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 Basic equations of relativistic hydro
▪ Relativistic hydrodynamics:

▪ Energy-momentum tensor (perfect fluid):

▪ Energy conservation and Euler equation:

▪ Equation of state:
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 Basic equations of relativistic hydro
▪ Fundamental equation:

▪ If μ=0 then there is no conserved charge
▪ But we can use the continuity of entropy:

▪ From the fundamental equation with μ=0 the pressure can be 
obtained as:
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 Some of the remarkable solutions of 
relativistic hydro

▪ Exact and analytic solutions are important: initial/final states
▪ Historically famous and other interesting solutions:

❑ Landau-Khalatnikov solution (1+1 dim)
L. D. Landau, Izv. Akad. Nauk Ser. Fiz.17, 51 (1953)
I.M. Khalatnikov, Zhur. Eksp. Teor. Fiz.27, 529 (1954)

❑ Hwa-Bjorken solution (1+1 dim)
J. D. Bjorken, Phys.Rev.D27 (1983)
R. C. Hwa, Phys. Rev. D10, 2260 (1974)

❑ Hubble-flow (1+1 dim & 1+3 dim)
T. Csörgő, L.P. Csernai, Y. Hama, T. Kodama, Heavy Ion Phys. A21, 73 

(2004), nucl-th/0306004
 
❑ CGHK solution (1+1 dim & 1+d dim)

T. Csörgő, F. Grassi, Y. Hama, T. Kodama Phys. Lett. B565:107-115 
(2003)

❑ CNC solution (1+d dim)
T. Csörgő, M. I. Nagy, M. Csanád, Phys. Lett. B663 306-311 (2008) 
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 Other interesting solutions of hydro

▪ Several other interesting exact solutions are known:

▪ In general κ=κ(T)
▪ But for this work κ=constant

❑ including non-relativistic solutions
P. Csizmadia, T. Csörgő, B. Lukács, Phys. Lett. B443 21-25 (1998)
S. V. Akkelin, T. Csörgő, B. Lukács, Yu. M. Sinyukov, M. Weiner, Phys. Lett. 

B505 64-70 (2001)

❑ rotating solutions
M. I. Nagy, T. Csörgő, Phys. Rev. C94 no.6, 064906 (2016)
M. I. Nagy, Phys. Rev. C83 054901 (2011)

 
❑ multipole solutions

M. Csanád, A. Szabó, Phys. Rev. C90, 054911 (2014)
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 Accelerating, perfect fluid evolutions

▪ Rindler coordinates:

▪ Coordinate vector (z=rz):

▪ Velocity field:
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 Hwa-Bjorken solution
▪ Very simple 1+1d relativistic solution
▪ For simplicity Ω stands for Ω(ηs)

▪ Scale function is not given
▪ No acceleration → rapidity distribution unrealistic
▪ κ∈R
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J. D. Bjorken, Phys.Rev.D27 (1983)
R. C. Hwa, Phys. Rev. D10, 2260 (1974)



 CGHK solution
▪ Complete the Hwa-Bjorken solution with arbitrary scale 

function:

▪ No acceleration, κ∈R
▪ H is the difference of the rapidities:

▪ ν(s) is any kind of function of the scale variable:
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T. Csörgő, F. Grassi, Y. Hama, T. Kodama Phys. 
Lett. B565:107-115 (2003)



 CNC solution
▪ The 1+1d solution (from many possibilities):

▪ Where λ∈R is the acceleration parameter, κ=1 and ν
(s) is any kind of function of the scale variable:

8

T. Csörgő, M. I. Nagy, M. Csanád, 
Phys. Lett. B663 306-311 (2008) 



 CKCJ (new) solution
▪ The generalization of the CNC solution for κ≥2λ-1:

▪ Where ν(s) is any kind of function of the scale variable:

▪ Open question: general. to d dimensions and to κ=κ(T) 
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 Temperature (λ=1.08)
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 The H≪1 limit of the CKCJ solution
▪ The H≪1 limit describe well the experimental results 
▪ In this limit, the CKCJ solution can be expressed 

explicitely as a function of ηs

▪ The scale variable of the H<<1 limit:
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 Rapidity

       λ=1→H=0
independence of κ

Ω=ληs
H=(λ-1)ηs
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 Bjorken-estimate
▪ Let us now estimate the initial ε
▪ Original idea: energy density measurable from dE/dy
▪ QGP critical ε: ~1 GeV/fm3

▪ Famous result for initial ε:

J. D. Bjorken, Phys.Rev.D27 (1983)
R. C. Hwa, Phys. Rev. D 10, 2260 (1974)

▪ But: dn/dy not flat!
▪ Finiteness and acceleration!

Need: accelerating solution of
relativistic hydrodynamics

▪ Two modifications:
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 Advanced estimate

▪ Initial and final state dηs are not equal → acceleration

▪ Advanced estimate of initial energy:
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 Pseudorapidity distributions
(p-p collisions)
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▪ Using the CNC solution that corresponds to the H≪1 limit of 
the CKCJ solution

▪ See more details at 
arXiv:1609.07176 [hep-ph]
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 Pseudorapidity distributions
(heavy ion collisions)

▪ Using the same model as in the case of p-p collisions
▪ See more details at 

arXiv:1711.10740v1 [nucl-th]



 Summary
▪ New, exact 1+1d solution of relativistic hydrodynamics
▪ Generalizing the CNC solution for κ>1
▪ With the H≪1 limit one can obtain the CNC solution but 

κ>1, not fixed to 1
▪ With the new (CKCJ) solution the EoS can be fitted from 

dn/dη data
▪ The physical solution is valid for λ≥1 but for λ≤1 too
▪ Future plans: κ=κ(T) generalizations, 1+3d generalizations

Thank you for your attention!
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 Backup slide: CCHK solution

▪ 1+3 dimensional solution with Hubble-flow

▪ The scale variable:

▪ The X(t), Y(t) and Z(t) functions are the scale parameters


