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Problems, projects, propaganda

@ Unidirectional Growth and Resetting Model
@ Negative binomial multiplicity distribution
@ Single particle energy distribution

@ Citation popularity distribution
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Unidirectional Growth and Resetting Model

Master Equation

general form and properties

Po =" WomPm 1)
m
would not conserve normalization. Therefore
Py =>" [WamPm — WimnnPn] . @)
m
Stationary distribution is subject to a total balance:
0= [WomQm — WmnQx]. 3)
m
This is W equations for W unknowns.

detailed balance constraints the transition rates:

Wom @
- A
Wmn Qm

(4)

W constraints for W2 unknowns.
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Unidirectional Growth and Resetting Model

Stability

entropic distance

im Pa(t) = Qn. (5)

t—oco

Exists Lyapunov functional: Kullback-Leibler divergence
0[P, Q] = ZQ" in 2 o (6)
For all wp, > 0 transition rates we have

SAlP,Ql < 0. @)
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Unidirectional Growth and Resetting Model

Jensen inequality

for f” >0

,,,,,,,,,,,,,,,,,,, f(za)

f(=1) -

SR

w w
Z pnf(xn) > f <Z Pan> (8)
n=0 n=0

i, ER Elz] T3 4
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Unidirectional Growth and Resetting Model

Jensen inequality

special case

For p;y = 1/2,p, = 1/2 and f(x) = — In x with f/(x) = 1/x? > 0:

1 a+b
——( Inb) > -l
2(na+n) > n( > )

©)

a+b
—Invab > fln< > )
(10)
a+b
Invab < In( 5 )
(11)
V@b < 2t° (12)

2

geometric mean < aritmetic mean
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Unidirectional Growth and Resetting Model

Convexity

Jensen inequality for f/ > 0

n=0 n=0

,J% w w
‘ /,(Z'f anf(xn) > f<anXn> (13)

Apply to f(x) = —InXx, Xn = Pn/Qn:

Pn
P,Q] > —In Qr— | = 0. 14
ol ] > <zn: non> (14)
Conclusion with uniform:
w
plU,Q = InW + > QalnQy > 0. (15)
n=0
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Unidirectional Growth and Resetting Model

Particular Master Equation

Unidirectional Growth + Reset

Dynamics of probabilities (fractions)
Wnm = pm0n—1,m + Ymdn,0

PD = (v) — (70 + 1o)Po and © number dynamics probability dynamics
N W)
@ 4
. S, 1N, A oFy
Pn = ptn—1Pn—1— (tn+n) Pn e \ Z N\
1 NN ()
(16) \’ L A wN, nh N
\ Y, 2
Dynamics of numbers »
N(t) = 3= Nn(t) N N
.on | n
N = —~yNand €) W W, N, 7 o
- \ e

Nn = ptn—1Nn—1 — pnNn (17)
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Unidirectional Growth and Resetting Model

Short step-up + long hops to zero:

stationary distribution

Stationary limit: P,(t) — Qn, from Q, = 0 one obtains

Qo = (7)q /(70 + 1o) and stationary ®

—1

_ Q .

Qn = Hn—1 Qn_1 = ecee — Ho%o H 1 _|_ l . (18)
Kn + Yn Pn g Hj
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Unidirectional Growth and Resetting Model

Constant rates

— exponential distribution

Assume p; = o, attachment rate independent of number of
links.

Q= @] i = Q (1+7/0)". (19)
=T

Geometrical sum for normalization. We obtain

Boltzmann—Gibbs exponential ®

1
Q= — —n-In(1+'y/0'). 20
n 1+0/v ¢ (20)

=]1(¢] Tsallis PDF



Unidirectional Growth and Resetting Model

Linear preference, constant loss rate

— Waring distribution

Linear preference in attachment: y; = o(j + b) (b > 0).

n

j—1+0b (b)n
Q= Q = Q . 21
e Y AN C I
withc = b+ 1+ /0. Norm:
Y>hQn=Q(c—1)/(c—1-b)=1.
Pochhammer ratio (Waring) ®
c—1—b (b)n
= 22
Qn c—1 (o) (22)
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Unidirectional Growth and Resetting Model

Matthias principle: tail of Waring

— power-law!

The above result in the n — oo limit:

Since F(n+ b)
. c—pl(n+ .
Jm.n r(n+c) K (@3)
we obtain

Pochhammer in n — oo limit: power-law! ©

({4
Q, — _ 7 e n—1-7/o. (24)

~ + bo [(b)

=]1(¢] Tsallis PDF



Unidirectional Growth and Resetting Model

Avalanche dynamics in the large n limit!

continuous variable: x = n- Ax

® Pu(t) = Ax- P(n-Ax,t) ensures S Po(t) = | P(x, t)dx.
n=0 0

@ yn= 2 -p(n-Ax) and v, =7(n-Ax) leadto
Continuum Master: ®
O P, t) = =2 (u(x) P(x,1) —v(X)P(x,1).  (25)
at 9 - ax l’l’ 9 '7 9 °

with the stationary distribution
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Unidirectional Growth and Resetting Model

Particular continuous stationary distributions

with constant v(x) = ~.

For constant rate u(x) = o exponential:
Q(x) = Le 3% (27)
For linear preference p(x) = o(x + b)  Tsallis—Pareto:

awx) = - (1 +%)_1_W~ (28)

For exponential dispreference u(x) = ce=® Gompertz

Qx) = L e Har(=e), (29)
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Negative binomial multiplicity distribution

Hadronization
From QGP to n hadrons: NBD

PHENIX, PRC 78 (2008) 044902

Au + Au collisons at /sy = 62 (left) and 200 GeV (right). Total
charged multiplicities.

N,y AN, (AN, <N, >)

N, o, AN AN, (<N, )

Yn=o(n—Kf), un = cf(n+k); Qn= (n+l:771)fn(1 + )k,




Negative binomial multiplicity distribution

Hadronization
Our fit to public PHENIX DATA

# 50 - 55%
® 25-30%

Ig (dn/n de)

o0 0-5%

(@ 0—5%: (ny=61.0,k=2551f=0.24
(o) 25 —30%: (n) =27.4,k =50, f=0.55

(c) 50 —55% : (n) = 8.5,k = 17,f = 0.50




Single particle energy distribution

Energy sharing

pick up one particle from n

Kinetic models:
Q 1-dim gas, extreme relativistic (jet):
n
E=c) Ipl (30)

j=1

@ 2-dim gas, non-relativistic (mid-rapidity hadrons):

1 2n
E—— P 31
ij;p, (31)

These total energies define an N-ball (N = nand N = 2n) in the Lp-norm (p = 1 and
p = 2) in the phase space.
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Single particle energy distribution

Phase space volume

and energy shell

;
dE/dR

Qn(E) = /J(E— Edry = /6(R— R') dry. (32)

Fixed radius defines a surface; it is the derivative of volume against the radius:

d

(E) = GE/ar am

W(R) = ~ZVi(R(E)). (33)

The volume of an N-ball with radius R in Lp-norm is given as

1/p
N
v (ZIX/I") <AE)| = T " (34)
J
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Single particle energy distribution

Energy shell sizes

in 1/h units in kinetic phase space

Jets: p=1, N =nand R(E) = E/c. We obtain

n n n—1

Massive hadrons in 2-dim: p = 2, N = 2nand R(E) = v2mE.

@mrE)" , En
P G e

d
E) = 2 (36)
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Single particle energy distribution

Single particle energy spectra

reflect hypershell volume ratio

g = N/n single particle kinetic degrees of freedom.

aP () o) (E-e)

() _
ry (e, E) = (37)
i P (E)
This ratio coincides for jets and hadrons = a single fit for low and high pr is possible:
(1 _ @ _n-1 €\-2
=y = =5 (1- E) . (38)

E
Note: [ r(e)de = 1.
0
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Single particle energy distribution

phsp ratio averaged over NBD

n>2

Suppose that the newly made hadrons, those over 2, are NB distributed.

N dE Zrngg E) Pn_2. (39)
n=2

The result is
O 1<1+ﬁ5)7k71 [1+ﬁ£+ﬁ<175>] (40)
N de  E k E k E E/|°

For e < E Tsallis—Pareto distribution. For k — co exponential.
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Single particle energy distribution

Hadronization
Best fit Tsallis—Pareto MSc thesis Gabor Bir6 2016
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Citation popularity distribution

Citations

importance

“Ul have to check your citation index first”
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Citation popularity distribution

Citations

a friend in need is a friend indeed
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Citation popularity distribution

Citations

consequence of forgetting
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Citation popularity distribution

Citations

Total number and fraction dynamics

number dynamics

yN

probability dynamics

(n
v

n
EP‘ = up,

Figure 3. Schematic representation of the coarse-grained random growth model
considered in the model. The panel on the left side indicates the growth process
in the number of elements with n quanta: N,. Due to the fact that the total

number of elements is exponentially increasing, the probability P, that an
element will have n quanta, experiences the dynamics sketched on the right
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Citations

Exponential growth

Citation popularity distribution

(a) », )

@ number of citations 14

talnuberofciaions.
® it numverof papers.

— my

@ number of publications
nt)

o
005 2007 2009 2011 2013 2015 182005 2007

2008 2011 2018 2015
year year

Figure 2. Results for the MEDLINE/PubMed database. Figure 2a illustrates
the time evolution of the yearly indexed papers, n(z), and the total number of
citations, ¢(r), introduced by them for each year in the 2005-2015 time
interval. The trend n(z) can be nicely fitted (red curve) with an exponential
curve with y=0.06 using 7,=2005 and n,=699915 . Using 7, =2005 ,
ny=699915, ¢, =14792864, g=1.4 and y=0.06 (o =y/g=~0.043) the trend
for ¢(t) given by equation (2.3) can be fitted by choosing 5 ~1.6. Figure 2b
illustrates the time evolution for the yearly incoming total number of citations
divided by the total number of new papers, m(t). Using the parameters from
n(t) and c(r) the m(r) trend given by equation (2.1) is plotted by the black

curve.



Citations

Fraction of ntimes ¢

g
g

Citation popularity distribution

ited: Facebook and Web of Science
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Figure 1. Rescaled distribution of the citation (share) numbers. f(x) is the
probability density (PDF) for one paper (post) to have x citations/shares. We
present the (x)- f(x) value as a function of x/(x) ({x) the mean value, or
first moment of the PDF). For high citation number a clear power-law trend is
visible. Different symbols are for different datasets as illustrated in the legend.
The considered datasets are described in the Methods section. For high x /(x)
a clear power-law trend is visible. The entire curve can be well-fitted with a
TP distribution (1) with g=1.4



Citation popularity distribution

Citations

Fraction of n times cited: More Facebook and Web of Science
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Citation popularity distribution

Summary of Rates and PDF-s

p(x) =~/h(x)

at constant aging

[ m () ] i, p(X) | Qn, Q(x) I
const const geometrical — exponential
const linear Waring — Tsallis/Pareto
const sublinear power Weibull
const quadratic polynomial Pearson
const exp Gompertz
In(x/a) ox Log-Normal

linear const Gauss

o(ax —c) ox Gamma

Deviation shrinks and moves as a soliton: Xe = p(xe) !
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Unidirec

Citation popularity distribution
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