3hMXSloKgi+vtrW9s7tX3/cPGv7h0XGz8WTz0ggMRa5y04+5RSU1hiRJYb8wyLNYYS+e3i3y3jMaK3P9SLMCo4yPtUyl4OSs7qjZCtrBUmwTOmtowVqj5ucwyUWZoSahuLWDTlBQVHFDUiic+8PSYsHFlI9x4FDzDG1ULcecs3PnJCzNjTua2NL9+aLimbWzLHY3M04T+zdbmP9lg5LS66iSuigJtVh9lJaKUc4WO7NEGhSkZg64MNLNysSEGy7INeO7Djp/N96E8LJ90w4eAqjDKZzBBXTgCm7hHroQgoAEXuDNm3iv3vuqqpq37uwEfsn7+Aap5IoM</latexit><latexit sha1_base64="RJEtIdk9aHBchjUSdPZPTur8j3o="></latexit><latexit sha1_base64="RJEtIdk9aHBchjUSdPZPTur8j3o="></latexit><latexit sha1_base64="rqvOg1h8bCTYLkqKnJ2I+4sbf1s="></latexit><latexit sha1_base64="XH1oHfhcLDrIddXMevLAbFi7jAU="></latexit><latexit sha1_base64="XH1oHfhcLDrIddXMevLAbFi7jAU="></latexit><latexit sha1_base64="XH1oHfhcLDrIddXMevLAbFi7jAU="></latexit><latexit sha1_base64="XH1oHfhcLDrIddXMevLAbFi7jAU="></latexit><latexit sha1_base64="XH1oHfhcLDrIddXMevLAbFi7jAU="></latexit>

!
vi pj

! Vi

! xj
!

1
3

vl pl " áV
" !

! f 0

!"

"
= !

#f
$

+ q%ijk vj Bk
!# f
! pi

<latexit sha1_base64="b5/B8JL5Ou4vG9m4NAG/nA4fPWQ="></latexit><latexit sha1_base64="b5/B8JL5Ou4vG9m4NAG/nA4fPWQ="></latexit><latexit sha1_base64="b5/B8JL5Ou4vG9m4NAG/nA4fPWQ="></latexit>

Cijkl (! ) =
8!

n =1

c(n ) (! )" (n )
ijkl

<latexit sha1_base64="Ar3tHRybxXZDKSElzigRVszcsFA=">AAACK3icbVDNSsNAGNz4W+tf1aOXxSK0l5KIYD0Uir14rGBtoUnDZrtp1242YXcjlpAH8uKrCOLBilffw22bQ20dWBhm5uPbb7yIUalMc2KsrW9sbm3ndvK7e/sHh4Wj4wcZxgKTFg5ZKDoekoRRTlqKKkY6kSAo8Bhpe6PG1G8/ESFpyO/VOCJOgAac+hQjpSW30Gi4CX0csbRkk0hSFvJyzZZx4Ca8ZqW9pJpC3EtKvLwQsJ/pXMpG3ULRrJgzwFViZaQIMjTdwrvdD3EcEK4wQ1J2LTNSToKEopiRNG/HkkQIj9CAdDXlKCDSSWbHpvBcK33oh0I/ruBMXZxIUCDlOPB0MkBqKJe9qfif142VX3USyqNYEY7ni/yYQRXCaXOwTwXBio01QVhQ/VeIh0ggrHS/eV2CtXzyKmldVK4r5t1lsX6TtZEDp+AMlIAFrkAd3IImaAEMXsAb+AQT49X4ML6M73l0zchmTsAfGD+/++ioSA==</latexit><latexit sha1_base64="Ar3tHRybxXZDKSElzigRVszcsFA=">AAACK3icbVDNSsNAGNz4W+tf1aOXxSK0l5KIYD0Uir14rGBtoUnDZrtp1242YXcjlpAH8uKrCOLBilffw22bQ20dWBhm5uPbb7yIUalMc2KsrW9sbm3ndvK7e/sHh4Wj4wcZxgKTFg5ZKDoekoRRTlqKKkY6kSAo8Bhpe6PG1G8/ESFpyO/VOCJOgAac+hQjpSW30Gi4CX0csbRkk0hSFvJyzZZx4Ca8ZqW9pJpC3EtKvLwQsJ/pXMpG3ULRrJgzwFViZaQIMjTdwrvdD3EcEK4wQ1J2LTNSToKEopiRNG/HkkQIj9CAdDXlKCDSSWbHpvBcK33oh0I/ruBMXZxIUCDlOPB0MkBqKJe9qfif142VX3USyqNYEY7ni/yYQRXCaXOwTwXBio01QVhQ/VeIh0ggrHS/eV2CtXzyKmldVK4r5t1lsX6TtZEDp+AMlIAFrkAd3IImaAEMXsAb+AQT49X4ML6M73l0zchmTsAfGD+/++ioSA==</latexit><latexit sha1_base64="Ar3tHRybxXZDKSElzigRVszcsFA=">AAACK3icbVDNSsNAGNz4W+tf1aOXxSK0l5KIYD0Uir14rGBtoUnDZrtp1242YXcjlpAH8uKrCOLBilffw22bQ20dWBhm5uPbb7yIUalMc2KsrW9sbm3ndvK7e/sHh4Wj4wcZxgKTFg5ZKDoekoRRTlqKKkY6kSAo8Bhpe6PG1G8/ESFpyO/VOCJOgAac+hQjpSW30Gi4CX0csbRkk0hSFvJyzZZx4Ca8ZqW9pJpC3EtKvLwQsJ/pXMpG3ULRrJgzwFViZaQIMjTdwrvdD3EcEK4wQ1J2LTNSToKEopiRNG/HkkQIj9CAdDXlKCDSSWbHpvBcK33oh0I/ruBMXZxIUCDlOPB0MkBqKJe9qfif142VX3USyqNYEY7ni/yYQRXCaXOwTwXBio01QVhQ/VeIh0ggrHS/eV2CtXzyKmldVK4r5t1lsX6TtZEDp+AMlIAFrkAd3IImaAEMXsAb+AQT49X4ML6M73l0zchmTsAfGD+/++ioSA==</latexit>

 Using                                  in Boltzmann eqn                        

Taking proper contraction on both side yields c (n)

Dimensionless Hall parameter! H =
qB
m

"
<latexit sha1_base64="JDD7gvvG8fIBJu/G1XNgW7RImRs=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IRPJVUBPUglHrpsYKxhSaEzXbTLt3dxN2NUELw4l/x4kHFq//Cm//GbZuDtj4YeLw3w8y8MGFUacf5tkpLyyura+X1ysbm1vaOvbt3p+JUYuLimMWyGyJFGBXE1VQz0k0kQTxkpBOOrid+54FIRWNxq8cJ8TkaCBpRjLSRAvvAw0MaZK38yoskwtl9M8947mmUBnbVqTlTwEVSL0gVFGgH9pfXj3HKidCYIaV6dSfRfoakppiRvOKliiQIj9CA9AwViBPlZ9MXcnhslD6MYmlKaDhVf09kiCs15qHp5EgP1bw3Ef/zeqmOLvyMiiTVRODZoihlUMdwkgfsU0mwZmNDEJbU3ArxEJkotEmtYkKoz7+8SNzT2mXNuTmrNppFGmVwCI7ACaiDc9AALdAGLsDgETyDV/BmPVkv1rv1MWstWcXMPvgD6/MHS32Xkg==</latexit><latexit sha1_base64="JDD7gvvG8fIBJu/G1XNgW7RImRs=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IRPJVUBPUglHrpsYKxhSaEzXbTLt3dxN2NUELw4l/x4kHFq//Cm//GbZuDtj4YeLw3w8y8MGFUacf5tkpLyyura+X1ysbm1vaOvbt3p+JUYuLimMWyGyJFGBXE1VQz0k0kQTxkpBOOrid+54FIRWNxq8cJ8TkaCBpRjLSRAvvAw0MaZK38yoskwtl9M8947mmUBnbVqTlTwEVSL0gVFGgH9pfXj3HKidCYIaV6dSfRfoakppiRvOKliiQIj9CA9AwViBPlZ9MXcnhslD6MYmlKaDhVf09kiCs15qHp5EgP1bw3Ef/zeqmOLvyMiiTVRODZoihlUMdwkgfsU0mwZmNDEJbU3ArxEJkotEmtYkKoz7+8SNzT2mXNuTmrNppFGmVwCI7ACaiDc9AALdAGLsDgETyDV/BmPVkv1rv1MWstWcXMPvgD6/MHS32Xkg==</latexit><latexit sha1_base64="JDD7gvvG8fIBJu/G1XNgW7RImRs=">AAACAXicbVBNS8NAEN3Ur1q/op7Ey2IRPJVUBPUglHrpsYKxhSaEzXbTLt3dxN2NUELw4l/x4kHFq//Cm//GbZuDtj4YeLw3w8y8MGFUacf5tkpLyyura+X1ysbm1vaOvbt3p+JUYuLimMWyGyJFGBXE1VQz0k0kQTxkpBOOrid+54FIRWNxq8cJ8TkaCBpRjLSRAvvAw0MaZK38yoskwtl9M8947mmUBnbVqTlTwEVSL0gVFGgH9pfXj3HKidCYIaV6dSfRfoakppiRvOKliiQIj9CA9AwViBPlZ9MXcnhslD6MYmlKaDhVf09kiCs15qHp5EgP1bw3Ef/zeqmOLvyMiiTVRODZoihlUMdwkgfsU0mwZmNDEJbU3ArxEJkotEmtYkKoz7+8SNzT2mXNuTmrNppFGmVwCI7ACaiDc9AALdAGLsDgETyDV/BmPVkv1rv1MWstWcXMPvgD6/MHS32Xkg==</latexit>
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! f (p) = !
8!

n =1

c(n ) "
(n )
ijkl

"
#f 0

#$

#
vi pj V kl

<latexit sha1_base64="1LiZ89od0tNt2sdF2WSET3V+574="></latexit><latexit sha1_base64="1LiZ89od0tNt2sdF2WSET3V+574="></latexit><latexit sha1_base64="1LiZ89od0tNt2sdF2WSET3V+574="></latexit>

c1 =
1

2(1 + ! 2
H )

<latexit sha1_base64="DZK2DzKkO4d8TdDBqLoylFX11o0="></latexit><latexit sha1_base64="DZK2DzKkO4d8TdDBqLoylFX11o0="></latexit><latexit sha1_base64="DZK2DzKkO4d8TdDBqLoylFX11o0="></latexit>

c2 = !
(1 ! ! 2

H )
3(1 + ! 2

H )
<latexit sha1_base64="h0p0GZgRVjnduoywboid2nUGiec="></latexit><latexit sha1_base64="h0p0GZgRVjnduoywboid2nUGiec="></latexit><latexit sha1_base64="h0p0GZgRVjnduoywboid2nUGiec="></latexit>

c3 =
3�2

H

2(1 + �2
H )2

<latexit sha1_base64="oW4ol2e1bc5ZiRKH6Jo0fT2UXOg="></latexit><latexit sha1_base64="oW4ol2e1bc5ZiRKH6Jo0fT2UXOg="></latexit><latexit sha1_base64="oW4ol2e1bc5ZiRKH6Jo0fT2UXOg="></latexit>

c4 =
! 4! 2

H

1 + 4! 2
H

<latexit sha1_base64="2emrN3bekdaq4ws3HLV68wZFNsY="></latexit><latexit sha1_base64="2emrN3bekdaq4ws3HLV68wZFNsY="></latexit><latexit sha1_base64="2emrN3bekdaq4ws3HLV68wZFNsY="></latexit>

c5 =
! 4! 2

H

1 + 4! 2
H

<latexit sha1_base64="UMK8xv2KAplXd/6rgs1Iae2eOhs="></latexit><latexit sha1_base64="UMK8xv2KAplXd/6rgs1Iae2eOhs="></latexit><latexit sha1_base64="UMK8xv2KAplXd/6rgs1Iae2eOhs="></latexit>

c6 =
6! 4

H

(1 + ! 2
H )2

<latexit sha1_base64="3iSlf8BmWQB+kWZRfIh39tLhGX4="></latexit><latexit sha1_base64="3iSlf8BmWQB+kWZRfIh39tLhGX4="></latexit><latexit sha1_base64="3iSlf8BmWQB+kWZRfIh39tLhGX4="></latexit>

c7 =
! ! H

2(1 + ! 2
H )

<latexit sha1_base64="p9V2nQrJ+WLgD8qR2ukI/CUClwo="></latexit><latexit sha1_base64="p9V2nQrJ+WLgD8qR2ukI/CUClwo="></latexit><latexit sha1_base64="p9V2nQrJ+WLgD8qR2ukI/CUClwo="></latexit>

c8 =
! 3! 3

H

2(1 + ! 2
H )2

.
<latexit sha1_base64="UEhAFb6dTdIwuG2by7EV4StRvCs="></latexit><latexit sha1_base64="UEhAFb6dTdIwuG2by7EV4StRvCs="></latexit><latexit sha1_base64="UEhAFb6dTdIwuG2by7EV4StRvCs="></latexit>

! f
<latexit sha1_base64="kVLYtw0E1Ut0oHnwXqdeZ/hrguU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lFUG9FLx4rGFtpQ9lsJu3S3STsToQS+iu8eFDx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTHDyeyER3AmZAihg8FCihk2pgKpDQDkY3U7/9BNqIJL7HcQq+YoNYRIIztNJjLwSJjEa0X625dXcGukwaBamRAq1+9asXJjxTECOXzJhuw03Rz5lGwSVMKr3MQMr4iA2ga2nMFBg/nx08oSdWCWmUaFsx0pn6eyJnypixCmynYjg0i95U/M/rZhhd+rmI0wwh5vNFUSYpJnT6PQ2FBo5ybAnjWthbKR8yzTjajCo2hMbiy8vEO6tf1d2781rzukijTI7IMTklDXJBmuSWtIhHOFHkmbySN0c7L8678zFvLTnFzCH5A+fzB29Tj7M=</latexit><latexit sha1_base64="kVLYtw0E1Ut0oHnwXqdeZ/hrguU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lFUG9FLx4rGFtpQ9lsJu3S3STsToQS+iu8eFDx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTHDyeyER3AmZAihg8FCihk2pgKpDQDkY3U7/9BNqIJL7HcQq+YoNYRIIztNJjLwSJjEa0X625dXcGukwaBamRAq1+9asXJjxTECOXzJhuw03Rz5lGwSVMKr3MQMr4iA2ga2nMFBg/nx08oSdWCWmUaFsx0pn6eyJnypixCmynYjg0i95U/M/rZhhd+rmI0wwh5vNFUSYpJnT6PQ2FBo5ybAnjWthbKR8yzTjajCo2hMbiy8vEO6tf1d2781rzukijTI7IMTklDXJBmuSWtIhHOFHkmbySN0c7L8678zFvLTnFzCH5A+fzB29Tj7M=</latexit><latexit sha1_base64="kVLYtw0E1Ut0oHnwXqdeZ/hrguU=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lFUG9FLx4rGFtpQ9lsJu3S3STsToQS+iu8eFDx6t/x5r9x2+agrQ8GHu/NMDMvSKUw6LrfTmlldW19o7xZ2dre2d2r7h88mCTTHDyeyER3AmZAihg8FCihk2pgKpDQDkY3U7/9BNqIJL7HcQq+YoNYRIIztNJjLwSJjEa0X625dXcGukwaBamRAq1+9asXJjxTECOXzJhuw03Rz5lGwSVMKr3MQMr4iA2ga2nMFBg/nx08oSdWCWmUaFsx0pn6eyJnypixCmynYjg0i95U/M/rZhhd+rmI0wwh5vNFUSYpJnT6PQ2FBo5ybAnjWthbKR8yzTjajCo2hMbiy8vEO6tf1d2781rzukijTI7IMTklDXJBmuSWtIhHOFHkmbySN0c7L8678zFvLTnFzCH5A+fzB29Tj7M=</latexit>

Charge dependent c 7 and c8
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u⌘ = ur = u� = 0
<latexit sha1_base64="x8K1HX70v529nxBiRZZ49pjY4fI=">AAACAXicbZDNSsNAFIUn/tb6F3UlboJFcFUSEdRFoejGZQVjC00sk+mkHTqZhJkboYTgxldx40LFrW/hzrdxmmahrRdm+DjnXmbuCRLOFNj2t7GwuLS8slpZq65vbG5tmzu7dypOJaEuiXksOwFWlDNBXWDAaSeRFEcBp+1gdDXx2w9UKhaLWxgn1I/wQLCQEQxa6pn76X3mUcB5Q4Msbi8Zsrxh98yaXbeLsubBKaGGymr1zC+vH5M0ogIIx0p1HTsBP8MSGOE0r3qpogkmIzygXY0CR1T5WbFCbh1ppW+FsdRHgFWovycyHCk1jgLdGWEYqllvIv7ndVMIz/2MiSQFKsj0oTDlFsTWJA+rzyQlwMcaMJFM/9UiQywxAZ1aVYfgzK48D+5J/aJu35zWmpdlGhV0gA7RMXLQGWqia9RCLiLoET2jV/RmPBkvxrvxMW1dMMqZPfSnjM8fDKeXZQ==</latexit><latexit sha1_base64="x8K1HX70v529nxBiRZZ49pjY4fI=">AAACAXicbZDNSsNAFIUn/tb6F3UlboJFcFUSEdRFoejGZQVjC00sk+mkHTqZhJkboYTgxldx40LFrW/hzrdxmmahrRdm+DjnXmbuCRLOFNj2t7GwuLS8slpZq65vbG5tmzu7dypOJaEuiXksOwFWlDNBXWDAaSeRFEcBp+1gdDXx2w9UKhaLWxgn1I/wQLCQEQxa6pn76X3mUcB5Q4Msbi8Zsrxh98yaXbeLsubBKaGGymr1zC+vH5M0ogIIx0p1HTsBP8MSGOE0r3qpogkmIzygXY0CR1T5WbFCbh1ppW+FsdRHgFWovycyHCk1jgLdGWEYqllvIv7ndVMIz/2MiSQFKsj0oTDlFsTWJA+rzyQlwMcaMJFM/9UiQywxAZ1aVYfgzK48D+5J/aJu35zWmpdlGhV0gA7RMXLQGWqia9RCLiLoET2jV/RmPBkvxrvxMW1dMMqZPfSnjM8fDKeXZQ==</latexit><latexit sha1_base64="x8K1HX70v529nxBiRZZ49pjY4fI=">AAACAXicbZDNSsNAFIUn/tb6F3UlboJFcFUSEdRFoejGZQVjC00sk+mkHTqZhJkboYTgxldx40LFrW/hzrdxmmahrRdm+DjnXmbuCRLOFNj2t7GwuLS8slpZq65vbG5tmzu7dypOJaEuiXksOwFWlDNBXWDAaSeRFEcBp+1gdDXx2w9UKhaLWxgn1I/wQLCQEQxa6pn76X3mUcB5Q4Msbi8Zsrxh98yaXbeLsubBKaGGymr1zC+vH5M0ogIIx0p1HTsBP8MSGOE0r3qpogkmIzygXY0CR1T5WbFCbh1ppW+FsdRHgFWovycyHCk1jgLdGWEYqllvIv7ndVMIz/2MiSQFKsj0oTDlFsTWJA+rzyQlwMcaMJFM/9UiQywxAZ1aVYfgzK48D+5J/aJu35zWmpdlGhV0gA7RMXLQGWqia9RCLiLoET2jV/RmPBkvxrvxMW1dMMqZPfSnjM8fDKeXZQ==</latexit>

u⌧ = 1
<latexit sha1_base64="MN0cIQkieXGWpuGECdABoNmRaBg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqAeh6MVjBWOLbSyb7bZdutmE3VmhhP4LLx5UvPpzvPlv3LY5aOuDgcd7M8zMi1LBNXret1NYWl5ZXSuulzY2t7Z3yrt79zoxirKAJiJRzYhoJrhkAXIUrJkqRuJIsEY0vJ74jSemNE/kHY5SFsakL3mPU4JWejCPWRuJGV/6nXLFq3pTuIvEz0kFctQ75a92N6EmZhKpIFq3fC/FMCMKORVsXGobzVJCh6TPWpZKEjMdZtOLx+6RVbpuL1G2JLpT9fdERmKtR3FkO2OCAz3vTcT/vJbB3nmYcZkaZJLOFvWMcDFxJ++7Xa4YRTGyhFDF7a0uHRBFKNqQSjYEf/7lRRKcVC+q3u1ppXaVp1GEAziEY/DhDGpwA3UIgIKEZ3iFN0c7L8678zFrLTj5zD78gfP5A9iPkJA=</latexit><latexit sha1_base64="MN0cIQkieXGWpuGECdABoNmRaBg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqAeh6MVjBWOLbSyb7bZdutmE3VmhhP4LLx5UvPpzvPlv3LY5aOuDgcd7M8zMi1LBNXret1NYWl5ZXSuulzY2t7Z3yrt79zoxirKAJiJRzYhoJrhkAXIUrJkqRuJIsEY0vJ74jSemNE/kHY5SFsakL3mPU4JWejCPWRuJGV/6nXLFq3pTuIvEz0kFctQ75a92N6EmZhKpIFq3fC/FMCMKORVsXGobzVJCh6TPWpZKEjMdZtOLx+6RVbpuL1G2JLpT9fdERmKtR3FkO2OCAz3vTcT/vJbB3nmYcZkaZJLOFvWMcDFxJ++7Xa4YRTGyhFDF7a0uHRBFKNqQSjYEf/7lRRKcVC+q3u1ppXaVp1GEAziEY/DhDGpwA3UIgIKEZ3iFN0c7L8678zFrLTj5zD78gfP5A9iPkJA=</latexit><latexit sha1_base64="MN0cIQkieXGWpuGECdABoNmRaBg=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69BIvgqSQiqAeh6MVjBWOLbSyb7bZdutmE3VmhhP4LLx5UvPpzvPlv3LY5aOuDgcd7M8zMi1LBNXret1NYWl5ZXSuulzY2t7Z3yrt79zoxirKAJiJRzYhoJrhkAXIUrJkqRuJIsEY0vJ74jSemNE/kHY5SFsakL3mPU4JWejCPWRuJGV/6nXLFq3pTuIvEz0kFctQ75a92N6EmZhKpIFq3fC/FMCMKORVsXGobzVJCh6TPWpZKEjMdZtOLx+6RVbpuL1G2JLpT9fdERmKtR3FkO2OCAz3vTcT/vJbB3nmYcZkaZJLOFvWMcDFxJ++7Xa4YRTGyhFDF7a0uHRBFKNqQSjYEf/7lRRKcVC+q3u1ppXaVp1GEAziEY/DhDGpwA3UIgIKEZ3iFN0c7L8678zFrLTj5zD78gfP5A9iPkJA=</latexit>

d2N
d2pT dy

=
1

(2! )3

! R 0

0
rdr

! 2!

0
d"

! !

"!
#d$smT cosh(y ! $s)f (p)

<latexit sha1_base64="j77fbvfyPpUrTMZ+K/IOcKOi5pY="></latexit><latexit sha1_base64="j77fbvfyPpUrTMZ+K/IOcKOi5pY="></latexit><latexit sha1_base64="j77fbvfyPpUrTMZ+K/IOcKOi5pY="></latexit>
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!
! (1)

ijkl !
2
5

! (2)
ijkl + " H ! (7)

ijkl

"
Dklmn = 2#

!
! (1)

ijmn !
2
3

! (2)
ijmn

"
.

<latexit sha1_base64="05ziryPzmbFYCbHttRkbm1mCvu0="></latexit><latexit sha1_base64="05ziryPzmbFYCbHttRkbm1mCvu0="></latexit><latexit sha1_base64="05ziryPzmbFYCbHttRkbm1mCvu0="></latexit>

D ijkl (! ) = "
8!

n =1

d(n ) (! )#(n )
ijkl .

<latexit sha1_base64="+wtG/WBt4HTTjYtjPkuV2lfznlA="></latexit><latexit sha1_base64="+wtG/WBt4HTTjYtjPkuV2lfznlA="></latexit><latexit sha1_base64="+wtG/WBt4HTTjYtjPkuV2lfznlA="></latexit>

! ijkl =
g

(2" )3

! "
#f 0
#$

#
Cklmn ($)vm pn vi pj d3p

<latexit sha1_base64="qEntTpnffTqQjjyW3iFOMmCyRZc="></latexit><latexit sha1_base64="qEntTpnffTqQjjyW3iFOMmCyRZc="></latexit><latexit sha1_base64="qEntTpnffTqQjjyW3iFOMmCyRZc="></latexit>

! ijkl =
1
15

g

(2" )3

! "
#f 0

#$

#
p4

$2 D ijkl d3p,
<latexit sha1_base64="Bd4XWbIeX4eVs7oaJa7wYNtsskI="></latexit><latexit sha1_base64="Bd4XWbIeX4eVs7oaJa7wYNtsskI="></latexit><latexit sha1_base64="Bd4XWbIeX4eVs7oaJa7wYNtsskI="></latexit>

D ijkl =
!

! ijmn
(1) + ! ijmn

(2)

"
Cmnkl (").

<latexit sha1_base64="vQ7sdfS3zJMWgxy5lyU28+ukRFY="></latexit><latexit sha1_base64="vQ7sdfS3zJMWgxy5lyU28+ukRFY="></latexit><latexit sha1_base64="vQ7sdfS3zJMWgxy5lyU28+ukRFY="></latexit>

¥ Using ! f
<latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit><latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit><latexit sha1_base64="59zjbZHB24+QTforeTqi3FV8i88=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lFUG9FLx4rGFtoQ9lsJu3SzSbuboQS+ie8eFDx6u/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGHosEYnqBFSj4BI9w43ATqqQxoHAdjC6mfrtJ1SaJ/LejFP0YzqQPOKMGit1eiEKQ0nUr9bcujsDWSaNgtSgQKtf/eqFCctilIYJqnW34abGz6kynAmcVHqZxpSyER1g11JJY9R+Prt3Qk6sEpIoUbakITP190ROY63HcWA7Y2qGetGbiv953cxEl37OZZoZlGy+KMoEMQmZPk9CrpAZMbaEMsXtrYQNqaLM2IgqNoTG4svLxDurX9Xdu/Na87pIowxHcAyn0IALaMIttMADBgKe4RXenEfnxXl3PuatJaeYOYQ/cD5/ABcWj4k=</latexit>

where
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d4 =
! 4! 2

H

1 + 4! 2
H

<latexit sha1_base64="6uBrndu6JJxFBzQxo5T6iqCNPIA="></latexit><latexit sha1_base64="6uBrndu6JJxFBzQxo5T6iqCNPIA="></latexit><latexit sha1_base64="6uBrndu6JJxFBzQxo5T6iqCNPIA="></latexit>

d8 =
! 3! 3

H

(1 + 4 ! 2
H )(1 + ! 2

H )
<latexit sha1_base64="6lsJ5AaMyrA1voQV1G09Pl/PKHw="></latexit><latexit sha1_base64="6lsJ5AaMyrA1voQV1G09Pl/PKHw="></latexit><latexit sha1_base64="6lsJ5AaMyrA1voQV1G09Pl/PKHw="></latexit>

d1 =
1

1 + 4! 2
H

<latexit sha1_base64="HvVKo2YH2cFhF0i97kJ9kMFpXFQ="></latexit><latexit sha1_base64="HvVKo2YH2cFhF0i97kJ9kMFpXFQ="></latexit><latexit sha1_base64="HvVKo2YH2cFhF0i97kJ9kMFpXFQ="></latexit>

d6 =
12! 4

H

(1 + 4 ! 2
H )(1 + ! 2

H )
<latexit sha1_base64="SmV4rKkOHB4fWnmuR/bcyY9bOJ4="></latexit><latexit sha1_base64="SmV4rKkOHB4fWnmuR/bcyY9bOJ4="></latexit><latexit sha1_base64="SmV4rKkOHB4fWnmuR/bcyY9bOJ4="></latexit>

d7 =
! ! H

1 + 4! 2
H

<latexit sha1_base64="3W+wdMHOF1hHPHVTBA/eos5w1Ew="></latexit><latexit sha1_base64="3W+wdMHOF1hHPHVTBA/eos5w1Ew="></latexit><latexit sha1_base64="3W+wdMHOF1hHPHVTBA/eos5w1Ew="></latexit>

d2 = !
2
3

(1 ! 2! 2
H )

(1 + 4 ! 2
H )

<latexit sha1_base64="vkAJ/k8xUbR+o3nOSqx6k4uoYak="></latexit><latexit sha1_base64="vkAJ/k8xUbR+o3nOSqx6k4uoYak="></latexit><latexit sha1_base64="vkAJ/k8xUbR+o3nOSqx6k4uoYak="></latexit>

d3 =
3! 2

H

(1 + 4! 2
H )(1 + ! 2

H )
<latexit sha1_base64="QCmXiQS1GH0SDYdx7UZTpuUa0Fw="></latexit><latexit sha1_base64="QCmXiQS1GH0SDYdx7UZTpuUa0Fw="></latexit><latexit sha1_base64="QCmXiQS1GH0SDYdx7UZTpuUa0Fw="></latexit>

d5 =
! 4! 2

H

1 + 4! 2
H

<latexit sha1_base64="OsUxc91aHoMql2L3UQuVQ8lHsZE="></latexit><latexit sha1_base64="OsUxc91aHoMql2L3UQuVQ8lHsZE="></latexit><latexit sha1_base64="OsUxc91aHoMql2L3UQuVQ8lHsZE="></latexit>

! (1) =
1

1 + 4" 2
H

! (0)
<latexit sha1_base64="CtLuAdiePMBkLcbACHzGb4anlEk=">AAACFHicbVDNSsNAGNzUv1r/oh69LBahRSlJKagHoeilxwrGFpoaNttNu3SzCbsboYS8hBdfxYsHFa8evPk2btsctDqwMMzMx7ff+DGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29WxklAhMHRywSXR9JwignjqKKkW4sCAp9Rjr++Grqd+6JkDTiN2oSk36IhpwGFCOlJc88cYlCXlqxq9mFGwiEUztL7eOGi0fUS1vZXT3LE1Y188yyVbNmgH+JnZMyyNH2zE93EOEkJFxhhqTs2Vas+ikSimJGspKbSBIjPEZD0tOUo5DIfjq7KoNHWhnAIBL6cQVn6s+JFIVSTkJfJ0OkRnLRm4r/eb1EBWf9lPI4UYTj+aIgYVBFcFoRHFBBsGITTRAWVP8V4hHS3ShdZEmXYC+e/Jc49dp5zbpulJuXeRtFcAAOQQXY4BQ0QQu0gQMweABP4AW8Go/Gs/FmvM+jBSOf2Qe/YHx8AxUhnbg=</latexit><latexit sha1_base64="CtLuAdiePMBkLcbACHzGb4anlEk=">AAACFHicbVDNSsNAGNzUv1r/oh69LBahRSlJKagHoeilxwrGFpoaNttNu3SzCbsboYS8hBdfxYsHFa8evPk2btsctDqwMMzMx7ff+DGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29WxklAhMHRywSXR9JwignjqKKkW4sCAp9Rjr++Grqd+6JkDTiN2oSk36IhpwGFCOlJc88cYlCXlqxq9mFGwiEUztL7eOGi0fUS1vZXT3LE1Y188yyVbNmgH+JnZMyyNH2zE93EOEkJFxhhqTs2Vas+ikSimJGspKbSBIjPEZD0tOUo5DIfjq7KoNHWhnAIBL6cQVn6s+JFIVSTkJfJ0OkRnLRm4r/eb1EBWf9lPI4UYTj+aIgYVBFcFoRHFBBsGITTRAWVP8V4hHS3ShdZEmXYC+e/Jc49dp5zbpulJuXeRtFcAAOQQXY4BQ0QQu0gQMweABP4AW8Go/Gs/FmvM+jBSOf2Qe/YHx8AxUhnbg=</latexit><latexit sha1_base64="CtLuAdiePMBkLcbACHzGb4anlEk=">AAACFHicbVDNSsNAGNzUv1r/oh69LBahRSlJKagHoeilxwrGFpoaNttNu3SzCbsboYS8hBdfxYsHFa8evPk2btsctDqwMMzMx7ff+DGjUlnWl1FYWl5ZXSuulzY2t7Z3zN29WxklAhMHRywSXR9JwignjqKKkW4sCAp9Rjr++Grqd+6JkDTiN2oSk36IhpwGFCOlJc88cYlCXlqxq9mFGwiEUztL7eOGi0fUS1vZXT3LE1Y188yyVbNmgH+JnZMyyNH2zE93EOEkJFxhhqTs2Vas+ikSimJGspKbSBIjPEZD0tOUo5DIfjq7KoNHWhnAIBL6cQVn6s+JFIVSTkJfJ0OkRnLRm4r/eb1EBWf9lPI4UYTj+aIgYVBFcFoRHFBBsGITTRAWVP8V4hHS3ShdZEmXYC+e/Jc49dp5zbpulJuXeRtFcAAOQQXY4BQ0QQu0gQMweABP4AW8Go/Gs/FmvM+jBSOf2Qe/YHx8AxUhnbg=</latexit>

! (2) =
1

1 + " 2
H

! (0)
<latexit sha1_base64="fKBuhRkQy/4z+I1/ph+J679+gRE=">AAACE3icbVDNSsNAGNzUv1r/oh69BIvQUihJEdSDUPTSYwVrC00Mm+2mXbrZhN2NUJY8hBdfxYsHFa9evPk2btsctHVgYZiZj2+/CRJKhLTtb6Owsrq2vlHcLG1t7+zumfsHdyJOOcIdFNOY9wIoMCUMdySRFPcSjmEUUNwNxtdTv/uAuSAxu5WTBHsRHDISEgSllnyz5mIJfVVpVLNLN+QQKSdTTs1FI+KrVnbfyPKAXc18s2zX7RmsZeLkpAxytH3zyx3EKI0wk4hCIfqOnUhPQS4JojgruanACURjOMR9TRmMsPDU7KjMOtHKwApjrh+T1kz9PaFgJMQkCnQygnIkFr2p+J/XT2V47inCklRihuaLwpRaMramDVkDwjGSdKIJRJzov1poBHU1UvdY0iU4iycvk06jflG3b07Lzau8jSI4AsegAhxwBpqgBdqgAxB4BM/gFbwZT8aL8W58zKMFI585BH9gfP4Alt6dew==</latexit><latexit sha1_base64="fKBuhRkQy/4z+I1/ph+J679+gRE=">AAACE3icbVDNSsNAGNzUv1r/oh69BIvQUihJEdSDUPTSYwVrC00Mm+2mXbrZhN2NUJY8hBdfxYsHFa9evPk2btsctHVgYZiZj2+/CRJKhLTtb6Owsrq2vlHcLG1t7+zumfsHdyJOOcIdFNOY9wIoMCUMdySRFPcSjmEUUNwNxtdTv/uAuSAxu5WTBHsRHDISEgSllnyz5mIJfVVpVLNLN+QQKSdTTs1FI+KrVnbfyPKAXc18s2zX7RmsZeLkpAxytH3zyx3EKI0wk4hCIfqOnUhPQS4JojgruanACURjOMR9TRmMsPDU7KjMOtHKwApjrh+T1kz9PaFgJMQkCnQygnIkFr2p+J/XT2V47inCklRihuaLwpRaMramDVkDwjGSdKIJRJzov1poBHU1UvdY0iU4iycvk06jflG3b07Lzau8jSI4AsegAhxwBpqgBdqgAxB4BM/gFbwZT8aL8W58zKMFI585BH9gfP4Alt6dew==</latexit><latexit sha1_base64="fKBuhRkQy/4z+I1/ph+J679+gRE=">AAACE3icbVDNSsNAGNzUv1r/oh69BIvQUihJEdSDUPTSYwVrC00Mm+2mXbrZhN2NUJY8hBdfxYsHFa9evPk2btsctHVgYZiZj2+/CRJKhLTtb6Owsrq2vlHcLG1t7+zumfsHdyJOOcIdFNOY9wIoMCUMdySRFPcSjmEUUNwNxtdTv/uAuSAxu5WTBHsRHDISEgSllnyz5mIJfVVpVLNLN+QQKSdTTs1FI+KrVnbfyPKAXc18s2zX7RmsZeLkpAxytH3zyx3EKI0wk4hCIfqOnUhPQS4JojgruanACURjOMR9TRmMsPDU7KjMOtHKwApjrh+T1kz9PaFgJMQkCnQygnIkFr2p+J/XT2V47inCklRihuaLwpRaMramDVkDwjGSdKIJRJzov1poBHU1UvdY0iU4iycvk06jflG3b07Lzau8jSI4AsegAhxwBpqgBdqgAxB4BM/gFbwZT8aL8W58zKMFI585BH9gfP4Alt6dew==</latexit>

! (3) =
2" H

1 + 4" 2
H

! (0)
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! (4) =
" H

1 + " 2
H

! (0)
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! (0) = Shear viscosity without magnetic f ield
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Same as Dima et al 

! ijkl = ! (0)
!
3"(6) ! "(5) ! "(4) + "(2) / 3

" ijkl

+ ! (1)
!
"(1) ! "(2) ! "(3) + "(4) + "(5) + "(6)

" ijkl

+ ! (2)
!
"(3) ! 4"(6)

" ijkl

! ! (3)
!
" (7) / 2 ! "(8) / 2

" ijkl

! ! (4) " ijkl
(8) .
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! ijkl =
1
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g

(2" )3

! "
#f 0

#$

#
p4

$2 D ijkl d3p,
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¥ The correction to the distribution function  
contain electric charge dependence factors 

¥Simple model calculation based on Bjorken 
evolution shows no signiÞcant effect  

¥ In future the correction can be included in a  
numerical simulation with magnetic Þeld  

¥Chapman-Enskog and Grads moments for  
calculating ! f
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S ij
(0) =

!
3bi bj ! ! ij "

#
bj bkVjk !

1
3

" áV
$
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S ij
(1) = 2V ij ! �ij " áV ! 2V ik bk b

j ! 2bi V jk bk +

�ij V kl bk bl + bi bj " áV + bi bj V kl bk bl ,
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Sij
(2) = 2

�
V ikbkb

j + biV jkbk ! 2bibjV klbkbl
�
,
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S ij
(3) = ! bik V j

k ! V ik bj
k + bik Vkl b

l bj + bi bjk Vkl b
l ,
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Sij
(4) = ! 2

!
bik Vkl bl bj + bi bjk Vkl bl " .
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Electrical conductivity of QGP
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Lattice:
S Gupta (2004)  
PLB 597,57-62

!
T

|(T =2 Tc ) ! 6

G Arts et al (2007)  
arXiv lat/0703008

! ! 90MeV
taking e2 = 0 .09

!
T

! 0.4 ! |T =2 Tc ! 12MeV

A Amato et al (2013)  
PRL 111,17,172001

PQCD(NLL):

!
T

! 0.3 ! |T =2 Tc ! 9MeV

P Arnold et al (2013)  
PHKKb

!
T

!
5
e2

! |T =2 Tc ! 1.7 " 104MeV

1 MeV ! 1.69" 1011 S
m

(SI unit)

Copper at 20 c 5.96! 107 S
m

QGP  highly conductive
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A Amato et al (2013)  
PRL 111,17,172001

Evolution of mag Þeld:

Magnetic Reynolds number:

Rm ! 1 Ideal MHD

Greif et al PRD 90,094014



Temporal evolution of Þelds
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t=0t<0

QGP

t>0

Field evaluation Hydrodynamic starts, t~0.6 fm 

Tuchin, PRC 88,024911 (2013)

We consider 
zero and 

non-zero conductivityVacuum

Conducting medium



Relativistic 
magnetohydrodynamics 

ßuid consists of charged particles moving under external 
electric/magnetic Þeld experience force which changes 

ßuid velocity

ßuid constituents are electrically charged hence its motion 
generates electromagnetic Þeld which changes the external 

Þeld 

In Magnetohydrodynamics we solve energy-momentum conservation and 
Maxwell equations self consistently 
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Formulation of Relativistic 
magnetohydrodynamics 

conservation equations 

! µ Tµ ! = 0 ! µF µ! = j µ

! µ N µ = 0 ! µ F µ ! = 0

F µ! =
1
2

! µ !"# F"#N µ = nuµ F µ! = ! µ A! ! ! ! Aµ

j µ = ! uµ + " µ ! E!

In case of vanishing net charge and isotropic system  
�µ! = �gµ!

! ! 0

j µ = ! E µ
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Tµ!
matter = ( ! + p) uµ u! ! pgµ !

Tµ !
f ield = ! F µ" F k

" +
1
4

gµ! F#$F #$

Tµ ! =
!
! + p + B 2"

uµ u! !
#

p +
1
2

B 2
$

gµ! ! B 2bµ b!

Formulation of Relativistic 
ideal MHD

E µ = F µ! u! = !
!"

"v á"E
#

, "E +
"

"v ! "B
#$

In the ßuid rest frame 
!j = "

!
!E +

"
!v ! !B

#$ when ! ! " !jbut for Þnite 
!E = ! !v " !B Ideal MHD

Energy momentum tensor for ideal MHD

B 2uµ u⌫ !
1
2

B 2gµ⌫ ! B 2bµ b⌫
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Initial magnetic Þeld

We numerically solve energy-momentum tensor on a space-time lattice. 
The space-time evolution of magnetic Þeld (in lab frame) is taken as parametrised 

B µ =
1
2

! µ !"# u! F"#
Lab frame BFluid frame

Lab frame:  

B µ Bµ = ! B 2

eBy (! , x, y)
m2

!
= f (! ) g (x, y)
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Magnetic Þeld in the 
transverse plane 

b=0 fm b=10 fm 

g(x, y) = exp

!

!
(x ! x0)2

4! 2
x

!
(y ! y0)2

4! 2
y

"

! x = ! y = 3 .5fm
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! x = 1 .5fm ; ! y = 2 .2fm

V Roy et al PRC, 92,064902 (2015)



Time evolution of magnetic 
Þeld
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Vacuum Conducting QGP

f (! ) = M aa3e(b3 / (M ! ! + c3 ))

M a = 1

! = 0

eB
m2

!
= 1

at



Other inputs to RMHD 
model
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Initial energy density    : 

Equation of State          : 

Thermalisation time      : 

Initial ßuid velocity        : 

Freeze out temperature: 

! (x, y, b) = ! 0 [xh Npart (x, y, b) + (1 ! xh )Ncoll (x, y, b)]

Lattice+HRG

0.6 fm 

(s95p-PCE165-v0)

130 MeV

vx (x, y) = vy (x, y) = 0



Equation of motion
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! µ Tµ ! = 0

! !

!
÷T ! !

"
+ ! x

!
÷T ! ! ÷vx

"
+ ! y

!
÷T ! ! ÷vy

"
= !

#
p +

B2

2

$

! = 0 :

! = 1 :

! = 2 :

Multidimensional Flux-Corrected algorithm SHASTA is used for the numerical solution 
of conservation equations  

! !

!
÷T ! y

"
+ ! x

#!
÷T ! y + ÷B ! ÷B y

"
vx

$
+ ! y

#!
÷T ! y + ÷B ! ÷B y

"
vy

$
= ! x

#
÷B y ÷B x

$
! ! y

%

÷p +
÷B 2

2
! ÷B y2

&

! !

!
÷T ! x

"
+ ! x

#!
÷T ! x + ÷B ! ÷B x

"
vx

$
+ ! y

#!
÷T ! x + ÷B ! ÷B x

"
vy

$
= ! y

#
÷B y ÷B x

$
! ! x

%

÷p +
÷B 2

2
! ÷B x 2

&

÷Tµ! = ! Tµ ! , ÷B µ =
!

! B µ , ÷B 2 = ! ÷B 2



Conservative to Primitive 
variables 
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4

one solved in Ref. [38].
The set of equations (3)Ð(5) is closed by an EOS and we

use the EOS indicated as Òs95p-PCE165-v0Ó in Refs. [55, 56],
which is constructed from lattice-QCD data at high tempera-
ture and a partially chemically equilibrated hadron resonance
gas at low temperature. From now on we will refer to this as
EOS-LHRG.

III. NUMERICAL SETUP

We solve the conservation equations (3)Ð(5) for M B = 0 ,
i.e., f B ! 1, by using an appropriately modiÞed (see below)
version of the publicly available2 + 1 dimensional perfect
ßuid dynamics code ÒAZHYDROÓ [57, 58], which uses the
multidimensional ßux-correcting algorithmSHASTAto solve
the energy-momentum conservation equations.

At each time-step the conserved quantitiesT !! , Tx ! , and
Ty! are evolved to the next time-step using the SHASTA al-
gorithm. In order to Þnd the primitive variables! , p, vx , vy

from the time-evolved conserved quantities we use the fol-
lowing algorithm [59]. First we deÞne the quantities

E := T!! = w" 2 " pB " B 2(b! )2 , (9)

M x := T ! x = w" 2vx " B 2b! bx , (10)

M y := T ! y = w" 2vy " B 2b! by . (11)

Note that the momentum ßow vectorM = ( M x , M y ) is
not always parallel to the ßuid velocity vectorv = ( vx , vy )
and thus we cannot apply the algorithm given in the original
ÒAZHYDROÓ code to Þnd the new velocity. To counter this
problem we next introduce the new quantities

E
!

:= E + B 2(b! )2 = w" 2 " pB , (12)

M x !

:= M x + B 2b! bx = w" 2vx , (13)

M y !

:= M y + B 2b! by = w" 2vy , (14)

where the new three-vectorM
!

= ( M x !

, M y !

) is always par-
allel to v. As a result, we can now apply the well known
technique (given below) of Þnding primitive variables at each
time-step. More speciÞcally, after deÞningM

!
:= |M

!

| and
v := |v|, we can write

M
!

=
!

E
!
+ pB

"
v , (15)

! = E
!
" M

!
v "

B 2

2
, (16)

and use the above expressions to replace! in p(! ) to Þnally
obtain

v =
M

!

E ! + p(! )

#
#
#
#
#
" = E ! ! M ! v! B 2 / 2

. (17)

For given values ofE
!
, M

!
, andB 2, Eq. (17) can be solved

iteratively for the velocityv, which, once known, allows us to
compute! from Eq. (16). Finally, the distinct componentsvx

andvy can be obtained from the collinearity ofM
!

andv.

A. Initial data

Obviously, in order to solve the system of coupled partial
differential equations (3)Ð(5) a set of initial conditions needs
to be speciÞed. In particular, at the initial time of the hydro-
dynamical evolution, which we choose as#0 = 0 .6 fm, we set
vx = vy = 0 , while the initial energy density in the transverse
plane is obtained from the Glauber model via the following
two-component form

! (x, y, b) = ! 0 [xh Npart (x, y, b) + (1 " xh )Ncoll (x, y, b)] .
(18)

Here,Npart (x, y, b) andNcoll (x, y, b) are the transverse pro-
Þles of the average number of participants and the aver-
age number of binary collisions, respectively, both calculated
within a Glauber model for a given impact parameterb. The
fraction of hard scatteringxh is important to explain the cen-
trality dependence of the average charged hadron multiplicity.
Since we will not compare our result to experimental data, we
takexh = 0 .25 in all cases considered.

B. Magnetic-Þeld evolution

In a fully consistent solution of the MHD equations with
appropriate boundary conditions the induction equation would
provide the evolution of the magnetic Þeld as a result of the
dynamics of the magnetized ßow. However, as mentioned in
Sec.I, we here employ a reduced set of MHD equations, and
the evolution of the external magnetic Þeld is taken to follow
some suitably deÞned function in space and time. Inspired by
a previous study [44], we use the following parametrized form
in space and time for they-component of the magnetic Þeld
(this is what is indicated asB s in Fig. 1)

e øB y (x, y, #)
m2

#
= f (#) exp

$

"
(x " x0)2

4$2
x

"
(y " y0)2

4$2
y

%

,

(19)

In all cases considered we center the Gaussian in Eq. (19) at
x0 = y0 = 0 and use$x , $y to set the widths of the Gaussian
in x- andy-direction, respectively. For an impact parameter
b = 0 , we use$x = $y = 3 .5 fm, while for b = 10 fm, we set
$x = 1 .5 fm and$y = 2 .2 fm. The corresponding magnetic
energy densities at# = 0 are shown in Fig.3 for the cases of
b = 0 (left panel) andb = 10 fm (right panel).

The evolution of the magnetic Þeld in the QGP is not well
known. In vacuum, the decay time of the magnetic Þeld is
inversely proportional to the

#
sNN of the collision [1]. How-

ever, several studies have shown that the QGP possesses a
nonzero temperature-dependent electrical conductivity [60Ð
62]. In this case, the decay of the magnetic Þeld can be sub-
stantially delayed [5, 46].

In view of these considerations and uncertainties, we
here employ a function of proper time only, i.e.,f (#) in
Eq. (19), as a fully phenomenological ansatz for a reasonable
parametrization of the evolution of the magnetic ÞeldøB y , dis-
tinguishing the case in which the Þeld is in vacuum from when
it is in a QGP.
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one solved in Ref. [38].
The set of equations (3)Ð(5) is closed by an EOS and we

use the EOS indicated as Òs95p-PCE165-v0Ó in Refs. [55, 56],
which is constructed from lattice-QCD data at high tempera-
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version of the publicly available2 + 1 dimensional perfect
ßuid dynamics code ÒAZHYDROÓ [57, 58], which uses the
multidimensional ßux-correcting algorithmSHASTAto solve
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Ty! are evolved to the next time-step using the SHASTA al-
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from the time-evolved conserved quantities we use the fol-
lowing algorithm [59]. First we deÞne the quantities

E := T!! = w" 2 " pB " B 2(b! )2 , (9)

M x := T ! x = w" 2vx " B 2b! bx , (10)

M y := T ! y = w" 2vy " B 2b! by . (11)

Note that the momentum ßow vectorM = ( M x , M y ) is
not always parallel to the ßuid velocity vectorv = ( vx , vy )
and thus we cannot apply the algorithm given in the original
ÒAZHYDROÓ code to Þnd the new velocity. To counter this
problem we next introduce the new quantities

E
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allel to v. As a result, we can now apply the well known
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For given values ofE
!
, M

!
, andB 2, Eq. (17) can be solved

iteratively for the velocityv, which, once known, allows us to
compute! from Eq. (16). Finally, the distinct componentsvx

andvy can be obtained from the collinearity ofM
!

andv.

A. Initial data

Obviously, in order to solve the system of coupled partial
differential equations (3)Ð(5) a set of initial conditions needs
to be speciÞed. In particular, at the initial time of the hydro-
dynamical evolution, which we choose as#0 = 0 .6 fm, we set
vx = vy = 0 , while the initial energy density in the transverse
plane is obtained from the Glauber model via the following
two-component form

! (x, y, b) = ! 0 [xh Npart (x, y, b) + (1 " xh )Ncoll (x, y, b)] .
(18)

Here,Npart (x, y, b) andNcoll (x, y, b) are the transverse pro-
Þles of the average number of participants and the aver-
age number of binary collisions, respectively, both calculated
within a Glauber model for a given impact parameterb. The
fraction of hard scatteringxh is important to explain the cen-
trality dependence of the average charged hadron multiplicity.
Since we will not compare our result to experimental data, we
takexh = 0 .25 in all cases considered.

B. Magnetic-Þeld evolution

In a fully consistent solution of the MHD equations with
appropriate boundary conditions the induction equation would
provide the evolution of the magnetic Þeld as a result of the
dynamics of the magnetized ßow. However, as mentioned in
Sec.I, we here employ a reduced set of MHD equations, and
the evolution of the external magnetic Þeld is taken to follow
some suitably deÞned function in space and time. Inspired by
a previous study [44], we use the following parametrized form
in space and time for they-component of the magnetic Þeld
(this is what is indicated asB s in Fig. 1)
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In all cases considered we center the Gaussian in Eq. (19) at
x0 = y0 = 0 and use$x , $y to set the widths of the Gaussian
in x- andy-direction, respectively. For an impact parameter
b = 0 , we use$x = $y = 3 .5 fm, while for b = 10 fm, we set
$x = 1 .5 fm and$y = 2 .2 fm. The corresponding magnetic
energy densities at# = 0 are shown in Fig.3 for the cases of
b = 0 (left panel) andb = 10 fm (right panel).

The evolution of the magnetic Þeld in the QGP is not well
known. In vacuum, the decay time of the magnetic Þeld is
inversely proportional to the

#
sNN of the collision [1]. How-

ever, several studies have shown that the QGP possesses a
nonzero temperature-dependent electrical conductivity [60Ð
62]. In this case, the decay of the magnetic Þeld can be sub-
stantially delayed [5, 46].

In view of these considerations and uncertainties, we
here employ a function of proper time only, i.e.,f (#) in
Eq. (19), as a fully phenomenological ansatz for a reasonable
parametrization of the evolution of the magnetic ÞeldøB y , dis-
tinguishing the case in which the Þeld is in vacuum from when
it is in a QGP.
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compute! from Eq. (16). Finally, the distinct componentsvx

andvy can be obtained from the collinearity ofM
!

andv.

A. Initial data

Obviously, in order to solve the system of coupled partial
differential equations (3)Ð(5) a set of initial conditions needs
to be speciÞed. In particular, at the initial time of the hydro-
dynamical evolution, which we choose as#0 = 0 .6 fm, we set
vx = vy = 0 , while the initial energy density in the transverse
plane is obtained from the Glauber model via the following
two-component form
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Here,Npart (x, y, b) andNcoll (x, y, b) are the transverse pro-
Þles of the average number of participants and the aver-
age number of binary collisions, respectively, both calculated
within a Glauber model for a given impact parameterb. The
fraction of hard scatteringxh is important to explain the cen-
trality dependence of the average charged hadron multiplicity.
Since we will not compare our result to experimental data, we
takexh = 0 .25 in all cases considered.

B. Magnetic-Þeld evolution

In a fully consistent solution of the MHD equations with
appropriate boundary conditions the induction equation would
provide the evolution of the magnetic Þeld as a result of the
dynamics of the magnetized ßow. However, as mentioned in
Sec.I, we here employ a reduced set of MHD equations, and
the evolution of the external magnetic Þeld is taken to follow
some suitably deÞned function in space and time. Inspired by
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In all cases considered we center the Gaussian in Eq. (19) at
x0 = y0 = 0 and use$x , $y to set the widths of the Gaussian
in x- andy-direction, respectively. For an impact parameter
b = 0 , we use$x = $y = 3 .5 fm, while for b = 10 fm, we set
$x = 1 .5 fm and$y = 2 .2 fm. The corresponding magnetic
energy densities at# = 0 are shown in Fig.3 for the cases of
b = 0 (left panel) andb = 10 fm (right panel).

The evolution of the magnetic Þeld in the QGP is not well
known. In vacuum, the decay time of the magnetic Þeld is
inversely proportional to the

#
sNN of the collision [1]. How-

ever, several studies have shown that the QGP possesses a
nonzero temperature-dependent electrical conductivity [60Ð
62]. In this case, the decay of the magnetic Þeld can be sub-
stantially delayed [5, 46].

In view of these considerations and uncertainties, we
here employ a function of proper time only, i.e.,f (#) in
Eq. (19), as a fully phenomenological ansatz for a reasonable
parametrization of the evolution of the magnetic ÞeldøB y , dis-
tinguishing the case in which the Þeld is in vacuum from when
it is in a QGP.

At each time step we need to Þnd out velocity, energy density and pressure 
from the transported component of Tµ !
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Obviously, in order to solve the system of coupled partial
differential equations (3)Ð(5) a set of initial conditions needs
to be speciÞed. In particular, at the initial time of the hydro-
dynamical evolution, which we choose as#0 = 0 .6 fm, we set
vx = vy = 0 , while the initial energy density in the transverse
plane is obtained from the Glauber model via the following
two-component form

! (x, y, b) = ! 0 [xh Npart (x, y, b) + (1 " xh )Ncoll (x, y, b)] .
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Here,Npart (x, y, b) andNcoll (x, y, b) are the transverse pro-
Þles of the average number of participants and the aver-
age number of binary collisions, respectively, both calculated
within a Glauber model for a given impact parameterb. The
fraction of hard scatteringxh is important to explain the cen-
trality dependence of the average charged hadron multiplicity.
Since we will not compare our result to experimental data, we
takexh = 0 .25 in all cases considered.

B. Magnetic-Þeld evolution

In a fully consistent solution of the MHD equations with
appropriate boundary conditions the induction equation would
provide the evolution of the magnetic Þeld as a result of the
dynamics of the magnetized ßow. However, as mentioned in
Sec.I, we here employ a reduced set of MHD equations, and
the evolution of the external magnetic Þeld is taken to follow
some suitably deÞned function in space and time. Inspired by
a previous study [44], we use the following parametrized form
in space and time for they-component of the magnetic Þeld
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In all cases considered we center the Gaussian in Eq. (19) at
x0 = y0 = 0 and use$x , $y to set the widths of the Gaussian
in x- andy-direction, respectively. For an impact parameter
b = 0 , we use$x = $y = 3 .5 fm, while for b = 10 fm, we set
$x = 1 .5 fm and$y = 2 .2 fm. The corresponding magnetic
energy densities at# = 0 are shown in Fig.3 for the cases of
b = 0 (left panel) andb = 10 fm (right panel).

The evolution of the magnetic Þeld in the QGP is not well
known. In vacuum, the decay time of the magnetic Þeld is
inversely proportional to the

#
sNN of the collision [1]. How-

ever, several studies have shown that the QGP possesses a
nonzero temperature-dependent electrical conductivity [60Ð
62]. In this case, the decay of the magnetic Þeld can be sub-
stantially delayed [5, 46].

In view of these considerations and uncertainties, we
here employ a function of proper time only, i.e.,f (#) in
Eq. (19), as a fully phenomenological ansatz for a reasonable
parametrization of the evolution of the magnetic ÞeldøB y , dis-
tinguishing the case in which the Þeld is in vacuum from when
it is in a QGP.
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The pressure is a function of! , thus we also need to Þnd it, this can be done in
the following way
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1.2 Final formulae to be used in the code (standard form
for SHASTA)

Setting the magnetisation M=0 in eq. 1,2, and 3 we have
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where ÷Tµ" = #Tµ" , ÷B µ =
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#B µ , and ÷B 2 = # ÷B 2. The component of energy
momentum tensor are
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1.3 Some useful formulas and their derivation

First we note the co-variant and contravariant Þeld strength tensors are
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Also note that we construct the following Lorentz invariant quantities
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¥For realistic values of magnetic Þeld we observe enhanced elliptic 
ßow within reduced MHD formalism. 

¥In order to extract transport coefÞcient of QGP more precisely it is 
important to consider the effect of magnetic Þeld on ßow 
harmonics. 

¥A self consistent Relativistic non-ideal magnetohydrodynamics 
code is needed in order to more accurately study the effect of 
magnetic Þeld.
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one solved in Ref. [38].
The set of equations (3)Ð(5) is closed by an EOS and we

use the EOS indicated as Òs95p-PCE165-v0Ó in Refs. [55, 56],
which is constructed from lattice-QCD data at high tempera-
ture and a partially chemically equilibrated hadron resonance
gas at low temperature. From now on we will refer to this as
EOS-LHRG.

III. NUMERICAL SETUP

We solve the conservation equations (3)Ð(5) for M B = 0 ,
i.e., f B ! 1, by using an appropriately modiÞed (see below)
version of the publicly available2 + 1 dimensional perfect
ßuid dynamics code ÒAZHYDROÓ [57, 58], which uses the
multidimensional ßux-correcting algorithmSHASTAto solve
the energy-momentum conservation equations.

At each time-step the conserved quantitiesT !! , Tx ! , and
Ty! are evolved to the next time-step using the SHASTA al-
gorithm. In order to Þnd the primitive variables! , p, vx , vy

from the time-evolved conserved quantities we use the fol-
lowing algorithm [59]. First we deÞne the quantities

E := T!! = w" 2 " pB " B 2(b! )2 , (9)

M x := T ! x = w" 2vx " B 2b! bx , (10)

M y := T ! y = w" 2vy " B 2b! by . (11)

Note that the momentum ßow vectorM = ( M x , M y ) is
not always parallel to the ßuid velocity vectorv = ( vx , vy )
and thus we cannot apply the algorithm given in the original
ÒAZHYDROÓ code to Þnd the new velocity. To counter this
problem we next introduce the new quantities

E
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iteratively for the velocityv, which, once known, allows us to
compute! from Eq. (16). Finally, the distinct componentsvx

andvy can be obtained from the collinearity ofM
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andv.

A. Initial data

Obviously, in order to solve the system of coupled partial
differential equations (3)Ð(5) a set of initial conditions needs
to be speciÞed. In particular, at the initial time of the hydro-
dynamical evolution, which we choose as#0 = 0 .6 fm, we set
vx = vy = 0 , while the initial energy density in the transverse
plane is obtained from the Glauber model via the following
two-component form
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Here,Npart (x, y, b) andNcoll (x, y, b) are the transverse pro-
Þles of the average number of participants and the aver-
age number of binary collisions, respectively, both calculated
within a Glauber model for a given impact parameterb. The
fraction of hard scatteringxh is important to explain the cen-
trality dependence of the average charged hadron multiplicity.
Since we will not compare our result to experimental data, we
takexh = 0 .25 in all cases considered.

B. Magnetic-Þeld evolution

In a fully consistent solution of the MHD equations with
appropriate boundary conditions the induction equation would
provide the evolution of the magnetic Þeld as a result of the
dynamics of the magnetized ßow. However, as mentioned in
Sec.I, we here employ a reduced set of MHD equations, and
the evolution of the external magnetic Þeld is taken to follow
some suitably deÞned function in space and time. Inspired by
a previous study [44], we use the following parametrized form
in space and time for they-component of the magnetic Þeld
(this is what is indicated asB s in Fig. 1)
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In all cases considered we center the Gaussian in Eq. (19) at
x0 = y0 = 0 and use$x , $y to set the widths of the Gaussian
in x- andy-direction, respectively. For an impact parameter
b = 0 , we use$x = $y = 3 .5 fm, while for b = 10 fm, we set
$x = 1 .5 fm and$y = 2 .2 fm. The corresponding magnetic
energy densities at# = 0 are shown in Fig.3 for the cases of
b = 0 (left panel) andb = 10 fm (right panel).

The evolution of the magnetic Þeld in the QGP is not well
known. In vacuum, the decay time of the magnetic Þeld is
inversely proportional to the

#
sNN of the collision [1]. How-

ever, several studies have shown that the QGP possesses a
nonzero temperature-dependent electrical conductivity [60Ð
62]. In this case, the decay of the magnetic Þeld can be sub-
stantially delayed [5, 46].

In view of these considerations and uncertainties, we
here employ a function of proper time only, i.e.,f (#) in
Eq. (19), as a fully phenomenological ansatz for a reasonable
parametrization of the evolution of the magnetic ÞeldøB y , dis-
tinguishing the case in which the Þeld is in vacuum from when
it is in a QGP.
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A. Initial data

Obviously, in order to solve the system of coupled partial
differential equations (3)Ð(5) a set of initial conditions needs
to be speciÞed. In particular, at the initial time of the hydro-
dynamical evolution, which we choose as#0 = 0 .6 fm, we set
vx = vy = 0 , while the initial energy density in the transverse
plane is obtained from the Glauber model via the following
two-component form
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Here,Npart (x, y, b) andNcoll (x, y, b) are the transverse pro-
Þles of the average number of participants and the aver-
age number of binary collisions, respectively, both calculated
within a Glauber model for a given impact parameterb. The
fraction of hard scatteringxh is important to explain the cen-
trality dependence of the average charged hadron multiplicity.
Since we will not compare our result to experimental data, we
takexh = 0 .25 in all cases considered.

B. Magnetic-Þeld evolution

In a fully consistent solution of the MHD equations with
appropriate boundary conditions the induction equation would
provide the evolution of the magnetic Þeld as a result of the
dynamics of the magnetized ßow. However, as mentioned in
Sec.I, we here employ a reduced set of MHD equations, and
the evolution of the external magnetic Þeld is taken to follow
some suitably deÞned function in space and time. Inspired by
a previous study [44], we use the following parametrized form
in space and time for they-component of the magnetic Þeld
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In all cases considered we center the Gaussian in Eq. (19) at
x0 = y0 = 0 and use$x , $y to set the widths of the Gaussian
in x- andy-direction, respectively. For an impact parameter
b = 0 , we use$x = $y = 3 .5 fm, while for b = 10 fm, we set
$x = 1 .5 fm and$y = 2 .2 fm. The corresponding magnetic
energy densities at# = 0 are shown in Fig.3 for the cases of
b = 0 (left panel) andb = 10 fm (right panel).

The evolution of the magnetic Þeld in the QGP is not well
known. In vacuum, the decay time of the magnetic Þeld is
inversely proportional to the

#
sNN of the collision [1]. How-

ever, several studies have shown that the QGP possesses a
nonzero temperature-dependent electrical conductivity [60Ð
62]. In this case, the decay of the magnetic Þeld can be sub-
stantially delayed [5, 46].

In view of these considerations and uncertainties, we
here employ a function of proper time only, i.e.,f (#) in
Eq. (19), as a fully phenomenological ansatz for a reasonable
parametrization of the evolution of the magnetic ÞeldøB y , dis-
tinguishing the case in which the Þeld is in vacuum from when
it is in a QGP.
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In all cases considered we center the Gaussian in Eq. (19) at
x0 = y0 = 0 and use$x , $y to set the widths of the Gaussian
in x- andy-direction, respectively. For an impact parameter
b = 0 , we use$x = $y = 3 .5 fm, while for b = 10 fm, we set
$x = 1 .5 fm and$y = 2 .2 fm. The corresponding magnetic
energy densities at# = 0 are shown in Fig.3 for the cases of
b = 0 (left panel) andb = 10 fm (right panel).

The evolution of the magnetic Þeld in the QGP is not well
known. In vacuum, the decay time of the magnetic Þeld is
inversely proportional to the
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sNN of the collision [1]. How-

ever, several studies have shown that the QGP possesses a
nonzero temperature-dependent electrical conductivity [60Ð
62]. In this case, the decay of the magnetic Þeld can be sub-
stantially delayed [5, 46].

In view of these considerations and uncertainties, we
here employ a function of proper time only, i.e.,f (#) in
Eq. (19), as a fully phenomenological ansatz for a reasonable
parametrization of the evolution of the magnetic ÞeldøB y , dis-
tinguishing the case in which the Þeld is in vacuum from when
it is in a QGP.
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1.2 Final formulae to be used in the code (standard form
for SHASTA)

Setting the magnetisation M=0 in eq. 1,2, and 3 we have
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1.3 Some useful formulas and their derivation

First we note the co-variant and contravariant Þeld strength tensors are
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Also note that we construct the following Lorentz invariant quantities
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! ! " = !
"magf ield

" f luid
"

energy of Þeld 
ÑÑÑÑÑÑÑ 
energy of ßuid

Ñ> B Important

Ñ>  B may be neglected

~1

<<1
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Event average energy
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b=0 fm b=12 fm

Fluid energy

(eBy )
2

2

V Roy et al PRC, 92,064902 (2015)



Event average energy
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b=0 fm b=12 fm

Fluid energy

(eBx )2

2

V Roy et al PRC, 92,064902 (2015)



Event average sigma
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b=0 fm b=12 fm

Fluid energy

! ! (x, y)"0.01< <10

V Roy et al PRC, 92,064902 (2015)



Event-by-event distribution 
of sigmaCentral, b=0 fm Peripheral, b=12 fm
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Central collisions 

Peripheral collisions 

! ! 1

! ! 1



Magneto-hydrodynamics in 
one dimension 

Most simple possible model 

¥ Bjorken ßow,    
¥ ideal ßuid (zero shear, bulk viscosity and  
    zero electrical resistivity), 
¥ Transverse magnetic Þeld, 
¥ Constant speed of sound,  
¥ temporal evolution of magnetic Þeld:  
     (a) Òfrozen in ßux theoremÓ  
                         or  
     (b) ÒPower law decayÓ.         
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B

vz=z/t

B (! ) = B0
s
s0

= B0
! 0

!

B (! ) = B0

! ! 0

!

" a



Bjorken hydro in a nutshell

uµ ! ! Tµ ! = 0 (! µ ! ! uµ u! )" " T "! = 0

Energy-momentum tensor

  to four velocity to four velocity?!

Evolution of energy density
44

Euler equation

! =
!

t2 ! z2

! =
1
2

ln
t + z
t ! z

uµ = ( cosh! , 0, 0, sinh ! )

Tµ ! = ( e+ p) uµ u! ! pgµ !

! ! e+
e+ p

"
= 0 ! ! p = 0

! ! Tµ ! = 0
! 2 ! 1 1 2

0.5

1.0

1.5

2.0



Bjorken magneto-hydro in a 
nutshell

uµ ! ! Tµ ! = 0

! !

!
e+

B 2

2

"
+

e+ p + B 2

"
= 0

(! µ ! ! uµ u! )" " T "! = 0

!
!"

!
p +

1
2

B 2
"

= 0

Tµ! =
!
e+ p + B 2"

uµ u! !
#

p +
B 2

2

$
gµ! ! B µ B !

Tµ ! = Tµ!
f luid + Tµ!

f ield

Energy-momentum tensor

  to four velocity to four velocity?!

Evolution of energy density
45

Euler equation



Magneto-hydrodynamics in 
one dimension: Frozen in ßux  
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B (! ) = B0
s
s0

= B0
! 0

!

! !

!
÷e+

" 0

2
÷e2/ (1+ c2

s )
"

+
÷e+ ÷p + " 0÷e2/ (1+ c2

s )

#
= 0

Evolution of energy density ! ! ÷e = ! (1 + c2
s)

÷e
"

÷e =
e
e0

�0 =
B 2

0

e0

Solution :Time

E
ne

rg
y

Same as Bjorken expansion without mag Þeld !!

÷e =
! ! 0

!

" 1+ c2
s

V Roy et al PLB, 750 , 45-52 (2015)



Power law decay of 
magnetic Þelds
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B (! ) = B0

! ! 0

!

" a

a > 1 Quickly decaying B

a = 1 Frozen ßux, 0 resistivity

a < 1 Slowly decaying B

Fluid gain energy

Same as without B

Fluid losses energy
Time

E
ne

rg
y

V Roy et al PLB, 750 , 45-52 (2015)



Solution for power law 
decay of magnetic Þeld

! !

!
÷e+

" 0

2

" #0

#

#2a
$

+
%
1 + c2

s

& ÷e
#

+
" 0

#

" #0

#

#2a
= 0

The solution is 

÷e(! ) =
! ! 0

!

" 1+ c2
s

+ " 0
1 ! a

1 + c2
s ! 2a

#! ! 0

!

" 1+ c2
s

!
! ! 0

!

" 2a
$
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Equations of magneto-hydro

Current density :

Magnetic Þeld :

Electric Field :

Magnetic Reynolds  
Number
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E-by-e sigma for different 
gaussian smearing

sigma_g=0.25

50



Event-by-event sigma for 
electric Þeld 
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E-by-e calculation of Þelds
Monte-Carlo Glauber 

Au+Au
In reality the nucleon's  
position ßuctuates 

Total Þeld = 
!

proton

!Bproton

Consequence: 
-        in central collision 
- non uniform E/B

!B != 0
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Motivation
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!j = " !ELinear response theory:

Moving conducting ßuid : !j = "
!

!E + !v ! !B
"

static medium

¥Electrical conductivity of QGP is non-negligible

¥There can be charged current when charged ßuid  
   is in motion either in electric or magnetic Þeld 

Non zero Lorentz force !j ! !B

¥QGP evolve under intense EM Þeld 


