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What is the Standard Model?

The Absolutely Amazing Theory of Almost Everything )

A Quantum Field Theory Quarks Leptons

m Based on (gauge) Symmetry '
principles

m Describes interactions between

all known elementary particles

strange

m Potentially can account for
physics up to very high energies

beauty

m Experimentally established with
rather high precision

But still it has several shortcomings...(see lectures by Ben Allanach)

Robert Oerter, The Theory of Almost Everything: The Standard Model, the Unsung Triumph of Modern Physics, 2006
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Experimentally established with
rather high precision

But still it has several shortcomings...(see lectures by Ben Allanach)

Robert Oerter, The Theory of Almost Everything: The Standard Model, the Unsung Triumph of Modern Physics, 2006
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Courtesy to Wikipedia:
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Standard Model of Elementary Particles

three generations of matter

(fermions)
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Particle (Field) content of the SM

Fermions (“Matter”)
m Quarks (spin 1/2)

m 3 colors

(lect. by F. Tramontano)
m 6 flavours

(lect. by J. Zupan)

m Leptons (spin 1/2)
m 3 charged leptons
® 3 neutrinos
(lect. by S. Pascoli)
\@) .:.' 8"_‘
Q=@
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Bosons (“Force Mediators”)

m Vector (spin 1) bosons
m 8 gluons
(lect. by F. Tramontano)
m 4 electroweak bosons
(Z,W*,9)
m Scalar (spin 0) boson
(lect. by F. Maltoni)

2

NB: Gluons and photons () are
assumed to be massless. All other
particles have mass (neutrino?).
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The SM interactions (on a T-shirt)

All particle interactions can be read of the SM Lagrangian:

R

e AT
-\»,L;/B)L +h.c
i )L; Kf)() )"5¢+L\,’<‘{

¥ IWF—\{(@; \

WHAT PART OF

Pl
f

DO YO!
UNDERSTAND?

QFT allows one not only to understand why the short expression is unique
in certain sense, but also to derive the long one!

m Symmetries (Lorentz, Gauge)
m Renormalizability

Moreover, given the Lagrangian one can obtain predictions for observables.
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Units, Dimensions, etc.

We use natural units i = ¢ = 1. The reference unit is energy (mass):

g [=K=-1, [o]=[E]=[M=1 Q.J

h~66-107MeV-s,  hc~2-10"" GeV-cm
Some useful formulas (check the dimension of both sides:)

m Commutation relation and uncertainty principle:
[%,p] =i, AxAp>1

m Fourier transformation f(x) <> f(p):

f(x) = % / dpf(p)e ™, 0O.f(x) = % / dp [~ ip]f(p)e P

m Delta-function (distribution):
1 ,
d(x) 27T/dpe , /dxé(x) 1
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Lorentz symmetry and Index Summation Notation

m We consider Minkowski space in d = 4 dimensions. Greek letters are
used to denote components of Lorentz 4-vectors

x, = {x0,x}, with time t = xo,
Pu = {Po, P}, with energy E = po,

while for 3-vectors we use bold-face: x = {x1, x2, x3}, etc.
A scalar product of two 4-vectors in pseudo-euclidean space

PX = PuXy = guuPuXy = PoXo — P - X, &g = diag(1,—-1,-1,-1)
is invariant under Lorentz transformations (rotations and boosts):
X, — XL = N, XXy = XZLXZL = Nua\ug = 8ap
m The 4-momentum p of a free particle with mass m satisfies
p?> = E%2 — p?> = m® = invariant
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Why do we need QFT?

Relativistic Quantum Mechanics (QM) describing fixed number of particles
turns out to be inconsistent.

From the energy-momentum relation for a free relativistic particle
2

E? =p?> 4+ m? (instead of E = p—),
2m

and the correspondence principle

E—>i§t, p— —iV

we have the Klein-Gordon (KG) equation

2
(8? - V24 m2) ¢(t,x) =0 (instead of 0w = —Z—mw)
for a wave-function ¢(t,x) = (x|4(t)). For any p
bp(t,x) = e EFPX with E = +1/p2 + m2.

The spectrum is not bounded from below!
A. Bednyakov (JINR) QFT & EW SM 9 /31



Wave-packets in Relativistic QM

General solution of the KG equation (a wave-packet)
1

(27)3/2 \/7

with wp, = ++4/p? + m?. Both E =wp and E = —w, contribute.
An attempt to introduce a positive-definite probability density p fails
O =0, Ju=i(¢"0up — $0u0")
p=Jjo=i(¢*0:d — ¢p:p*) = 2E for ¢ x e 'EL,

¢(t,x) =

[ p) e iwpt+ipx 4 b( ) e—i—iwpt—ipx]

Ex: Show that for the general solution we have

/dx.p_ /dp{|a(p>|2 — |b(p))?},

which is not positively-defined (but time-independent).
NB: Positive-energy condition [b(p) = 0] is not stable under interactions!
A. Bednyakov (JINR) QFT & EW SM 10 / 31



From (R)QM to QFT

To get a relativistic quantum theory that treats space and time
coordinates on the same footing, one re-interprets ¢, satisfying

(0> + m*)p(x) =0

as a

Quantum Field

Operator Dynamical variable

R Xi(t) — ¢(X, t)
P(x, t) — B(x, t) with infinite number

(Heisenberg picture) of degrees of freedom (DOFs)

m Particles in QFT are treated as field excitations.
m Single field accounts for infinite number of particles.

NB: In the Heisenberg picture operators Oy(t) depend on time, while in
the Schrodinger one the states evolve: (1(t)|Os|y(t)) = (¥ |On(t)|Y).
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Free Scalar Field

The solution of the KG equation® (py = wp)
| Tl
(27T 3/2

is a linear combination of operators agE and b;—L

¢(x) =

ae P 4 b,;r e+”’x]

[a;, a,f/] =5*(p—p), [b;, b,ﬂ =5*(p-p).
All other commutators are zero, e.g., [ * i =0.

NB1: The operators also satisfy aj = (al_;c)Jr and by = (b;',E)T.
NB2: For af = bljf the field is hermitian ¢'(x) = ¢(x).

*For brevity ¢ — ¢.
A. Bednyakov (JINR) QFT & EW SM 13 /31



Free Scalar Field: Fock Space

The operator

1
¢(X) 3/2

[ — —lpx b;-e—i-ipx]’

F

needs some space to act on. In QFT we consider Fock space. It consists of
a vacuum |0), which is annihilated by a, (and b,) for every p

(010) =1, a,10)=0, (0ay =(3,0))" =
and states corresponding to field excitations :

1) = [dk-f(k)al|0), 1- particle state
L) = [dkidks - fz(kl,kz)akJrlaUO), 2- particle state

NB1: Two sets of operators a® (particles) and b* (anti-particles).
NB2: Since aJra;F = a,al, particles are not distinguishable (bosons).
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Free Scalar Field: Fock Space

The operator

1

[ — 7IpX b;eJripX]’

F

needs some space to act on. In QFT we consider Fock space. It consists of
a vacuum |0), which is annihilated by a; (and b,) for every p

(010) =1, 3,10)=0, (0lay = (a,10))" =
and states corresponding to field excitations :

Ip) = a3l0), fi(k) = d(p — k)
pP1,p2) = 3;§3|J§2|0>7 fa(k1, ko) =7

NB1: Two sets of operators aT (particles) and b* (anti-particles).
NB2: Since afa; = a/ aF, particles are not distinguishable (bosons).
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Free Field and Harmonic Oscillators
The commutation relations

%3y =0 - )
should remind you about quantum harmonic oscillators with Hamiltonian
N 1 R .
Hose = Y5 (B +wi®).  [R Al = it [ %] = [y pu] = 0
J
expressed in terms of ladder operators \/Zw;-ﬁE = (WX F ip))

3w __ 2 ~ WJ .
2 |7> Hose = Z > (aj’aj + a; aj’) after re-ordering
: i

@ 1 + +

= ij- (Aj+3), Aj = afa;, [aj ,ak] = Jjk.
w .
3 —10) Zero-point Energy
Here, A; counts energy quanta for oscillator j: Aj|n;) = nj|n;).
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Free Field: Hamiltonian
Indeed, if we put our field in a box of size L, p and w;, will be quantized

p— pj= (27/L)j, j=(1,/2,/3), Ji € Z,
wp — wj = 1/ (27/L)?j2 + m?

The QFT Hamiltonian is obtained by taking the limit L — oo in 7-ALOSC:

3 3
~ _ 2\ ? LNz ./ L\2 _ 1/L\?
Hpare = fim <L> 2. wj[(%) y <z7r> g +2<27r> ]
J N——
——————

[dp a,f ap 5(0)

We had two kind of operators, so

N N . 1 1
H= /Hpart + Hantipart = /dp Wp { |:np + 26(0):| + |:ﬁP + 26(0):| } )

with (Ap = bf b,) ny = af a, counting (anti-)particles with momentum p.

A. Bednyakov (JINR) QFT & EW SM 16 / 31



Free Field and Vacuum Energy

There is a disturbing problem in
H = /dpwp [np + Ap] + / dpwyd(0), np=aja,, Ay =blb,.
The additive “constant”, associated with vacuum (no particles):

Fo = (O1A10) = [ dpus,i(0)

is infinite. There are two kind of infinities:

m InfraRed  (large distances, L — 0o) due to L3 — (27)35(0).
m UltraViolet (small distances, p/wp — 00).
To “solve” the problem, let’'s measure all energies w.r.t the vacuum:

H — H:=H — (0/H|0)

A. Bednyakov (JINR) QFT & EW SM 17 / 31



Free Field and Vacuum Energy

There is a disturbing problem in
H = /dpwp [np + Ap] + / dpwyd(0), np=aja,, Ay =blb,.
The additive “constant”, associated with vacuum (no particles):

Fo = (O1A10) = [ dpus,i(0)

is infinite. There are two kind of infinities:
m InfraRed  (large distances, L — o) due to L3 — (27)35(0).
m UltraViolet (small distances, p/wp — 00).
To “solve” the problem, let’'s measure all energies w.r.t the vacuum:
H — H:=H — (0[H|0)
Equivalently, we can say that by definition the operators
in A are normal-ordered, e.g.,

A~ Wi
. Wi =+ — s catam— yat A
Hosc:= > <.aj a; +a; a ) wj:aja; =wja;a
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Free Field: Momentum and Charge

Now we have

’r’-A[:/dpwp(np+ﬁp), ﬁpzb:b;, npza;a;, #/0) = 0.
It is easy to check that (no negative energies)

fp) =wplp),  IP)=2a510),  HIp)=wlB),  Ip) =b;10).
We can also “cook up” the 3-momentum operator (Ex: )

Pl0) =00),  Plp)=plp) Plp)=plp)
and the charge operator that distinguishes particles from antiparticles
Q0)=0[0), Qp)=+Ip) Qlp)=— |p)

NB: The operators P and Q do not depend on time and [IAD, Q] =

A

Ex: Show that multiparticle states |p1...pn) are eigenvectors of H,

PN

0.
P, Q.

A. Bednyakov (JINR) QFT & EW SM 18 / 31



Free Scalar Field Propagator
The field ¢ (¢) increases (decreases) charge of a state

[Q.6109] = +6100, [Q,600] = —0(x)

Consider the following amplitudes

>t (0]¢(x)¢!(x)]0) >t (0]¢'(x)¢(x)|0)
—— —— —— ——
a~ at b~ bt
Particle (charge +1) Antiparticle (charge —1)
propagates from xj to xp propagates from x, to x

Both possibilities can be taken into account in one function:
(01 TIP(x)¢ (x1)]|0) = O(t2 — 1t1)(0]¢y(x2) " (x1)[0)
+6(t1 — 1) (06 (x1)p(x2)|0),

with T being time-ordering operation.

A. Bednyakov (JINR) QFT & EW SM 19 / 31



Free Scalar Field Propagator vanishes

This is Feynman Propagator: fort; <ty

~—~—
(0] T[p(x2) 9" (x1)]]0) = O(t2 — 11)(0]p(x2) 9" (x1)|0)
~iDe(x=y) +0(t1 — £2)(0]¢" (x1)$(x2)|0),

Fourier transform

-1 e~ P(x=y)
De(x—y) = d*
(x=v) (2m)* / pp2 —m?+ie

The Jje-prescription (e — 0) picks up certain
poles in the pg complex plane. >

Y

Y

The propagator is a Green-function:

(0% + m?) De(x — y) = 8(x — y)
—_———
KG equation

NB: Feynman propagator is a Lorentz-invariant function (distribution)!
A. Bednyakov (JINR) QFT & EW SM 20 /31



From Field to Particle to Force

The propagator of particles can be connected to the force between two

static classical sources Ji(x) = d(x — x;) located at x; = (x1,x2). Presence
of the sources disturbs the vacuum |0) — |Q2), since Hamiltonian

H — Ho + J - ¢. Assuming for simplicity that ¢ = ¢ we can find
(Qle=™TIQ) = e BT = in the limit T — oo

- e; J dxdyJ(x)(0I T (6(x)6(»))[0)I(y) — g+ [ dxdyd(x)De(x—y)J(y)

Evaluating the integral for J(x) = Ji1(x) + J2(x) we get the contribution
dEo to Eg(J) due to interactions between two sources

lim 6EgT = — / dxdyJ1(x)Dc(x — y)Ja(y)
T—o00

+ip(x1—x2)
5Eo__/(dpe _ L m

=——8e r=|x3 —x
21)3 p?2+m? Arr ’ X1 =2l
This is nothing else, but Yukawa potential due to scalar massive field. It is

attractive and fall off exponentially over the distance scale 1/m.
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Free Scalar Field: Lagrangian

A convenient way to deal with (quantum) fields is to consider the
following Action functional (“function — number”):

Sl = [ o' £00).0,0) = [ o' (910,06 - mPolo).

Lagrangian (density) ¢T.7<.¢

To have an analogy with Classical Mechanics one can rewrite the Action as

S[(b(x)]:/dtL(t), L=T-U H=T+U

T:/dx|8t¢|2, U:/dx(|8x¢2+m2|¢|2) \’

A system of coupled oscillators with kinetic energy T and potential U.

A. Bednyakov (JINR) QFT & EW SM 22 /31



Free Scalar Field: Lagrangian

A convenient way to deal with (quantum) fields is to consider the
following Action functional (“function — number”):

Sl = [ o' £00).0,0) = [ o' (910,06 - mPolo).

Lagrangian (density)

ny
We can derive the equations of motions (EOM) via the Action Principle:

S16/ (1 - S0l = | d“x[ (9335~ 55 ) 70+ (3500 ]

6S[p(x)]

(07 +m*)¢

surface term

#'(x) = ¢(x) + 6¢(x), b¢(x) is infinitesimal (“tiny”)

A. Bednyakov (JINR) QFT & EW SM
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Free Scalar Field: Lagrangian

A convenient way to deal with (quantum) fields is to consider the
following Action functional (“function — number”):

Sl = [ dtx £00.0:0) = [ &' (10,0~ molo)

Lagrangian (density)

ny
We can derive the equations of motions (EOM) via the Action Principle:

S16/ (1 - S0l = | d“x[ (355~ 50 ) 7o+ 2 (55 ¢a¢)]

6S[p(x)]=0

(82 +m?)p=0 surface term=0

We look for specific ¢(x) that gives §S[¢(x)] = 0 for any variation? §¢(x).
NB1: Fields satisfying EOMs are said to be “on-mass-shell”.

NB2: (0| T[¢(x)#'(y)]|0) can be found by inverting the quadratic form K.

9Satisfying boundary conditions.
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About Symmetrles (a Relaxmg Slide)

'J With Action you can study
Symmetries...

The latter are intimately connected
with transformations, which leaves
something invariant...

Symmetries are not only beautiful
but also very useful:

An architect can design only half of the
building (parity x — —x)

And winter decoration will
take much less time
(rotation by a finite angle)

A. Bednyakov (JINR) QFT & EW SM
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Field Theory: Symmetries
m Transformations can be discrete, e.g.,
Parity : ¢'(x, t) = Pp(x, t) = ¢(—x, t),
Time-reversal : ¢'(x,t) = To(x, t) = ¢(x, —t),
Charge-conjugation : ¢/(x, t) = Ch(x, t) = ¢'(x, t),

or depend on continuous parameters, e.g.,

1 $(x) ¢'(x) m i)(x) (%)
5é ‘
= o o)
— - Re 9(x)
¢'(x + a) = ¢(x) ¢'(x) = "¢(x)
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Field Theory: Symmetries
m Transformations can be discrete, e.g.,
Parity : ¢'(x, t) = Pp(x, t) = ¢(—x, t),
Time-reversal : ¢'(x,t) = To(x, t) = ¢(x, —t),
Charge-conjugation : ¢/(x, t) = Ch(x, t) = ¢'(x, t),

or depend on continuous parameters, e.g.,

1 $(x) ¢'(x) m i)(x) (%)
5é ‘
= o o)
— - Re 9(x)
¢'(x + a) = ¢(x) ¢'(x) = "¢(x)

m We can distinguish space-time and internal symmetries.
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Field Theory: Symmetries
m Transformations can be discrete, e.g.,
Parity : ¢'(x, t) = Pp(x, t) = ¢(—x, t),
Time-reversal : ¢/(x,t) = To(x,t) = ¢p(x, —t),
Charge-conjugation : ¢/(x, t) = Ch(x, t) = ¢'(x, t),

or depend on continuous parameters, e.g.,

1 $(x) ¢'(x) m i)(x) (%)
5é ‘
= o o)
— - Re 9(x)
¢'(x + a) = ¢(x) ¢'(x) = "¢(x)

m We can distinguish space-time and internal symmetries.

m For x-dependent parameters we have local (gauge) transformations.

A. Bednyakov (JINR) QFT & EW SM
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Quantum Field Theory: Symmetries

In Classical Physics symmetry transformations allows one to find

m new solutions to EOMs from the given one, keeping some features of
the solutions (invariants) intact.

m how a solution in one coordinate system (as seen by one observer)
looks in another coordinates (as seen by another observer).

In Quantum World a symmetry S guarantees that transition probabilities
P between states do not change upon transformation:

A S AY,  P(A = A) =P(A = A, [(ALA)P = [(Al|A)
Symmetries are represented by unitary! operators U:

A = UIA), (A4 = (Al UTU|A)
1

Tor anti-unitary (time-reversal).
A. Bednyakov (JINR) QFT & EW SM 25 /31



Quantum Field Theory: Symmetries

A transformation of states can be reformulated as a change of operators:
(AHOKX)IA) S (A Ok(x)|A}) = (A UT Ok (x) U|Ay)
(AilO)14)) 3 (AOL()IA),  Oklx) = UTOK()U

Symmetry relates these quantities
For example, translational invariance leads to

(Ailo(x)|A)) = (Aild/ (x + a)|A;) = (AilUT(a)e(x + a) U(a)|Ay)

A. Bednyakov (JINR) QFT & EW SM 26 / 31



Quantum Field Theory: Symmetries
A transformation of states can be reformulated as a change of operators:

(AOK(X)|A) S (AOL(X)AY = (A UTOK(X)U|A)
(AOKX)IA) S (AOL(X)IA),  Ok(x) = UTOk(x)U

Symmetry relates these quantities
For example, translational invariance leads to

¢(x) = ¢'(x + a) = U (a)(x + a) U(a)
so quantum field should satisfy
¢(x + a) = U(a)p(x)U'(a)
We can have non-trivial (realizations of) symmetries mixing different fields:
$i(x') = Si(a)dj(x) = ¢i(x) = Sj(a)U(a)¢;(x)U"(a), X' =X(x,a)

Examples will be provided later...For the moment, let us find a connection
between Symmetries of Action, Conserved Quantities and Unitary Operators that
realize the symmetries at the quantum level.
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Global Continuous Symmetries: Noether Theorem
Given S[¢] one can find its symmetries, i.e., particular infinitesimal
variations d¢(x) that for any ¢ leave S[¢] invariant up to a surface term

SI600) = S0 = [ d*x 0,8, 9'() = 9 + ().

We compare this with

S - Slol = [ a*x [( g5 55 )36+ 0 (a§f¢5¢)]

A. Bednyakov (JINR) QFT & EW SM 27 /31



Global Continuous Symmetries: Noether Theorem
Given S[¢] one can find its symmetries, i.e., particular infinitesimal
variations d¢(x) that for any ¢ leave S[¢] invariant up to a surface term

S[¢'(x)] = S[o(x)] = /d4X Oy, ¢ (x) = ¢(x) + 60(x).

We compare this with

S¢/()] - S[H(x)] = / d*x

oL 0 oL
%«ﬁ 8¢ + 0y (W&b) ] :

“w
and require ¢(x) to satisfy EOMs. This results in a local conservation law:
oL 56

00,¢

Integration over space leads to the conserved charge

d
—Q@=0 = [ dxJ
dtQ 5 Q /XO

NB: If ¢ = p;d;¢ depends on parameters p;, we have a conservation law

for every p;. For Global symmetries p; do not depend on coordinates.
A. Bednyakov (JINR) QFT & EW SM 27 / 31
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The Noether Theorem: Space-time symmetries

Consider space-time translations #)

#(x+ 2) = 6(x)
expand in a = d¢(x) = —a,0,¢(x),
6‘C(¢(X)v au¢(x)) =0, (*au‘c)

A conserved Energy-Momentum Tensor T,,:

oL
00,9

leads to time-independent “charges”

P, :/deol,

Ex1: Consider £ = [0,¢|*> + m?|$|? and find the expression for P,.

Ex2: Substitute ¢(x) by its expansion in terms of operators a7

and prove that modulo operator ordering ambiguities P, — (7—A£, IS)

JM = _aM[’ +ay—— y¢ uuy au T;w =0

A. Bednyakov (JINR) QFT & EW SM
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The Noether Theorem: Space-time symmetries

Consider space-time translations ¥

¢'(x+a) = ¢(x)
expand in a = d¢(x) = —a,0,¢(x),
6‘C(¢(X)v au¢(x)) =0, (_au‘c)

A conserved Energy-Momentum Tensor T,,:
oL
00,9

leads to time-independent “charges”

JM = _aM[’ +ay—— y¢ ;w’ au T;w =0

Lorentz transform
for a scalar field

1/ —
P, :/dXToV ¢'(Ax) = ¢(x)

Ex1: Consider £ = |0,6|> + m?|¢|? and find the expression for P,.
Ex2: Substitute ¢(x) by its expansion in terms of operators a,:f and b,jf
and prove that normal-ordered expression P, — (?:l, IS)
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The Noether Theorem: Internal symmetries

There is an additional symmetry of

L=0,6'0,06 — m?¢'e

: Im ¢(x2) ,
¢'(x) = " p(x) Im ¢(x1) ?'(x2)
dp(x) = iap(x) @'(x1) arx ()
I = 161046 = 60,01) & o04) Re 6(x)
Re ¢(X1)

It is a U(1) symmetry:
m It acts in internal space (“rotates” complex number ¢(x) at every x)
m It is a global symmetry (rotation angle o does not depend on x).

Ex: Check again that we will obtain the expression for the operator Q.
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Lagrange Approach to Quantum Fields: Mini Summary
The approach based on Lagrangians allows one to (given £)

m Derive EOMs (via Action Principle).

m Find Symmetries of the Action.

m Find Conserved quantities (via the Noether Theorem)
After quantisation the operators of conserved quantities

B can be used to define a convenient basis of states, e.g.,:

p) = p,+1), |B) = Ip, 1) = Qlp.q) = qlp. q),Plp,q) = plp, q)

B act as generators of symmetries, e.g. for space-time translations:
V@) = exp (iPuau) . dlx+a) = U(@)d(x)U'(a)

NB: For a, = (t,0) we obtain the connection between Schrodinger and
Heisenberg pictures:

OH(t) — ei?-ALtOSe—i’;‘-Alt‘
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Lagrange Approach to Quantum Fields: Mini Summary

In QFT we usually start building our models by postulating symmetries
(and other good properties) of the Action/Lagrangian! J

We assume that general L is
m Lorentz (Poincare) invariant® (a sum of Lorentz scalars),
m Local (involve finite number of partial derivatives),
m Real (hermitian) (respects unitarity=conservation of probability)

In addition, we can impose other symmetries and get further restrictions
on the model...

*Lorentz invariance is crucial for proving the CPT-theorem.
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