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Transverse instabilities - how it begins
The head-tail instability is a transverse instability in which the transverse
wake field generated by the head of a bunch exerts a force on the tail of
the bunch. Such a condition may lead to unstable motion of the tail,
resulting in breakup of the bunch.
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Chapter 10: Transverse Beam Instabilities

Here we will follow very much the same format as in the previous chapter
on Longitudinal Instabilities. We saw in chapter 9 that the charged
bunches will induce a charge on the inside of the vacuum chamber, which
leads to an image current on the vacuum chamber walls. These image
currents will not only affect the longitudinal motion of the bunch, but also
it’s transverse motion.

For a single bunch circulating in a storage ring, if the whole bunch is
displaced transversely it will oscillate around some mean position.
(horizontal or vertical betatron oscillations). This oscillation will drive a
differential wall current, i.e. when the bunch is closer to one side of the
vacuum chamber than the other it will induce a larger wall current on this
side. This differential wall current leads to a residual magnetic field in the
centre of the vacuum chamber, which will deflect the moving, charged
bunch. See figure 1.
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Figure 1: Induced wall currents leading to the transverse deflection of a
moving bunch.

As in the longitudinal case we characterise the electromagnetic response of
the beam environment to the beam as a “transverse coupling impedance”:
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Transverse instabilities - 0th mode
Rigid bunch mode:
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Figure 2: Position signal from a beam position monitor for a transverse
bunch oscillation

If we record this signal over many turns and superimpose each consecutive
turn, we see a standing wave with a single node. See figure 3.
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Figure 3: Mode M=0 transverse bunch oscillation

There are higher order modes of transverse bunch oscillation, and these
are called “head-tail” modes, because the electromagnetic field, induced
by the passage of the head of the bunch, excites oscillations in the tail of
the bunch. In such higher order mode oscillations the centre of gravity of
the bunch may not move, which makes them more difficult to detect. The
mode (M=1) head-tail oscillation is shown in figure 4. Here the head and
tail of the bunch move 180° out of phase with each other, i.e. when the
head of the bunch moves upwards the tail moves downwards. In this case
the centre of gravity of the bunch does not move. Figure 5 shows an M=2
mode.

The bunch moves transversely as a rigid unit, the change in radial
position on each turn will be given by the betatron phase advance per
turn.
Higher mode modes of transverse oscillation → head-tail modes
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Transverse instabilities - 1st mode
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transverse displacement standing wave (2 nodes)

Figure 4: Mode (M=1) Head Tail instability
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Figure 5: Mode (M=2) Head Tail instability

The next step is to look at the conditions under which these transverse
oscillations will be stable or unstable.
In order to drive any oscillatory system to ever increasing amplitude
(instability) the driving force must be ahead, in phase, of the oscillatory
motion. If the driving force is exactly in phase or 180° out of phase with
the motion there is no net effect. If the driving force lags behind the motion
it will actually reduce the oscillation amplitude. If you have small children,
try this next time you push them on a swing!
Now we must consider what happens when we set up a transverse
oscillation, but remembering that the particles undergo betatron and
synchrotron oscillations simultaneously. For a M=1 mode oscillation, this
is shown in figure 6. Figure 6 is a longitudinal phase space plot on which
the particles rotate as they undergo synchrotron oscillations. However we
have also set up a head tail motion whereby as the head of the bunch
moves up the tail moves down. This is shown by the +’s and -’s in Figure
6.  There will of course be many betatron oscillations for one synchrotron
oscillation, but after one half of a synchrotron oscillation period the head
and the tail of the bunch will have been exchanged.
Under these conditions, for zero chromaticity, the head an the tail of the
bunch are always exactly 180° out of phase and therefore the driving

Here the head and tail move 180◦ out of phase with each other
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Transverse instabilities - 2nd mode
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transverse displacement standing wave (2 nodes)

Figure 4: Mode (M=1) Head Tail instability
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Figure 5: Mode (M=2) Head Tail instability

The next step is to look at the conditions under which these transverse
oscillations will be stable or unstable.
In order to drive any oscillatory system to ever increasing amplitude
(instability) the driving force must be ahead, in phase, of the oscillatory
motion. If the driving force is exactly in phase or 180° out of phase with
the motion there is no net effect. If the driving force lags behind the motion
it will actually reduce the oscillation amplitude. If you have small children,
try this next time you push them on a swing!
Now we must consider what happens when we set up a transverse
oscillation, but remembering that the particles undergo betatron and
synchrotron oscillations simultaneously. For a M=1 mode oscillation, this
is shown in figure 6. Figure 6 is a longitudinal phase space plot on which
the particles rotate as they undergo synchrotron oscillations. However we
have also set up a head tail motion whereby as the head of the bunch
moves up the tail moves down. This is shown by the +’s and -’s in Figure
6.  There will of course be many betatron oscillations for one synchrotron
oscillation, but after one half of a synchrotron oscillation period the head
and the tail of the bunch will have been exchanged.
Under these conditions, for zero chromaticity, the head an the tail of the
bunch are always exactly 180° out of phase and therefore the driving
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Examples

Kornilov, V. and Boine-Frankenheim,

O., Head-tail instability and Landau

damping in bunches with space charge,

Phys. Rev. ST Accel. Beams

Plots of intra-bunch head-tail

instabilities in the PS in 1974 as

recorded on an oscilloscope (courtesy of

J. Gareyte, Head-Tail Type Instabilities

in the PS and Booster, CERN, 1974).
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How to reduce head-tail instabilities

] Correct chromaticity (sextupoles)

] Introduce a variation in betatron tune with oscillation amplitude
(octupoles)

] Use corrections such as the absorbing antenna to damp transverse
modes induced in the cavities
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References and further reading

] USPAS Lectures (Lecture 24 - Collective instabilities)
https://www.classe.cornell.edu/~dugan/USPAS/Lect24.pdf

] https:

//intranet.cells.es/Intranet/Labs/Elec/chapt10.pdf

] Head-tail instability and Landau damping in bunches with space
charge:
https://journals.aps.org/prab/abstract/10.1103/

PhysRevSTAB.13.114201

] Wake-field and fast head-tail instability caused by an electron cloud:
https://journals.aps.org/pre/abstract/10.1103/

PhysRevE.65.016502

] Head-tail type instabilities in the CERN PS and Booster:
http://inspirehep.net/record/94029/files/HEACC74_

362-367.pdf
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