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Master Equation
general form and properties

Ṗn =
∑

m
wnmPm (1)

would not conserve normalization. Therefore

Ṗn =
∑

m
[wnmPm − wmnPn] . (2)

Stationary distribution is subject to a total balance:

0 =
∑

m
[wnmQm − wmnQn] . (3)

This is W equations for W unknowns.

detailed balance constraints the transition rates:

wnm

wmn
=

Qn

Qm
, (4)

W constraints for W 2 unknowns.
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Stability
entropic distance

lim
t→∞

Pn(t) = Qn. (5)

Exists Lyapunov functional: Kullback–Leibler divergence

ρ[P,Q] ≡
∑

n
Qn ln

Qn

Pn
. (6)

For all wnm > 0 transition rates we have

d
dt
ρ[P,Q] ≤ 0. (7)
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Jensen inequality
for f ′′ > 0

W∑
n=0

pnf (xn) ≥ f

( W∑
n=0

pnxn

)
(8)
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Jensen inequality
special case

For p1 = 1/2, p2 = 1/2 and f (x) = − ln x with f ′′(x) = 1/x2 > 0:

−
1
2

(ln a + ln b) ≥ − ln
(

a + b
2

)
(9)

− ln
√

ab ≥ − ln
(

a + b
2

)
(10)

ln
√

ab ≤ ln
(

a + b
2

)
(11)

√
ab ≤

a + b
2

(12)

geometric mean ≤ aritmetic mean
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Convexity
Jensen inequality for f ′′ > 0

W∑
n=0

pnf (xn) ≥ f

( W∑
n=0

pnxn

)
(13)

Apply to f (x) = − ln x , xn = Pn/Qn:

ρ[P,Q] ≥ − ln

(∑
n

Qn
Pn

Qn

)
= 0. (14)

Conclusion with uniform:

ρ[U,Q] = ln W +
W∑

n=0

Qn ln Qn ≥ 0. (15)
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Particular Master Equation
Unidirectional Growth + Reset

Dynamics of probabilities (fractions)
wnm = µmδn−1,m + γmδn,0

Ṗ0 = 〈γ〉 − (γ0 + µ0)P0 and ,

Ṗn = µn−1Pn−1 − (µn + γn) Pn
(16)

Dynamics of numbers

N(t) =
∑

Nn(t)

Ṅ = −γN and ,

Ṅn = µn−1Nn−1 − µnNn (17)

probability	dynamics		

γ

γ0P0

µ0P0

µ1P1

µn−1Pn−1

µnPn

γ1P1

0	

1	

n	

γnPn

0	

1	

number	dynamics	

n	

µ1N1

µn−1Nn−1

µnNn

αN

β1N1

µ0N0

βnNn
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Short step-up + long hops to zero:
stationary distribution

Stationary limit: Pn(t)→ Qn, from Q̇n = 0 one obtains

Q0 = 〈γ〉Q /(γ0 + µ0) and stationary ,

Qn =
µn−1

µn + γn
Qn−1 = · · · =

µ0Q0

µn

n∏∏∏
j=1

(
1 +

γj

µj

)−1

. (18)
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Constant rates
→ exponential distribution

Assume µj = σ, attachment rate independent of number of
links.

Qn = Q0

n∏
j=1

σ

σ + γ
= Q0 (1 + γ/σ)−n . (19)

Geometrical sum for normalization. We obtain

Boltzmann–Gibbs exponential ,

Qn =
1

1 + σ/γ
e−n·ln(1+γ/σ). (20)
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Linear preference, constant loss rate
→Waring distribution

Linear preference in attachment: µj = σ(j + b) (b > 0).

Qn = Q0

n∏
j=1

j − 1 + b
j + b + γ/σ

= Q0
(b)n

(c)n
. (21)

with c = b + 1 + γ/σ. Norm:∑
n Qn = Q0 (c − 1)/(c − 1− b) = 1.

Pochhammer ratio (Waring) ,

Qn =
c − 1− b

c − 1
(b)n

(c)n
(22)
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Matthias principle: tail of Waring
→ power-law!

The above result in the n→∞ limit:
Since

lim
n→∞

nc−b Γ(n + b)

Γ(n + c)
= 1, (23)

we obtain

Pochhammer in n→∞ limit: power-law! ,

Qn →
γ

γ + bσ
Γ(c)

Γ(b)
n−1−γ/σ. (24)
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Avalanche dynamics in the large n limit!
continuous variable: x = n ·∆x

Pn(t) = ∆x · P(n ·∆x , t) ensures
∞∑

n=0
Pn(t) =

∞∫
0

P(x , t)dx .

µn = 1
∆x · µ(n ·∆x) and γn = γ(n ·∆x) lead to

Continuum Master: ,

∂

∂t
P(x, t) = − ∂

∂x
(µ(x)P(x, t))− γ(x)P(x, t). (25)

with the stationary distribution

Q(x) =
K
µ(x)

e
−

x∫
0

γ(u)
µ(u)

du
. (26)
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Particular continuous stationary distributions
with constant γ(x) = γ.

For constant rate µ(x) = σ exponential:

Q(x) =
γ

σ
e−

γ
σ

x . (27)

For linear preference µ(x) = σ(x + b) Tsallis–Pareto:

Q(x) =
γ

σ b

(
1 +

x
b

)−1−γ/σ
. (28)

For exponential dispreference µ(x) = σe−ax Gompertz

Q(x) =
γ

σ
eax+ γ

aσ (1−eax ). (29)
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Hadronization
From QGP to n hadrons: NBD PHENIX, PRC 78 (2008) 044902

γn = σ(n − kf ), µn = σf (n + k); Qn =
(n+k−1

n

)
f n(1 + f )−n−k .
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Hadronization
Our fit to public PHENIX DATA

(a) 0− 5% : 〈n〉 = 61.0, k = 255, f = 0.24

(b) 25− 30% : 〈n〉 = 27.4, k = 50, f = 0.55

(c) 50− 55% : 〈n〉 = 8.5, k = 17, f = 0.50
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Energy sharing
pick up one particle from n

Kinetic models:
1 1-dim gas, extreme relativistic (jet):

E = c
n∑

j=1

|pj | . (30)

2 2-dim gas, non-relativistic (mid-rapidity hadrons):

E =
1

2m

2n∑
j=1

p2
j . (31)

These total energies define an N-ball (N = n and N = 2n) in the Lp-norm (p = 1 and
p = 2) in the phase space.
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Phase space volume
and energy shell

ΩN (E) =

∫
δ(E − E ′)dΓN =

1
dE/dR

∫
δ(R − R′) dΓN . (32)

Fixed radius defines a surface; it is the derivative of volume against the radius:

ΩN (E) =
1

dE/dR
d

dR
VN (R) =

d
dE

VN (R(E)). (33)

The volume of an N-ball with radius R in Lp-norm is given as

V (p)
N


∑

j

|xj |p
1/p

≤ R(E)

 =
Γ(1 + 1/p)N

Γ(1 + N/p)
(2R)N . (34)
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Energy shell sizes
in 1/h units in kinetic phase space

Jets: p = 1, N = n and R(E) = E/c. We obtain

Ω
(1)
n (E) =

d
dE

(2E/c)n

n!
=

(
2
c

)n En−1

(n − 1)!
. (35)

Massive hadrons in 2-dim: p = 2, N = 2n and R(E) =
√

2mE .

Ω
(2)
2n (E) =

d
dE

(2mπE)n

n!
= (2mπ)n En−1

(n − 1)!
. (36)
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Single particle energy spectra
reflect hypershell volume ratio

g = N/n single particle kinetic degrees of freedom.

r (p)
N,g(ε,E) ≡

Ω
(p)
g (ε) Ω

(p)
N−g(E − ε)

Ω
(p)
N (E)

. (37)

This ratio coincides for jets and hadrons⇒ a single fit for low and high pT is possible:

r (1)
n,1 = r (2)

2n,2 =
n − 1

E

(
1−

ε

E

)n−2
. (38)

Note:
E∫
0

r(ε)dε = 1.
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phsp ratio averaged over NBD
n ≥ 2

Suppose that the newly made hadrons, those over 2, are NB distributed.

1
N

dN
dε

=
∞∑

n=2

r (p)
ng,g(ε,E) Pn−2. (39)

The result is

1
N

dN
dε

=
1
E

(
1 +

n
k
ε

E

)−k−1 [
1 +

n
k
ε

E
+ n

(
1−

ε

E

)]
. (40)

For ε� E Tsallis–Pareto distribution. For k →∞ exponential.
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Hadronization
Best fit Tsallis–Pareto MSc thesis Gábor Bíró 2016
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Citations
importance
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Citations
a friend in need is a friend indeed
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Citations
consequence of forgetting
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Citations
Total number and fraction dynamics
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Citations
Exponential growth

Biró Tsallis PDF 27 / 35



Unidirectional Growth and Resetting Model
Negative binomial multiplicity distribution

Single particle energy distribution
Citation popularity distribution

Citations
Fraction of n times cited: Facebook and Web of Science
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Citations
Fraction of n times cited: More Facebook and Web of Science
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Summary of Rates and PDF-s
µ(x) = γ/h(x) at constant aging γ

γn, γ(x) µn, µ(x) Qn, Q(x)

const const geometrical→ exponential
const linear Waring→ Tsallis/Pareto
const sublinear power Weibull
const quadratic polynomial Pearson
const exp Gompertz

ln(x/a) σx Log-Normal
linear const Gauss

σ(ax − c) σx Gamma

Deviation shrinks and moves as a soliton: ẋc = µ(xc) !
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