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1. Dissipative fluids

— Criteria of extension: stability
2. Flow-frames and

thermodynamics
- Necessary and sufficient?



Dissipative relativistic fluids
heavy ion collisions
cosmology

- Kinetic theory
Do we need anything else? Dense matter?
Role of heterogenities?
- Causality
Hyperbolic or parabolic?
- Flow-frames
Is there a freedom? (Eckart, Landau-Lifshitz, ...)
What is ideal?
- Stability - second law
What is equilibrium? Consistent extension.



Nonrelativistic hydrodynamics I:

P+p08.v'=0
pi'+0, P'=0
é+eaivi+5iqi+Pij(3ivj=O

o =1,2, 3= VO

Missing parts, relativistic knowledge:

p+p0,v'+0, /=0
é+e0,V+0,q+P"0,v,+p v =0

balance of mass
balance of momentum

balance of internal energy

p —density
vi - velocity field
e -internal energy density

g’ - heat flux

Py - pressure

Jji - extra mass flux (?)

pt - momentum density (?)

5 equations, 14/20 variables



Nonrelativistic hydrodynamics Il

p+p0.v'+0, /' =0
(3].P’j+jk0kvizoi

pi+pi5,f"j+

e+ed v'+0, qi+P’76ivj+pl.\'/i=O

Constitutive theory — second law compatibility.

Static: s(e,p)
Dynamic: entropy production

R N
P'l=pd+1', T=-v"9,v,

¢=10'p

Stability: concave entropy and

nonnegative entropy production
Extension? Gradient and memory...

n’@’v,0"v, .., p,0,0,0,p,..)

Higher grade fluids and Korteweg fluids: instable

p —density
vi - velocity field
e -internal energy density

q" - heat flux
Py - pressure

jt - particle current (?)

p' - momentum density (?)
p - thermostatic pressure
T, s, u - temperature, ...

Uik - viscosities

A - heat condictuvity

Capillarity, gfluids, second sound, etc..., the question is the universality.



Special relativistic hydrodynamics:

T =euu” +q“u’ +q"u’ + P, energy-momentum density

N =nu®+ j°. particle number density

ghu "= jAUR=I0N NEG SIS NS ()

ua

R /| Ne=| " )
P! J "

a,be{0,12,3}; i, j€{1,2,3},; diag(1,-1,-1,-1) ) g
. a n

e=u 0,e 3

J

General, expressed by comoving splitting

0, TP=¢+e o u“+0, qa@ua abP“b:()“

Ajachb:eu“@a@q”abuaAj 9, P =0"

0, N’=i+n d u“+0_j'=0

- velocity field
- energy density
- momentum density

or energy current??

- pressure
- particle number density
- particle current

energy balance

momentum balance

particle number balance



Constitutive theory:

Fields:
N* 4
Tba 10
3

217
i 3
a

3
ab

_ 6

21
=j"u,=0, Hbaua=Habua=0b

Equations:
d,N‘=0, 1
b
o) T 4
N - particle number vector

T — energy-momentum density
u’ - velocity field

j¢ - particle flux/current

q° - energy flux and
momentum density
I1°* —viscous pressure

n, e, u® — basic fields

flow-frames, stability and second law



Relativistic thermodynamics:

0,8=5+s0,u"+0,J“=0

Eckart (1940), theory and flow-frame:

a

S(T%, N*)=s(e, n)u“+?—

(Muller)-Israel-Stewart (1969-72) theory in Eckart flow-frame:

7Z'b7l'
2T bc

isotropic, Grad compatible



Concept of dissipation

entropy balance constrained by the other balances
constitutive theory - closure by linear relations

>=-j"0 a- B0, u +q"(d P+Pir, )>0

Closure: 3 y
j = A baba ’

M°=va,u A +nA“A™ (0,u,+0,u,)/2,
g'=hA"(0,B+B )

+ balances
Background:

ldeal fluid:  ¢“=0%, j*=0°, 1" =0"
JCZ:BqCZ’

Entropy flux and Gibbs relation: ds=P de— odn



Kinetic theory - hydrodynamics
6" problem of Hilbert, minimal version: unsolved
Only for rarefied gases. Dense matter: doubled hierarchy
Open problems: instabilities, systematic closure.

Causality and stability

Hyperbolicity is a kind of stability. Finite propagation speeds.
Flow-frames (and covariance)

Is there a freedom? (Eckart, Landau-Lifshitz, ...) What is ideal?
Stability - second law (dissipation: cannot be avoided)

Stability of equilibrium: homogeneous in space.

EOS: concave entropy

Dissipation leads stability

Linear stability is a necessary condition.

Nonlinear stability:

entropy is Ljapunov functional (energy methods).




Hyperbolicity: convenient beliefs

(Muller)-Israel-Stewart theory:
It is not proved to be symmetric hyperbolic.
The linearized version is hyperbolic in Eckart frame with conditions.

Entropy inequality (normal, covariant):

0,N°=0, 0,.T"=0"
0,5+, N+B,0, T">0.
Divergence type theories - built in hyperbolicity.
RN =D FR=0", 9, A=IX
0,S°+C0 N°+C, 0, T+C, 8, A =0.
TR S




Flow-frames: more than two of them

Landau-Lifshitz: Eckart:
N* —I%\ta+/j\ . Na:mla

A A e

Transformation: A

Stability: what is ideal?

R
Ny=nu* - No=nu"+j
A
b b b b__AANDA bA b b
Ty =eu u'—pA° Ty =eu'u"+q u"+q“u"— pA“”+I1°
A a alb
Al o W ’é—ﬁ_ a_pfha  ppab_W W
_é,; ] B C} _CZ p) q_ ) - h



Thermodynamics in arbitrary frames |I.

S+ N - ,BbTab: Q" timelike part: Gibbs relation

ﬁa:ﬁ(ua+wa) temperature vector

Thermodynamics:

a) "= pp° matching  Si+aN.- B, Te=p"p,

b) ds+odn=p,dE“+p pw, du’
=B (u,+w,)d(eu'+q")+B pw,du’

=P (de+w,dg"+[(e+p)w,~ q.]du’)

Kinetic theory compatible frame: qa:(e+p)wa

w'=0 = ds+adn# fide  w'=0Aqg"=0 = ds+adn=pfde



Thermodynamics in arbitrary frames Il.

S+ aN“- /Bb Tab: 0% spacelike part: entropy flux

B=P(u’+w") temperature vector

Entropy flux: s“=Pg’-a j +pw I

Constrained entropy inequality:

0< 3 S*+ad N°-§,0 T"= ..

(100, " (8,5 w, 0,0 o~ )0,

Linearization is possible.
Correct equilibrium/ideality conditions
Compatible with kinetic equilibrium: qa:h w



Entropy production:

(M1”~¢"w")8,p,+(g"~hw)(d,p~Bw,d,u’)+(nw~ j*)d,a>0

Frames: B =p(u"+w’)
a
Kinetic (EOS): WGZQ_ Thermometer: w'=0
h
Eckart: ja=O Landau-Lifshitz: q“:()
N* 4 d,N“=0, 1
de 10 abTabzoa’ 4
a a
u., w 6 "
220 25

Constitutive theory, solution of the entropy inequality??

.a a ab a
Jj,.q 11" ,w 15 components



Entropy production:
(Hab_qawb>ab ﬁa-l-(qa_hwa)(aﬁa_ﬁwb aa”b)"'(”wa_ja)aaa:

n”o,p,+q"0,p,-j'0,a+pw’d, p=0

Stability of the linear solution: not stable/conditional

Kinetic : q“:hwa Thermometer: w“=0
undetermined not stable
Eckart:  j“=0 Landau-Lifshitzz ¢g“ =0
not stable stable
Conseqguences:

- dissipation evolves toward a stable manifold,

- ideality and equilibrium (see, Gorban and Karlin, Geroch),
- one may develop higher order keeping the stable manifold,
- consistent with LL flow-frame and ideal hydro success.



Summary

Thermodynamics is a kind of stability theory.

Temperature and flow are not necessarily parallel.

Generic stability is the benchmark. B =P (u"+w")

Generalizations beyond local equilibrium.

Temperature!
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Thank you for the attention!



Velocity — flow-frames

What is a fluid? What is moving?

\ (s Na a__ a
Eckart (material) frame: = - N =nu
b
V-N°N,
A Ea A A A
Landau-Lifshitz (energy) frame: = . - Tab: ! b+Pab
V-E°E,
.. Na_ Ba a_A/\a
Juttner (thermometer) frame: u —\/ > = [3 —ﬁu
'B Bb

Do we have a choice?



0,T

Causality

- infinite speed of signal propagation
- second order time derivatives
- hyperbolic system of equations

Divergence type theories - finite speed is material
(Liu-Ruggeri-Muller, Geroch, Lindblom, Calzetta)

Physical:
Propagation speed of continuum limit.
Propagation speed of observable sianals.

Example:

:—KaiT axT<<A?T, atT<<¥

water at room temperature:

v = =14mls

~S
max %




Stability conditions of the Israel-Stewart theory
(Hiscock-Lindblom 1983,1987)

1 Qe Ji

| le

|.= > (), .
etp0Op? 0p Conditons for the
{ (€+P)ae\ -n | — EOS
— IS coefficients
- I e op e _ both
*Jetpo(sim| o(s/m)|e — Eckart frame
B nT + usual
Q. =5,20, Q,=p,20, Q7: B, - 215 > (),
f \ 2
| | iR 2ol . OT
Q4=e+p—2'82+ﬂ1+2a1>0 Q. =p -0 o 2 >,
7 28,8, — : By, 3B, n'Td(s/n)|
2
=(e+ p) Zp _ﬁl _32 —g >0, X 1+0£0+2061 n oT >0
els = = s W < V.
’ » 5 ﬁO 3ﬂ2 T Gn s/n




Improved continuum theories |.

Heat conduction in dense, heterogeneous media
Compatibility with kinetic theory.
Experiment: beyond Fourier, different materials

Back side temperature Back side temperature

1.2 1.2
1 R o e S 1
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1,0,q+q=A0,T+a0d;q

see R. Kovacs



Improved continuum theories Il.

Galilean-relativistic space-time: time is absolute
Transformation rules: kinetic energy
Flow-frames: extra mass flux, Brenner

’(3 — ,‘0' H"%
p = p +pv'

A ' V2
e = e+plvi+ p?a
Joo= v,
Pi = P4 pvivi+ V4 plvl,
G = g erit Py iyt (o pr)Y

2



Nonrelativistic hydrodynamics:

balance of mass

p+p0.v'=0
0 \'/i+(3j Pi=0 balance of momentum

balance of internal energy

é+e@ivi+0iqi+P’70ivj=O

Missing parts, relativistic knowledge: [ .VelOC'ty i .
e -internal energy density
p+p 0.v'+0, /=0 q - heat flux
A N j ik i Py - pressure
PR@ ajv. +0'J..P S a",v A p - particle number density
é+ed,v+0,q+P’0,v +p v =0 ji - particle current (?)
pt - momentum density (?)

Constitutive theory — second law compatibility:
P'=p&+1", TW=-v"0,v,, ¢=10'p

i.j=123; é=va.e

Extension? Gradient and memory... p  -thermostatic pressure
in i i Ak i Uk - viscosities
11 (0 v,07v,..,0,0,p )a;,-low--> A - heat condictuvity

Higher grade fluids and Korteweg fluids: instable
Capillarity, gfluids, second sound, etc..., the question is the universality.
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