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the Ridge in A+A

CMS EPC 72 (2012) 10052

Long range rapidity correlations seen  
near side: Δφ≈0 and away side: Δφ≈π 

Ridge correlations: hydrodynamic flow 
driven by event-by-event “eccentricity” 
fluctuations  
Multi-particle correlations in hydro. 
factorize into product of single particle 
distributions 

Away side quenched for more central 
collisions

1

N
trig

N
assoc

d2N

d��
= 1 + V1cos(��) + V2cos(2��) + ...

2Alver, Roland, PRC 81 (2010), Alver, Gombeaud, Luzum, Ollitrault, PRC 82 (2010)



Similarity in all systems

CMS JHEP 1009:091 (2010) CMS PLB 718 (2013) 795

Agreement also between ATLAS and ALICE, RHIC

CMS EPC 72 (2012) 10052

Two particle correlations across all systems look very similar

p+A ridge much larger than p+p at same multiplicity, 
similar to peripheral Pb+Pb collisions 



Collectivity?
Many observables in heavy ion (A+A) 
collisions possess many-body 
properties from a shared origin 

vn, mean pT,… 

Is this collectivity? 

“Collectivity in small systems” much 
more ambiguous

Collectivity?4
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Collectivity in small systems
Define cumulants
cn{2} = heni(�1��2)i
cn{4} = heni( ! 1+ ! 2�! 3�! 4) i2 � 2heni( ! 1�! 2) i2

· · ·

Borghini, Dinh, Ollitault PRC 64, 054901 (2001) 
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Collectivity in small systems
Define cumulants
cn{2} = heni(�1��2)i
cn{4} = heni( ! 1+ ! 2�! 3�! 4) i2 � 2heni( ! 1�! 2) i2

· · ·

vn{2} = (cn{2})1/2

vn{4} = ( �cn{4})1/4

Corresponding Fourier harmonics

· · ·

Borghini, Dinh, Ollitault PRC 64, 054901 (2001) 

Yan, Ollitrault PRL 112 (2014) 082301, Bzdak, Skokov NPA 943 (2015)  

Linear response
vn{m} ⇡ cn✏n{m}✏{ 2} ! ✏{ 4} " ✏{ 6} " á á á

5

… is ambiguous



Collectivity in small systems
Define cumulants
cn{2} = heni(�1��2)i
cn{4} = heni( ! 1+ ! 2�! 3�! 4) i2 � 2heni( ! 1�! 2) i2

· · ·
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vn{4} = ( �cn{4})1/4

Corresponding Fourier harmonics

· · ·

Borghini, Dinh, Ollitault PRC 64, 054901 (2001) 

Yan, Ollitrault PRL 112 (2014) 082301, Bzdak, Skokov NPA 943 (2015)  

Linear response
vn{m} ⇡ cn✏n{m}✏{ 2} ! ✏{ 4} " ✏{ 6} " á á á

v2{ 2} ! v2{ 4} " v2{ 6} " v2{ 8}

5

Without an absolute definition for collectivity, we take:

… is ambiguous



CMS PRL 115 (2015) 012301

R. Belmont PHENIX arXiv:1704.04570

RHIC

LHC

Collectivity is everywhere
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CMS PRL 115 (2015) 012301

R. Belmont PHENIX arXiv:1704.04570

RHIC

LHC

Collectivity is everywhere

6
Smallest droplets of QGP? Initial state correlations? Both?



Long range rapidity 
correlations as a chronometer

Dumitru, Gelis, McLerran, Venugopalan  
NPA 810 (2008) 91-108
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Long range rapidity 
correlations as a chronometer

⌧
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 ⌧
f.o.exp

✓
�1
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|ya � yb|
◆

Dumitru, Gelis, McLerran, Venugopalan  
NPA 810 (2008) 91-108

Long range rapidity correlations sensitive to very early time 
dynamics (0.1 fm/c) in collision
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Initial state for small systems

Formulated in terms of effective theory of high energy 
QCD - Color Glass Condensate

Various levels of approximation 

[Dµ, Fµ⌫ ]= J⌫

Solve classical Yang Mills eqns 
with color current sources

The initial nuclear wave function in high energy 
collisions dominated by gluons, can have correlations

Correlations should be developed at very early times

Iancu and Venugopalan, QGP 249-3363; Iancu, Jalilian-Marian, Venugopalan, Ann. Rev. 
Nucl. Part. Sci. 60, 463 (2010) 

Dumitru, Gelis, McLerran, Venugopalan  
NPA 810 (2008) 91-108

J

µ
a (x) = ! + µ ! (x! )" a(x)



Nonlinear Gaussian Model
Consider simple parton based model of eikonal quarks 
scattering off dense nuclear target with color domains of 
size ~1/Qs, in the dilute-dense/hybrid limit
Lappi, PLB 744, 315 (2015); Lappi, Schenke, Schlichting, Venugopalan, JHEP 1601 (2016) 061; Dusling, MM, 
Venugopalan arXiv:1705.00745, arXiv:1706.06260
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Nonlinear Gaussian Model
Consider simple parton based model of eikonal quarks 
scattering off dense nuclear target with color domains of 
size ~1/Qs, in the dilute-dense/hybrid limit

U(x) = Pexp
!
� ig

"
dz+Aa�(x , z+) ta

#

Quark multiple scattering off target represented by Wilson line
x

... ... ...

p! ⇠ ⇤QCD

p+ � p"

p! ⇠ Qs

A"

Lappi, PLB 744, 315 (2015); Lappi, Schenke, Schlichting, Venugopalan, JHEP 1601 (2016) 061; Dusling, MM, 
Venugopalan arXiv:1705.00745, arXiv:1706.06260

Bjorken, Kogut, Soper, PRD (1971), Dumitru, Jalilian-Marian,PRL 89 (2002)
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Nonlinear Gaussian Model
Consider simple parton based model of eikonal quarks 
scattering off dense nuclear target with color domains of 
size ~1/Qs, in the dilute-dense/hybrid limit

U(x) = Pexp
!
� ig

"
dz+Aa�(x , z+) ta

#

Quark multiple scattering off target represented by Wilson line
x

... ... ...

p! ⇠ ⇤QCD

p+ � p"

p! ⇠ Qs

A"

Target scattering:  
Dipole operator D(x,y)

Lappi, PLB 744, 315 (2015); Lappi, Schenke, Schlichting, Venugopalan, JHEP 1601 (2016) 061; Dusling, MM, 
Venugopalan arXiv:1705.00745, arXiv:1706.06260

Single quark inclusive distribution from dipole model

Projectile: Wigner  
function

Bp = 4 GeV! 2

Kowalski, Motyka, Watt PRD 74 (2006) 

Bjorken, Kogut, Soper, PRD (1971), Dumitru, Jalilian-Marian,PRL 89 (2002)

Single scale to define projectile
9
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For multiple particle correlations
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Nonlinear Gaussian Model

     is average over classical configurations (A- fields) of 
target in single event and over all events (MV model)
h·i
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Nonlinear Gaussian Model

     is average over classical configurations (A- fields) of 
target in single event and over all events (MV model)
h·i

Multiple dipole correlation functions encode projectile 
nucleus scattering, depends on scale Qs



For multiple particle correlations

c2{ 2} =
! 2{ 2}
! 0{ 2} c2{ 4} =

2{ 4}
0{ 4}

� 2

!
2{ 2}
0{ 2}

" 2

! n { m} =
!

p1 ...pm

cos (n (" p
1 + ... ! " p

m ))
"

dm N
d2p1...d2pm

#
Generate cumulants, integrate to scale 

!
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Nonlinear Gaussian Model

     is average over classical configurations (A- fields) of 
target in single event and over all events (MV model)
h·i

hD...D iChallenge: calculate objects like  

Multiple dipole correlation functions encode projectile 
nucleus scattering, depends on scale Qs



Consider dipole scattering matrix 
Multiple scattering

!D (x, y )"U =
!

1
Nc

tr( U(x)U  (y ))
"

U(x) = Pexp
!
� ig

"
dz+Aa�(x , z+) ta

#

x

... ... ...

p! ⇠ ⇤QCD

p+ � p"

p! ⇠ Qs

A"
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Expand out Wilson line in slices in rapidity

U(x) = Pexp
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Expand out Wilson line in slices in rapidity
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Expand out Wilson line in slices in rapidity

g2!A!
a (x+, x " )A!

b (y+, y " )" = �ab�(x+ # y+)L
xy

Then gluons emissions with MV model

We can re-exponentiate 

L x ! ,y ! = !
(g2µ)2

16! 2 |x ! y |2log
!

1
|x ! ! y ! |!

+ e
"where

!D (x, y )"U = exp( CF L(x, y ))

U(x) = Pexp

✓
�ig

Z
dx

+
A

a�
(x, x

+
)t

a

◆
' V (x)[1� igA

a�
(⇣,x)t

a
+ ...]

11
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Then we can obtain

Dipole correlators
similarlyhDDi
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Then we can obtain

Dipole correlators
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Then we can obtain

Dipole correlators

Ex.
Coefficients from gluon exchanges - Fierz identity
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Resulting in coupled sets of equations
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Four dipole correlators
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yȳ

D
zz̄

i
hQ

ww̄xx̄

D
yz̄

D
zȳ
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D
yx̄

D
zz̄

i
hQ

ww̄xȳ
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yȳ

D
zx̄

i
hQ

wx̄xw̄

D
yȳ
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wȳxw̄yx̄

D
zz̄

i
hS
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Four dipole correlators
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Closed set of five topologically distinct configurations

Define single gluon exchange matrix in terms of L
x,y

Permutations for each topology for closing on
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yȳ

D
zz̄

i
hQ

ww̄xx̄

D
yz̄

D
zȳ
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zȳ

i
hS

wx̄xz̄yȳ
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wȳxw̄yz̄

D
zx̄

i
hS
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wȳxz̄yw̄

D
zx̄

i
hS
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wz̄xȳyw̄zx̄

i
hO
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Q
yw̄zz̄

i
hQ

wx̄xȳ
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wȳxw̄yx̄

D
zz̄

i
hS
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wȳxx̄yw̄

D
zz̄

i
hS
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i
hQ

wx̄xȳ
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wȳxx̄yw̄

D
zz̄

i
hS
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wȳxx̄yz̄

D
zw̄

i
hS
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i
hQ

wx̄xȳ
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Algorithm can be used to compute other configurations, arbitrary 
number of Wilson lines
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Ordering in two particle Fourier harmonics similar to 
data

CMS-PAS-HIN-16-022 Dusling, MM, Venugopalan arXiv:1705.00745

Warnings: (target) Qs not direct map to energy or multiplicity
Final state is quarks, not hadrons

Multiparticle correlations from the 
initial state

15

v n
{2

}

Qs2 [GeV2]



ATLAS EPJC 77 (2017)Dusling, MM, Venugopalan arXiv:1706.06260

c 2
{4

}

c2{4} becomes negative for increasing Qs 

Qs2 [GeV2]

16

Mild dependence on maximum integrated p⟂

Multiparticle correlations from the 
initial state

c 2
{4

}



Dusling, MM, Venugopalan arXiv:1705.00745

Appearance of real v2{4}

v 2
{m

}

Qs2 [GeV2]

v2{2}

v2{4}

offline
trkN

0 100 200 300
2v

0.00

0.05

0.10 |>2}η∆{2, |2v
<20 sub.offline

trk, N|>2}η∆{2, |2v
{4}2v

 = 5.02 TeVNNsCMS pPb 

 < 5 GeV/c
T

ATLAS, 0.3 < p

 < 3 GeV/c
T

0.3 < p

, 50-100% sub.|>2}η∆{2, |2v
{4}2v

CMS PLB 724 (2013) 213
v 2

{m
}

17

Fairly independent of ‘energy’

Multiparticle correlations from the 
initial state



Integrating momentum of m-1 particles

p⟂ [GeV]

v2{4}

v 2
{m

}(p
⟂
)

v2{2}

18
Similar characteristic shape

Dusling, MM, Venugopalan arXiv:1706.06260 CMS PLB 724 (2013) 213

Multiparticle correlations from the 
initial state



Symmetric Cumulants
Symmetric cumulants: mixed cumulants of Fourier 
harmonics

CMS-PAS-HIN-16-022 Dusling, MM, Venugopalan arXiv:1705.00745

SC(n, n0) = hei (n ( ! 1�! 3 )�n ! ( ! 2�! 4 )) i � hein ( ! 1�! 3 ) ihein ! ( ! 2�! 4 ) i
Bilandzic et al, PRC 89, no. 6, 064904 (2014) 
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SC
(n

,n
’)

n=2,n’=3

n=2, n’=4

SC
(n

,n
’)

Qs2 [GeV2]

No inherent geometry, maybe related to sub-nucleonic fluctuations



SC(n, n0) = hei (n ( ! 1�! 3 )�n ! ( ! 2�! 4 )) i � hein ( ! 1�! 3 ) ihein ! ( ! 2�! 4 ) i
Bilandzic et al, PRC 89, no. 6, 064904 (2014) 

Prediction for higher moments in small systems
SC

(n
,n

’) n=2,n’=5
n=3,n’=4
n=3,n’=5

Dusling, MM, Venugopalan arXiv:1706.06260

Same signs as AA

Qs2 [GeV2]

Y. Zhou (ALICE) QM17

Symmetric Cumulants
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Collectivity from initial state

Dusling, MM, Venugopalan arXiv:1705.00745

Study Abelian version, computationally much easier  
(Nc x Nc trace -> scalar)

Multi-particle ‘collectivity’ clear in this simple model

v 2
{m

}

Qs2 [GeV2]

v2{2}

v2{4},v2{6}, 
v2{8},v2{LYZ}

v 2
{m

}
CMS PRL 115 (2015) 012301
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Glasma graphs

For higher particle cumulants 
and harmonics, Glasma graph 
gives c2{4}>0
Dusling, MM, Venugopalan arXiv:1706.06260

Multiple-scatterings important for c2{4}<0 

c 2
{4

}

Glasma graph approximation only considers single gluon 
exchange, valid 

Gelis,Lappi,McLerran NPA 828 (2009) 

Very strong correlations, close 
to Bose distribution 

x øx
y øy

Dusling, MM, Venugopalan arXiv:1706.06260

Dumitru, Gelis, McLerran, Venugopalan, NPA 810 (2008), 
Dusling, Venugopalan PRL 108 (2012), PRD 87 (2013), Dusling, 
Tribedy, Venugopalan PRD 93 (2016)
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p? > Qs



Conclusions
Simple parton model for initial state correlations can give 
many common ‘collectivity’ signatures — real v2{4}, ordering 
of v2{m}, symmetric cumulants 

Multiple scattering is necessary ingredient for initial state 
correlations to give qualitative agreement with many multi-
particle observables 

For more realistic calculation, consider gluons and evolution 

To get odd harmonics in gluons need either higher order 
color charge densities 

Full calculation can be done in classical Yang-Mills, but 
challenging numerically
Ex: Schenke, Schlichting, Tribedy, Venugopalan PRL 117 (2016); work in progress

Schenke, Schlichting, Venugopalan, PLB 747(2015), McLerran, Skokov NPA 959 (2017), 
Kovner, Lublinsky, Skokov PRD 96 (2017)
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Thanks!
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BACKUP
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Scale dependence
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Scale dependence
However there is another dimensionless scale,

Number of domains scaling clearly seen, depends strongly on p⟂
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Generalizing for multiple particle correlations
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N.B.:                 itself is not gauge invariant;      is average over 
classical configurations (A- fields) of the target in a single event 
and over all events (using Gaussian MV model), restores 
gauge invariance

Generalizing for multiple particle correlations

McLerran, Venugopalan, PRD 49, 3352, 2233 (1994)
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Role of the projectile
v 2

{2
}

Qs2 [GeV2]

In order to study role of choice of the projectile, 
consider hard minimum cutoff (dmin) and hard 
maximum distance cutoff (dmax) between quarks

By keeping quarks 
separated by a 
maximum distance, 
correlations decrease

Confining quarks to a 
smaller separation 
increases correlations



Multiplicity dependence

In our model, we have no dependence on 
projectile Qs: Qs,p

In kt factorization, multiplicity given by

Qs,T not good proxies for multiplicity

Bp can be a proxy for S⟂, but is held fixed

Nmult ⇡ Q2
s,pS?log

 
Q2

s,T

Q2
s,p

!

More realistic model for projectile needed to study 
multiplicity dependence 
Qs,T is a function of Bjorken x and impact parameter, 
better understood as a was to study energy dependence 



Nc Scaling
v2{2} scales with 1/Nc v2{4} appears to also 

scale with 1/Nc
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Long range in rapidity?
To make meaningful comparison to experiment, correlations 
should be long range in rapidity
Model is based on hybrid framework, valid at forward 
rapidity
Dumitru, Jalilian-Marian PRL 89 (2002), Kovchegov, Wertepny NPA 906 (2013), Kovner, Lublinsky IJMPE 22 (2013)

Valence partons in projectile long lived and have a boost 
invariant wave function, coherence length �y ⇠ 1/↵s ⇠ 1

Quantum corrections can change this picture, however 
beyond scope of hybrid model
Dusling, Gelis Lappi, Venugopalan NPA 836 (2010)
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Valid for large-x quarks, taking xq � 0.01

From xq =
p?!
s

e

y taking
p

s = 5 .02 TeVp? = 3 GeV

y ! 2.8Framework valid for  



Rapidity dependence

dN

d3p
=

dN

dp+d2p!
= �(p+ ! k+)

dN

d2p!
.

Assume eikonal 
 quarks

Straightforward to add rapidity dependence

Single quark Two quarks

Initial

Final
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p!!
2
ey, 0, p! )

k

µ = (k+ =

p
sp
2
xq, 0,0?)
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= x

0
qf (x0
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2
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s = 5 .02 TeV
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Four dipoles
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Five topologically distinct configurations
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Consider initially four dipoles at z+=-∞
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Initial state for small systems

Dusling, Li, Schenke IJMP E25 (2016) no.01

Glasma graphs: Considers only two gluon exchange 
with Gaussian statistics, kT>Qs

Successful quantitative description of ridge in pp, pA
Dumitru, et al NPA810, 91 (2008); Dumitru et al PLB697 (2011) 21-25, Dusling, Venugopalan PRL108 
(2012), PRD 87 (2013),,… 34


