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Introduction

The strongly interacting quark-gluon plasma (sQGP)

Discovered at the RHIC, created at LHC
Hot, expanding, perfect quark-fluid
Hadrons created at the freeze-out

Photons and leptons "shine through”

Balint Kurgyis, Maté Csanad EStvos University, Budapest

Perturbative solutions for relativistic hydrodynamics 2/18



Introduction
oeo

Introduction

Known solutions for relativistic hydrodynamics

@ Many numerical solutions
e Exact, analytic solutions important: connect initial /final state
@ Famous 141D solutions: Landau-Khalatnikov & Hwa-Bjorken

L. D. Landau, lzv. Akad. Nauk Ser. Fiz. 17, 51 (1953)
I.M. Khalatnikov, Zhur. Eksp. Teor. Fiz. 27, 529 (1954)
R. C. Hwa, Phys. Rev. D 10, 2260 (1974)

J. D. Bjorken, Phys. Rev. D 27, 140 (1983)

@ Discovery of sSQGP — Many new solutions
o First truly 3D relativistic solution: Hubble-flow

Csorgd, Csernai, Hama, Kodama, Heavy lon Phys. A21, 73 (2004), nucl-th/0306004
@ Describes well experimental data

Csanad, Vargyas, Eur. Phys. J. A 44, 473 (2010) nucl-th/09094842

is, Maté Csanad EStvos University, Budapest
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Introduction

Equations for relativistic hydrodynamics

Looking for (u*, p, €, n or o) fields

Assumptions: .
Energy, momentum conservation

@ zero viscosity

.. uy
@ zero heat-conductivity 9, T =0
@ local energy-momentum T = (e + p)utu” — pgt”
conservation

Properties: Continuity equation
o yut =1 Ou(nut) =0 or Oy(ou*) =0
o gl =diag(1,—1,—-1,—1)
Temperature: T = (e+ p)/o

Locally conserved entropy density €=Kp
n — conserved charge density

Equation of state (EoS)
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Introduction

Perturbative handling

Perturbative handling of the relativistic hydrodynamics

Perturbed fields:

@ Start from a known
solution: (u*, p, n)

ut — uH 4+ Sut
p— p+dp
n—n-+dén

Equations for perturbations:
@ substitute perturbations into equations
@ substract Ot order equations
o neglect 2" or higher order perturbations
@ remainder: perturbed equation

works similarly for n — o . . .
y @ solution yields perturbations du*,dn, dp

Orthogonality:
uou, =0 (1)
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Perturbations of Hubble-flow

Known solution: Hubble-flow

Hubble-flow:
Csorgd, Csernai, Hama, Kodama , Heavy lon Phys. A21, 73 (2004), nucl-th/0306004

"
° Ut =%
~

e n=ng (m)3N(5)

70)\3+3
o p=po (%)
Scaling variable: u,0"'S = 0.5 =0

Describes well hadronic data and photons

Csandd, Vargyas, Eur. Phys. J. A 44, 473 (2010) nucl-th/09094842
Csanad, Mdjer, Central Eur. J. Phys. 10 (2012)

@ Multipole solutions also possible

Csandd, Szabé , Phys. Rev. C 90, 054911 (2014)

is, Maté Csanad EStvos University, Budapest
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Perturbations of Hubble-flow

Finding solutions for perturbations

The way of solution:
@ Choosing test functions: dp,du*,dn
e Fixing arbitrary functions
@ Choosing scaling variable S
@ Satisfying all the restrictions
@ instead, one could look for sound waves on top of Hubble-flow

Perturbations:

uH = XTi —out =5 F(1)g(x)0"S - x(S) (2)
n=ng (?)3/\“5) 6n =8 no (})3 hx)v(S)  (3)
P = po <T>3+2 —d0p =03 - por(S) (T:)Hz (4)

EStvos University, Budapest
7/18
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Perturbations of Hubble-flow
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The new class of solutions

General form of solutions

Perturbations:

Sut =6 F(1)g(x,)0"S - x(S) (5)

e dut — defined by g(x,)
X(S) and F(7) fixed by g(x,)

(6) e dp — w(S) determined by du*
_ 703 @ on— v(S) fixed by h(x,)

on =0 no (7) hOa)v () (7) g(x,), h(x,), S need to fullfill (8)-(10)
Equations for N(S), x(S),v(S), n(S), h(xy.), g(xy.), S functions

op =10 por(S) (?)H%

X'(S)  0,0"S 0,50 Ing(x,)

x(S) ~  9.,S9+S  9,SovS ®

w(S) _ I T C A

5 = (1) [P (w0et0) - ) 1 Fnate)]| )
v(S) _ F(7)g(x,)0,S0"S (10)

X(S)N'(S) utduh(x)

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Perturbations of Hubble-flow
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The new class of solutions

Looking for concrete solution
To compute measurables — fix the g(x,), F(7), h(x,) functions:

glx) =1,
F(r)=7+cmo () "
70
by — I (F) Feste ()7 ez
(1—|—c)|n(710> if =3
Restrictions:

° u, 0S5 =0
° 83“58(;55 is a function of the scaling variable

o 720,S0"S also a function of the scaling variable

_rm _rm _ T
S*tima 5—77, S*tim

Scaling variables found so far:

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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A concrete solution
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Scaling variable: S = r™/t™

Scaling variable: § = r/t™

Scaling variable Perturbations

op=0-po(2)*" " n(S)

S = tm (11) Sut =6 - (T +cmo (TTO)K) 0*Sx(S)
3 g
The functions of on=24- no (?)3 <|n (Tlo) F G (Tlo) ) v(S)

the scaling variable:

)= (12)

9D (1 o
o= (O (1) () ) () 0
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A concrete solution
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Scaling variable: S=t/r

Concrete solution with S = t/r, N(S) = exp(—S2)

Particular case: m = —1

s=1 (15)

r

Let us choose Gaussian N(S): N(S) = e 2 =e5"

The functions of the scaling variable:

x(5)=1
7(S) = W (E) (17)

(16)

r

=20 (- () w0 oo

EStvos University, Budapest

Balint Kurgyis, Maté Csanad
Perturbative solutions for relativistic hydrodynamics 11/18




A concrete solution
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Scaling variable: S=t/r

Four-velocity perturbation

3
B )" Iz
out =617+ cm (TO) o*S L ——
= X 1L 520001, c=3 ,
—
. 0.8 =6 fm/
Used parameters (describes vo, N(p7), RusT): = ome
2 06
M. Csanad, M. Vargyas, Eur. Phys. J. A 44, 473 = 04
: 6=0.01, c=-3 02
0.1
b i N
05 1 15 2 25 3 35 4 45 5
0.08

x [fm]

EStvos University, Budapest
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A concrete solution

[e]e] le]

Scaling variable: S=t/r

Pressure perturbation

, 25 T {
)32 (s D(-3) o
3 ( as b Ly —
] 24 i
_ T ) i

p=po ()" P -
23} B —
225 | i
22 i
215 i
2.1 ! I L L L L

p+dp

100

10

=6 fm/c 1

(p+3p)ip
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A concrete solution

[eJele] ]

Scaling variable: S=t/r

Particle density perturbation

on=6-2bno (2)* (In(Z) + 5% (l)%fl S73(1- 52> N(S)

To

T K T0
3
n=n (E) N(S -
0\ ( ) 2 5=0.001, c=-3 - R
15 =6 fm/c
5
?
c 1+
3 T I \ \ \
05
> L 6=0.01, c=-3 _
ol v v
1 L |/ 10 05 1 15 2 25 3 35 4 45 5
—_ x [fm]
E o L A 16
> 14 | YL, C= =
1B A 1 .01, -
L L 12f -3 i
2 - T=2.0fm/i . 51—
S
| ——_— | T o8| =6 fm/c g
-3 0.1 3
3 2 1 0 1 2 3 06 - 1
X [fm] ool

05 1 15 2 25 3 35 4 45 5
X [fm]




A concrete solution
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Measurables

Single-particle distribution

Source function — Juttner-distribution:

n
S(x, p)d*x = Nnexp (—p“T“) H(r)pud®TH(x*)dr  (19)

The Cooper—Frye factor:p, d3TH(x*) = ”Z—g’”d3x
Freeze out at const. proper time (79)— H(7) = d(7 — 70)
With the perturbations:

o e
S(x,p) = Nnexp (_p,;;) o(r — To)p”g (14 A)drdx®
u

A [5u0 pudut  pudut N puutoT N dn

W puv T T2 n
Single-particle distribution:

Ny(p) = / S(x. p)d*x (20)

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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A concrete solution
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Measurables

Single-particle transverse momentum distribution, S = t/r

Two component Gaussian:
N(p) = Nng&E1V1(1 + Py + P + P3) + Nng&EVa(Ps + Ps)

Eam® __p? _E4m® P
2ET, 2ETess 2ETy, 2ETegt,5

& =exp [f E = exp

Used parameters: describes hadronic & photonic data (v2, Rysr, N(p1))
M. Csanad, M. Vargyas, Eur. Phys. J. A 44, 473 (2010)

: : Effective temperatures:

B 50,00 —— |
= o4 o4, g=§1 fffffff 2
=, s =0.5, C=-3 -------- >
£ 102 56:0.5,Cc:7 7 T To + TO E RO
3 i =05,0=-9 - f = To+ o=
3 e 2b(To — E)
'Z;; 0.98 |- 1 - - TOER02
R 0= 10T 2b(2To - E)
100 200 300
p¢ [MeV]
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A concrete solution

Measurables

HBT-radii for S = t/r

Torg(Tet — To)

. .. 2
Size of the source — HBT-radii RigT = T
R_2 I eff
° o m; scalin 2
g ez _ Torg(Temrs — To)
HBT s =
ETeff,J
7 T T T T 014 T lz
L Rygr(P) —— b URygr,(p) ——
—_ S Rugr5(P) -~ E 012 | HBT,BZ P: ””””
£ 6 =,
=, ~ 0.1
o 2
b n? 0.08
24 =
A = 0.06
n::“ N 0.04
& 002
-
O 1 1 1 1
200 400 600 800 200 400 600 800
p; [MeVic] m, [MeV/c?]
Parameters: 6 = 0.5, c = -3

EStvos University, Budapest




Hubbleflow

=" 50 = 5 F(r)g ()" - X(5)
70\ 3+3 —5. T0\ 3%
= po <?0) op=14 po?f(5)<37)
T
n=no ()’ A(s) on =3+ o ()" h(x,)(S)

Accomplishments:
@ New relativistic, accelerating, perturbative family of solutions
@ Many possible particular solutions
@ Measurables can be computed
Outlook:
@ Non-spherical symmetry
@ Other S, g(x,) and h(x,) functions
@ Another known solution
Thank you for your attention!
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Appendix

Perturbations on a standing fluid: waves

Known solution: Standing fluid

o ut=(1,0,0,0) Perturbed Energy equation
@ p = const. k0odp + (K + 1)poout =0
@ n = const.

Exploit these fields: Perturbed Euler equation

° J,ut =0 (k + 1)pdoou” — Q*0,0p =0
e Jup=0

e utd, = 0o .

o Q" = (utu” — gh) 885p = ;A(Sp

e Q"9, =(0,V)

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Decomposition of energy-momentum tensor

Two equations:
@ Lorentz-orthogonal to u*

@ Lorentz-perpendicular to u*

Euler equation

(k + 1)pu”o,u* = (g — u*u”)0,p

Energy equation

ku*Oup + (K + 1)po,u” =0

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Appendix

Perturbative equations

Euler equation

(k + 1)6pu"d u” + (k4 1)poutO,u” + (k + 1)pu*d,0u” =
(g"" — u"u”)0,6p — dutu"Oup — UM ou”o,p

Energy equation

KOUMOup + kut0,0p + (K + 1)6po,ut + (k + 1)pdout =0 (22)

Continuity equation

utd,0n + 6nd,ut + 6utOyn + nd,du* =0 (23)

(21)

Balint Kurgyis, Maté Csanad EStvos University, Budapest

Perturbative solutions for relativistic hydrodynamics 21/18



Appendix
000e00000000000

Appendix

Perturbed equations

O0uop k—3
——— [g" — ] = ou’ + uto,0u” (24
Euler equation: (k+1)p [ ] k g 24
- 1
Energy equation: kUM, 0p + 3(“:—)5,3 = —(k+1)pd,out (25)
S /
Continuity: Sutn N (5)8 S+ ut0uon+ — 30n +ndout =0 (26)

N(S) ™"

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Appendix

Solving the energy equation

Pressure perturbation Four-velocity perturbation

T0\3+2

dp=0-p () " 7(S) Q1) sk = 5. F(rIa()"S () (26)

7
e Orthogonality satisfied (du,ut = 0)

Energy equation

X'(S) _ 0u0"S 9,50 Ing(xy) (29)
x(S) 89,5048 9,S0+S

Right side is a function of S!

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Appendix

Solution of the Euler equation

Using (27) and (28) perturbations:

TE) (ot 1) [P (0ugm) - EE) 4 Pt
(0

@ Right side is a function of S
@ Restriction for S, g(x.), F(7)

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Appendix

Solving the continuity equation

The particle density perturbation

Using (28) form of perturbation -

3
5n =35 no (?0) h(x)v(S)  (31)
v(S)  _ F(7)g(xu)0,50"S
X(SIN'(S) ut 9y h(x,)
Right side is a funciton of S
@ Restriction for S, h(x,), F(7)

(32)

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Scaling variable S = r™ /7™

Scaling variable S = r™ /7™

_ m+1
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Scaling variable S = 77 /t™

Scaling variable S = 7 /t™

X)) =——= (36)

W(S):(H—i_l)n(ﬂ_g) WO_,_LZ (37)
1—Sm
22 S
v(S)=m"S 1_5%./\/(5) (38)

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Equations of non-relativistic hydrodynamics

Euler-equation
U+ (uV)u = —%Vp

Looking for (u, p, p) fields

Assumptions: Continuity equation

%+ V(pu)=0

@ zero viscosity

@ zero heat conductivity

Equation of state

p — p relation

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Appendix

Perturbative equations

Perturbed fields
o u— u+du
e p—p+dp
e p—p+dp

Perturbed equations
o first order perturbation

@ using another solution

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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Wave solution

Known solution: Standing fluid Perturbed Euler-equation
o u=0 % = —%V(Sp

@ p = const.

o p = const. Perturbed continuity equation

. 86
Sound speed from equation of FL + pVou=0
state:
op — 2 Wave solution for pressure
dp 7
5 = cAp

Balint Kurgyis, Maté Csanad EStvos University, Budapest
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S(x, p) = No(r — 70)drd?xmo (%)3/\[(5)

Et— X - pd X 4
exp |- I () (E_XP Py 2P )
"To(2)" ’-‘

-3

53 3
1+5(_ (T4 crp” 7'n)805x(5)7'+

t

G crom T )x(S)t

Et — xpx — ypy — zpz

(Et — xpx — ypy — 2pz)(N(S)7(S) — h(x,y, z, t)v(S))
TTo (TO)E

T

pu.0" S+

+ +

h(x,y,z, t)v(S)
TN )]



Appendix
0000000000000 e0

Appendix

Single-particle distribution

N(p) = Nng&1V1(1 + P1 + P2 + P3) + Nng€2V2(Pa + Ps)

(39)

The newly introduced functions:

2 2 2 2 3 2
ES+m 2m Ty T T
Er=mep | Py = |00 (0 (e P (12 0 o)
2ETy 2ET o E Tefr E Tefr
3
E? 4 m? 2 21 Tord T 2 T
gzzexp[fifip L V= 00 (o 0 E-2 (1o .
2ETy 2ETefr 5 E Tetr s E Tefr,s
(41)
The perturbative terms are:
5(1+ )7l Sl+cm [ E L, o8+
Pr=-——20, Pp=— 2| = — (PP ——— |, (42)
n /Tg + ,12 E_ PePT rn 7
8+r}
3 2 2
§2bck n 70\ 4 6(ro +cmp) | E s 2 Vo T
7’3:7R2 —— (*) ) 'Pssz — =), 43
(3 — K)Ry /Tg 02 n 4 r2 2
3
02bE\/ ‘r§ + ’22 - Pzﬂg (k+1)(k —3) 7'02 + r22 cK rn 0\ 4
Py = — - 0 e — . (44)
Ro“10To f 2 3-n VTt "2

Budapest

E6tvos Universit:
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Appendix

The way of finding a concrete solution

‘ Calculate F(7) from (9) ’ Calculate 7(S) —>

~,_

‘Choose a g(xu) Choose S Calculate x(S)
‘Choose h(x,) so (10) is fullfilled ’ Calculate v(S)

EStvos University, Budapest
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